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Abstract— In this paper the issue of kinematic instability
for concentric tube robots is studied when the following two
conditions are considered: (a) the robot consists of more than
two concentric tubes, and (b) the tubes consist of straight
sections followed by curved sections. In this paper, we use
the term “kinematic instability” when the tip position of robot
in the Cartesian domain jumps from one equilibrium point
to another while having a constant joint space configuration.
This implies that in unstable configurations, the “forward
kinematics” of the robot will have multiple solutions for one
set of joint space variables. In this paper a novel framework
is proposed that can calculate the stability condition for
the robots consisting of multiple tubes with straight sections
without solving the nonlinear ordinary differential equations.
The resulting conditions restrict the pre-curvatures and length
of the tubes, as a design factor, to guarantee kinematic stability
within the whole workspace of the robot.

I. INTRODUCTION

Concentric-tube robots have attracted a great deal of
interest during last five years due to the high dexterity and
articulation that they can provide while having light weight,
small diameter and hollow-shaft design. The aforementioned
features make concentric-tube robots as a potential future for
delicate surgical procedures where dexterity is a need and the
surgical environment is sensitive. In the literature, several
surgical procedures have been proposed as applications that
can take advantage of the unique physics of this robot,
such as beating-heart tissue removal procedures [1], patent
foramen ovale closure [2], and intracerebral hemorrhage
evacuation [3]. Because of the specific features of the kine-
matic chain and the different flow of motion/force/energy in
concentric-tube robots, the conventional theory for classical
robotics is not applicable. As a result, in the literature, several
challenges in kinematic modeling for this type of robots, such
as those resulting from bending, torsion [4] [5], friction [6],
and external loading [7] have been considered. The com-
plex physics of this robot that involves several mechanical
couplings makes the computational cost high. Consequently,
new quasi-analytical techniques are being developed to deal
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with such computational difficulties [8]. In addition to the
modeling challenges, control and navigation of this robot
has some unique features that differ from conventional
control techniques in classical robotics. Therefore, currently
several research teams are working on addressing the fun-
damental control challenges for this robot namely: motion
planning [9], inverse-kinematics-based and Jacobian-based
position control [4] [10] [11], force disturbance rejection
during targeting [12], compliance tuning in dealing with
sensitive areas [13].

The focus of this paper is a specific phenomenon, which
exists in concentric-tube robots namely kinematic instability
or the “snapping” problem. Based on the related litera-
ture [4] [5] [14], kinematic instability is when the forward
kinematics solution of the concentric-tube robots loses the
uniqueness; as a result the robot will jump quickly from
one equilibrium position (with higher potential energy) to
another equilibrium point (with lower potential energy). This
fast and unexpected motion of the tip position cannot be
controlled using joint variables; therefore, it can lead to
unsafe interactions between the robot and the operational
environment. Appropriately addressing the issue is vital for
surgical applications (such as in neurosurgery).

It should be mentioned that in the literature the stability
condition for a two-tube robot is derived while, to the best
knowledge of the authors, extension to more complex cases
(such as robots with more than two-tube interactions) have
not been addressed yet. In this paper the main focus is de-
veloping stability conditions for use in designing concentric
tube robots under the following two considerations: (a) the
number of the tubes can be more than two, (b) the tubes can
have straight parts before leading to the curvature. Using
the technique proposed in this paper, stability conditions for
complex concentric tube robots can be derived.

II. KINEMATIC STABILITY CONDITION FOR TWO
CONCENTRIC-TUBES

In this section, a framework is implemented to find the
kinematic stability conditions for two-tube robots with and
without straight portions; the former result (without consid-
ering the straight parts) is compared to the results presented
in the literature for two tubes.

A. Kinematic Model for Concentric-tube Robots

In this paper, a widely-used torsionally-complaint kine-
matics model, discussed in [4], is utilized for analysis of the
instability problem. The model is shown in (1), in which,
αm represents the rotational angle difference between the
first and mth tube, and the total number of tubes in the
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robot is denoted as p. In addition, torsion (around z) and
bending curvature (around x and y) are denoted by umz
and um|x,y , respectively. x, y and z are the axes of the
tube’s material coordinate frame [4]. Pre-curvatures of the
tubes are denoted as ûmx, ûmy and ûmz (ûmz is assumed
to be zero [4]). Kn is a diagonal matrix consisting of the
tubes’ stiffnesses in different directions namely: kmx for
the x direction, kmy for the y direction, and kmz for the
z direction. Note that, in the literature [4], it has been
assumed that the stiffness of the tubes are isotropic in x and
y directions (kmx = kmy = kmxy). In (1), s is the length
variable. Note that the tube pre-curvatures, the tube stiffness,
the angle differences, and the curvatures are functions of s
which has been omitted in (1) for simplicity.
umz = (−1/k1z)(k2zu2z + · · ·+ kpzupz)

u̇mz =
dumz
ds

= (kmxy/kmz)(umxûmy − umyûmx)

um|x,y =
(( p∑

n=1

Kn

)−1

RTz (αm)
( p∑
n=1

Rz(αn)Knûn

))∣∣∣
x,y

α̇m =
dαm
ds

= umz − u1z, m = 2, ..., p

(1)
Using the above-mentioned model, to analyze the insta-

bility phenomenon, the conditions for uniqueness of the for-
ward kinematics solution should be calculated. The complex
physics of interactions between the tubes makes the resulting
equations a set of nonlinear ordinary differential equations
(ODEs) with boundary conditions.

B. Kinematic Stability Condition for Two-tube Robots With-
out Straight Parts

To obtain the stability condition, in this part, a linearization
framework (along the whole body of the robot) is proposed
that calculates the linearized model of the system when
the linearization point is considered as a new variable. The
linearized behavior of the system is then analyzed using the
standard techniques for dealing with a set of linear ODEs
with boundary-conditions. Finally the uniqueness condition
is determined, which guarantees kinematic stability.

It should be mentioned that the behavior of the linearized
system can be a good approximation of the nonlinear system
only in a very small neighborhood around the linearization
point. Also considering the fact that in concentric-tube
robots, the kinematics variables can change significantly
along the tubes, the linearization can be inaccurate if it
is performed with respect to only a few points along the
robot. In order to address this problem, first the kinematics
model is linearized with respect to the linearization variables
(qm,m = 2, ..., q) which corresponds to the angle differences
between the tubes. The result of this linearization is a set of
ODEs which can behave differently when different values
for the linearization variables (qm) are considered. Then, the
behavior of the linearized system is analyzed, and finally
the general uniqueness/stability condition is achieved, which
is valid for all possible qm. This means that if the stability
condition is satisfied then the solution of the set of ODEs

will be unique, regardless of the qm value.
It can be seen in (1) that α̇m is already given by a

linear equation. u̇mz is a nonlinear function of αm, which
needs to be linearized around (qm). Assuming that all tubes
have constant pre-curvatures and they are planar tubes, the
linearized set of ODEs can be achieved as follows:

u̇∗mz = u̇mz

∣∣∣
α2=q2,...,αp=qp

+

p∑
m=2

du̇mz
dαm

∣∣∣
α2=q2,...,αp=qp

(αm − qm)

α̇∗m = α̇m, m = 2, ..., p

(2)

where, u̇∗mz and α̇∗m are linearized version of u̇mz and α̇m
in (1). For two tubes, since there is only q2 in the equations
(which we set to q in this section), the explicit equations are:

u̇∗2z =
(1 + v)k1‖û1‖‖û2‖(− cos(q)q + cos(q)α∗2 + sin(q))

k1 + k2

α̇∗2 =
(k1 + k2)u∗2z

k1
, q ∈ {0, 2π}

(3)
In (3) kn = knxy; 1 +v = knxy/knz (n = 1, 2). The general
solutions to these equations are:

u∗2z(s) = c1e
s
√

cos(q)r + c2e
−s
√

cos(q)r

α∗2(s) =
(k1 + k2)(−c1es

√
cos(q)r + c2e

−s
√

cos(q)r)

k1

√
cos(q)r

+ ε

(4)
where,

r = (1 + υ)‖û1‖‖û2‖ (5)
In this paper, ‖ ∗ ‖ denotes the Euclidean norm of a vector
or the magnitude of a complex number. In (4), s is the
length variable. ε is the trivial part of the solution, which will
be discussed following equation (7). The constant values c1
and c2 are obtained by applying boundary conditions to the
solutions, which are: u∗2z(L) = 0, α∗2(0) = θ, where L is the
length of the curved section of the robot and θ is the angle
difference between the two tubes at the proximal end [4].
After applying the boundary conditions, we have:

E2

[
c1 c2

]T
+
[
0 ε

]T
=
[
0 θ

]T
(6)

where:

E2 =

[
eL
√

cos(q)r e−L
√

cos(q)r

k1+k2

k1(
√

cos(q)r)
− k1+k2

k1(
√

cos(q)r)

]
(7)

Consequently, the uniqueness of the robot kinematics is equal
to the uniqueness of the solution for c1 and c2. This means
that the coefficient matrix (E2) should be non-singular to
make the robot stable. It can be seen that ε is not multiplied
by any constant variables (c1, c2), so the value of ε cannot
change any part of E2. In other words, ε has no effect on
stability. In order to investigate the stability condition of
the kinematics independently of q, the determinant of the
coefficient matrix E2 is needed as given below:

D(E2) =
(k1 + k2)(eL

√
cos(q)r + e−L

√
cos(q)r)

k1(
√

cos(q)r)
(8)

It can be seen that if q ≤ π/2 or q ≥ 3π/2, then the
determinant, D(E2), is non-negative and the kinematics has
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a unique solution. Therefore to find the stability condition, q
should be considered as: π/2 < q < 3π/2, in which case, the
determinant can be zero implying that the kinematics could
be unstable. Consequently, considering π/2 < q < 3π/2, the
determinant of E2 can be simplified as follows:

D(E2) = 2
(k1 + k2) cos(L

√
− cos(q)r)

k1(
√
− cos(q)r)

, q ∈ {π/2, 3π/2}

(9)
In order to guarantee kinematic stability, the determinant
D(E2) should not be equal to zero. Consequently, the
stability condition can be satisfied as follows:

L
√
r
√
− cos(q) 6= (1/2 +N)π (10)

where N is an integer number. Since we have π/2 < q <
3π/2, it is true to say that

√
− cos(q) is a real scalar and is

bounded by unity. Consequently, the stability condition for
all possible q can be stated as follows:

L
√
r < π/2 (11)

The achieved result is the same as the result that has
been derived directly from the nonlinear equations [4]. This
supports the effectiveness of the proposed technique. Since
the method can be extended for more than two tubes, it can
be modified to address the general problem.

C. Including Straight Parts

The stability condition developed in the previous section
assumes that the two tubes have a non-zero curvature along
the whole body. This assumption is not always valid since in
many applications, the tubes have a straight part before the
curvature starts. In fact the inner tube usually has a straight
section, extending out of the outer tube for translational
motion. The straight part changes the energy function of
the system and can therefore change the stability condition
for the kinematics. As the first step, in this section the
formulations for two tubes (which is a simpler case) are
derived and in the next section they will be extended for
multiple tubes. The kinematic instability in concentric-tube
robots is caused by torsional energy stored in the tubes.
Additional solutions to the forward kinematics may appear
because of the straight section since the maximum torsion
occurs within that part. In order to mathematically show
the effect of the straight section on kinematic stability, the
boundary condition for the system should be tuned depending
on the straight part as follows:

u∗2z(L) = 0, α∗2(0)− l2u∗2z(0) + l1u
∗
1z(0) = θ (12)

where ln (n = 1, 2) represents the length of the straight
portion for the nth tube. Consequently, the determinant of
the coefficient matrix (D(El2)) will be:
−(k2l1+k1l2) tanh(L

√
cos(q)r)

√
cos(q)r−(k1+k2) (13)

As a result, the kinematics will have multiple solutions if
(13) equals to zero.

Knowing that tanh(∗) = −i tan(i∗), where i is
√
−1 and

considering D(El2) = 0, we will have:

Li
√

cos(q)r = arctan

(
k1 + k2

(k1l2 + k2l1)i
√

cos(q)r

)
(14)

Taking the Euclidean norm on both sides:∥∥∥Li√cos(q)r
∥∥∥ =

∥∥∥∥∥arctan

(
k1 + k2

(k1l2 + k2l1)i
√

cos(q)r

)∥∥∥∥∥
(15)

Considering (15), and also ‖ arctan(∗)‖ ≥ arctan(‖∗‖), the
following can be developed:

L
∥∥∥i√cos(q)r

∥∥∥ ≥ arctan

 k1 + k2

(k1l2 + k2l1)
∥∥∥i√cos(q)r

∥∥∥


(16)
As can be seen in (5), r is a positive real number; as a result
we have:

√
r ≥

∥∥∥√cos(q)r
∥∥∥ =

∥∥∥i√cos(q)r
∥∥∥. Accordingly,

(16) will result in the following:

L
√
r ≥ arctan

(
k1 + k2

(k1l2 + k2l1)
√
r

)
(17)

Consequently, when the kinematics are unstable (D(El2) =
0), the tube parameters will satisfy the relation shown in
(17). In other words, if the tube parameters are chosen such
that (17) is never satisfied, then kinematic stability will be
guaranteed. As a result, one stability condition for two-tube
interaction considering the effects of the straight sections is
as follows:

L
√
r < arctan

(
k1 + k2

(k1l2 + k2l1)
√
r

)
(18)

This stability condition exhibits the effect of the straight
section. It can be seen that, for the robot having the same
curved sections

√
r, the longer the straight part, the greater

the chances of instability. When l1, l2 → 0 the proposed
condition reduces to the original condition given in (11) since
arctan

(
k1+k2

(k1l2+k2l1)
√
r

)
→ π/2.

III. KINEMATIC STABILITY CONDITION FOR THREE OR
MULTIPLE CONCENTRIC-TUBES

In this section, the stability conditions are extended to
three-tube robots and finally to multi-tube robots.

A. Three-tube Robots without Straight Parts

It should be noted that because of significant mathematical
complexity, it is neither efficient nor practical to calculate
an explicit solution for the kinematics model when the robot
has more than two tubes. Even if a solution can be obtained,
the mathematical complexity makes it almost impossible to
analyze the solution properly and have a stability condition
that can be used in designing robots. Consequently, an
indirect technique is proposed in the rest of this section,
which can calculate a stability condition with no need for an
explicit solution. For this purpose, the linearized model for
the three-tube robot (calculated from (2) when q = 3) can
be written as a set of linear first-order ODEs in the form:

ẋ =
dx

ds
= Ax+B (19)

where x = [u∗2z, u
∗
3z, α

∗
2, α
∗
3]. Considering (2) and (19), after

some algebraic manipulations, it can be shown that for a
three-tube robot, the matrix A is 4 by 4 in dimension and
is always in the anti-diagonal block structure. A and B are
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shown as below:

A =


0 0 a13 a14

0 0 a23 a24

a31 a32 0 0
a41 a42 0 0

 , B =


b1
b2
b3
b4

 (20)

In (20), the elements in A and B (aij , bj ; i, j = 1, 2, 3, 4)
are dependent on some of the tubes’ parameters (û, k, L)
and linearization variables (qm). The general solution for this
system has the following specific structure:

x(s) = V eΛsC +

∫ s

0

V eΛ(s−τ)V −1Bdτ (21)

where,

V =


v11 −v11 v13 −v13

v21 −v21 v23 −v23

v31 v31 v33 v33

1 1 1 1

 (22)

In (22), Λ is a diagonal matrix consisting of the eigenvalues
(λj ; j = 1, 2, 3, 4) of A, and V represents a matrix of its
eigenvectors. It can be shown that because of its structure, the
matrix A always has four distinct eigenvalues which have the
following relationship: λ2 = −λ1, λ4 = −λ3. C = V −1x(0)
is a constant vector that is to be determined. To calculate C,
the boundary conditions (u∗2z(L) = 0, u∗3z(L) = 0, α∗2(0) =
θ2, α

∗
3(0) = θ3) are applied to the general solution, which

results in:
E3C + xε = [0 0 θ2 θ3]T (23)

where,

E3 =


v11e

λ1L −v11e
λ2L v13e

λ3L −v13e
λ4L

v21e
λ1L −v21e

λ2L v23e
λ3L −v23e

λ4L

v31 v31 v33 v33

1 1 1 1


(24)

and the vector xε is calculated from the integral term in (21).
As discussed for equation (7), the uniqueness of these general
solutions, only depends on whether the coefficient matrix E3

is invertible or not. In other words, there is only one solution
for the robot kinematics if the determinant of the coefficient
matrix (D(E3)) is not zero. Considering the relationship
between the eigenvalues (λ2 = −λ1, λ4 = −λ3), D(E3)
is calculated as follows:

D(E3) = vε(e
−Lλ1 + eLλ1)(e−Lλ3 + eLλ3) (25)

where vε = −(v31−v33)(v11v23−v13v21). Note that vε equal
to zero will make at least two eigenvectors of A linearly
dependent (see the structure of V in (22)), which cannot
be true for a 4×4 matrix having four distinct eigenvalues.
Consequently, since vε cannot be zero, the robot kinematics
will be stable as long as the following holds:

D(E3) 6= 0⇐⇒ λj 6= ±iπ/2L (26)
We can define the critical value (λ†) for the eigenvalues
which makes the kinematics unstable as:

λ† = ±iπ/2L (27)
Up to this point, kinematic stability is established based

on the definition of the critical value (λ†) for the eigenvalues
of the matrix A. In order to guarantee kinematic stability,
first the eigenvalues of A should be calculated as functions

of the tube parameters (û, k, l, L) using the characteristic
polynomial of A. Then the stability condition should be
calculated in order to provide acceptable bounds for the tube
parameters that prevent the eigenvalues from being equal to
the critical value (λ†). However, calculating the relationship
between λj and tube parameters by solving the characteristic
equation of the system (D(λ) = 0) is not straightforward,
because of the algebraic complexity. The aforementioned
issue will become more complicated when the number of
tubes increases. In order to address this, an indirect technique
is proposed in this section, which can provide a compact
sufficient stability condition that can be used in selecting
tube parameters for designing concentric tube robots.

For the above-mentioned purpose, a novel inner product
of the pre-curvatures of two tubes is defined:

[ûm, ûn] = rmn cos(qmn) (28)
where,

rmn = (1 + v)‖ûm‖‖ûn‖ (29)
and qmn = qm− qn, qm1 = qm. In (28), (29) and the rest of
this subsection, the subscripts m,n = 1, 2, 3;m > n. From
the definition of the inner product in (28), the following two
inequalities can be obtained:

‖[ûm, ûn]‖ ≤ rmn (30)∥∥∥√[ûm, ûn]
∥∥∥ ≤ √rmn (31)

Substituting the proposed definition (28), into the character-
istic polynomial (D(λ)) results in :

D(λ) =
1∑3
i=1 ki

(
k1([û2, û1]− λ2)([û3, û1]− λ2)

+ k2([û2, û1]− λ2)([û3, û2]− λ2)

+ k3([û3, û1]− λ2)([û3, û2]− λ2)
) (32)

The resulting equation provides better insight into the rela-
tionships between the tube parameters and the eigenvalues.
From D(λ) = 0, it can be shown that, λ2 always has real val-
ues. Consequently, the solutions for λ that satisfied D(λ) = 0
are either purely real or purely imaginary. Considering (32),
the solution for λ2 (that can make D(λ) = 0) will satisfy
(33), and (34):

min([ûm, ûn]) ≤ λ2
j ≤ max([ûm, ûn]) (33)

‖λj‖ ≤ max
(∥∥∥√[ûm, ûn]

∥∥∥) (34)

From (31) and (34), we have:
‖λj‖ ≤ max(

√
rmn) (35)

The inequality above shows the bound of the eigenvalues
according to the tube parameters. As a result, the robot
kinematics will be stable over the whole workspace if the
‖λ†‖ is not in this bound:

max(
√
rmn) <

∥∥λ†∥∥ (36)

which can be rewritten as follows by combining with (27):
max(L

√
rmn) < π/2 (37)

It should be noted that, since the upper bound of ‖λ‖
is utilized to establish the stability condition, instead of the
exact solution for ‖λ‖, the result is a sufficient condition.
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In other words, it is possible that the robot is stable, when
using tube parameters outside the range defined in (37).

B. Three-tube Robots Including Straight Parts

In this section, the goal is to define the stability condi-
tion for three-tube robots with straight parts, in which the
boundary conditions have the following form: umz(L) =
0, αm(0) − umz(0)lm + u1z(0)l1 = θm. Consequently,
the determinant of the coefficient matrix can be obtained
following a similar approach as in (25):

D(El3) = h1e
L(λ1+λ3) + h2e

L(λ1−λ3)

+h3e
−L(λ1+λ3) + h4e

−L(λ1−λ3)
(38)

where, hj (j = 1, 2, 3, 4) consist of the elements in the
eigenvector matrix details of which are omitted due to the
space limitations. Considering the definition of the eigen-
vector matrix (AV = ΛV ) and (38), it can be seen that
D(El3) is a function of λj and tube parameters (û, k, l, L). In
order to find the critical value (λ††) for the eigenvalues which
makes D(El3) = 0, the following nonlinear transformation
is applied to (38).

Liλj = arctan

(
ξ

iλj

)
(39)

where ξ is the unknown parameter to be solved by substi-
tuting (39) into D(El3) = 0. After solving ξ, the λ†† (that
satisfies D(El3) = 0) will be obtained:

Liλ†† = arctan

 k1 + k2 + k3(
1
2σ + 1

2

√
σ2 − ζ

)
iλ††


σ = l1(k2 + k3) + l2(k1 + k3) + l3(k1 + k2)

ζ = (k1 + k2 + k3)(k1l2l3 + k2l1l3 + k3l1l2)

(40)

Up to this point, the critical value (λ††) is achieved for a
three-tube robot with straight parts. As discussed in (14)-
(16), the following inequality can be obtained from (40):

L‖iλ††‖ ≥ arctan

 k1 + k2 + k3(
1
2σ + 1

2

√
σ2 − ζ

)
‖iλ††‖

 (41)

Since ζ is a positive number, (41) results in:

L‖λ††‖ ≥ arctan

(
k1 + k2 + k3

σ‖λ††‖

)
(42)

As mentioned before, adding straight parts to the robot
design will change the boundary condition of the kinematics
model while the characteristic equation remains the same.
As a result, the conclusion achieved for λj in (35) is valid
for a three-tube robot with straight parts. This means that
the kinematics of a three-tube robot with straight parts will
be unstable if the λ†† is within the bounds of the possible
solutions for λ. In other words, considering (35), if the
following holds, then the kinematics will be unstable:

max(
√
rmn) ≥

∥∥λ††∥∥ (43)

Combining (42) and (43), it can be concluded that if the
kinematics are unstable, we have:

Lmax (
√
rmn) ≥ arctan

(
k1 + k2 + k3

σmax
(√
rmn

)) (44)

As a result, kinematic stability can be guaranteed if the
tube parameters are chosen to satisfy the following stability
condition for a three-tube robot with straight parts:

Lmax (
√
rmn) < arctan

(
k1 + k2 + k3

σmax
(√
rmn

)) (45)

The obtained stability condition is different from that for
the two-tube case (18) due to the effect of the third tube. In
(45), if the third tube stiffness is set to zero, then the stability
condition reduces to the two-tube condition in (18).

C. Extension to Multiple Tubes

It is worth mentioning that the approach used in Section
III can be used for robots with more than three tubes. It
can be shown that the linearized model will always have a
block anti-diagonal structure, which would result in a similar
format for the characteristic polynomial corresponding to that
in (32). So the conditions obtained in (37) can be extended
for any number of tubes:

max(L
√
rmn) < π/2, (46)

where m,n = 1, 2, ..., p;m > n, and p is the total number
of tubes. For the robot with straight sections, when the
kinematics are unstable, the critical values for the eigenvalues
satisfy the relationship in (39), which would result in a
similar inequality to that in (42). Following the technique
developed in the previous subsection, it can be shown that
the stability condition for the general case (multiple tubes
with straight sections) is as follows:

Lmax(
√
rmn) < arctan

( ∑p
m=1(km)

σp max(
√
rmn

)
)

σp = (k2 + ...+ kp)l1 + (k1 + k3 + ...+ kp)l2

+...+ (k1 + ...+ kp−1)lp

(47)

IV. SIMULATION VALIDATION

In the first test, the stability of a two-tube robot with a
straight portion is studied. For this robot, tube 1 (in Table I)
is the inner tube and tube 2 is the outer one. The parameters
of these two tubes, such as the length of the curved sections
(L), pre-curvatures (û), the stiffnesses (k), and Poisson’s ratio
(v) are defined as shown in Table I. The length of the straight
part of tube 2 is equal to zero (l2 = 0). In order to study
the effect of l1 (the straight part of tube 1) on kinematic
stability, we need to determine at which value of l1 the
robot will be kinematically unstable. One way is to use the
stability condition in (18). After some calculations, it can
be shown that the robot is stable when l1 is smaller than
0.051m. Another way to achieve this result is to calculate
the forward kinematics of the robot via simulation [11] when
different values of l1 are considered. As shown in Fig. 1,
the tip position of the robot is calculated, when the inner
tube rotates a full revolution and the outer tube remains
stationary. This calculation was repeated many times when
l1 varies from 0 to 0.150m. The simulation results shows
that the robot is stable when l1 < 0.051m (blue curves),
and critically stable when l1 = 0.051m (red curves). The
purple curves have a discontinuous point in the tip Cartesian
position during the continuous movement of the joint space
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TABLE I
PARAMETERS OF CONCENTRIC-TUBE ROBOTS

L(m) û(m−1) k (Nm2) v

tube 1 0.157 1/0.120 0.040 0.3
tube 2 0.157 1/0.150 0.050 0.3
tube 3 0.157 1/0.180 0.060 0.3

Fig. 1. Simulation results for a two-tube robot with straight sections. Y
axis is the gravity direction in world frame.

values. This means that the tip of the robot suddenly jumps
from one position to another in Cartesian domain. So the
kinematics of the robot are unstable when l1 > 0.051m.
In conclusion, the simulation results are in an complete
agreement with the derived stability condition. For a three-
tube robot without any straight section, the stability condition
becomes conservative, because the maximum value of λj
in (35) is used for developing the stability condition. But
when the three tubes have the same value of pre-curvatures,
i.e., max(

√
rmn) = min(

√
rmn) in (33), the exact value of

λj will be obtained (since the radius of the bound around
λj converges to zero). In this specific situation, the stability
condition is not conservative any more. A three-tube robot
without straight sections is studied to verify this result. We
assume that the inner, middle, and outer tubes of this robot
have the same pre-curvature û123. The other parameters such
as L, k, v are from tube 2. Using the stability condition
in (37), it can be concluded that the robot will be stable
if û123 < 1/0.114(m−1). In the simulation tests, the tip
position of the robot is calculated when the inner tube
rotates a full revolution and the other two tubes remain
stationary. This procedure is repeated when û123 equals to a
set of different values. As discussed earlier, the red line in
Fig. 2 corresponds to the critically stable situation. So the
kinematics are critically stable when û123 = 1/0.114(m−1),
which agrees with the result in stability condition.

The last test is designed to validate the stability condition
for a general three-tube robot which has three different pre-
curvatures, stiffness and length for the straight parts. For this
purpose, tube 1, tube 2 and tube 3 are chosen as the inner,
middle and outer tubes of the robot, respectively. The straight
parts of tube 2 and tube 3 were set to l2 = 0.010m, l3 = 0.
Using the stability condition in (45), the robot is stable as
long as l1 < 0.030m. In simulation, the forward kinematics
of the robot are calculated when tube 1 is rotated 360 degrees
and the other two remain stationary. This calculation was
repeated when l1 equals a series of different values. As
shown in the Fig. 3, compared to previous simulations, the
robot did not show critical stability at l1 = 0.030m, but at a
higher value l1 = 0.048m. This result shows that the stability

Fig. 2. Tip position of a three-tube robot without straight parts.

Fig. 3. Tip position of a three-tube robot with straight parts.

condition is conservative.
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