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1 Overview of the supplementary material

This supplementary material is organised into two parts. In Section 2 we provide the proofs of the lemma
and the theorem presented in Section 3.3 of the paper, while Section 3 presents some examples of image
segmentation.

2 Theoretical analysis

This section presents the proofs of Lemma 1 and Theorem 1 from Section 3.3 of the paper. Lemma 1 is
proved in Section 2.1 and Theorem 1 is proved in Section 2.2.

2.1 Generalization bound per region C;

First, we recall our optimization problem considered in each region C}:

arg min Frr (M) (H
M, =0 J
where
Fr, (M) = 27, (M) + A [IM; |3,
. 1
ér, (M) = — > M, (x, X, AEy)),
J

(X,X’,AEOO)ET]»
and [(M;, (x,x', AEy)) = ‘(x —x')"Mj(x — x') — AEg (x,x’)2‘ :

Here éTj (MJ) stands for the empirical risk of a matrix Mj over a training set Tj, of size n;, drawn from
an unknown distribution P(C}). The true risk p(c;)(M;) is defined as follows:

ep(c;) (M) = Exx, ABo)~P(Cy) [[(M, (x,X', AEy))] .

In this section, T; denotes the training set obtained from T by replacing the it" example of T; bya
new independent one. Moreover, we have Ay . = maxo<;j<i {max(xﬁx/,AEoo)Np(cj) {AEy (x, x’)}}
and Dj = MaX(x,x’, AEgy)~P(Cj) (HX — X/H) < 1.

To derive such a generalization bound, we need to consider loss functions that fulfill two properties:
k-lipschitz continuity (Definition A) and (o, m)-admissibility (Definition B).

! We assume the examples to be normalized such that ||x|| < 1.
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Definition A (k-lipschitz continuity) A loss function [(Mj, (x, x', AEy)) is k-lipschitz w.rt. its first ar-
gument if, for any matrices M, M; and any example (x,x’, AEq), there exists k > 0 such that:

]l(Mj, (x,x’, AEq0)) — Z(MJ’-, (%, x’,AEOO))| < kM — M;”]-‘

This k-lipschitz property ensures that the loss deviation does not exceed the deviation between matrices
M; and Mj with respect to a positive constant k.

Definition B ((o, m)-admissibility) A loss function I(M;, (x,x', AEq)) is (o, m)-admissible, w.r.t. M,
if it is convex w.r.t. its first argument and for two examples (x,x', AFEyq (x,%)) and (t,t', AEy (t,t')),

we have:
1M, (x,x, AEgo (x,x'))) — I(M;, (6, ', AEqg (t,t)))| < o |AEg (x,x") — AEg (t,t')| + m.

Definition B bounds the difference between the losses of two examples by a value only related to the
AFy values plus a constant independent from M;. Let us introduce a last concept which is required to
derive a generalization bound.

Definition C (Uniform stability) In a region C;, a learning algorithm has a uniform stability in n& with
K > 0 a constant, if Vi,
/ i / K
sup ’l(M (X,X ,AEQ())) —Z(Mj,(X,X ,AEoo))‘Sf,

J? .
(x,x",AEq0)~P(Cj) N

where M, is the matrix learned on the training set T’; and MJ1 is the matrix learned on the training set T;

The uniform stability guarantees that the solutions learned with two close training sets are not significantly
different and that the variation converges in O(1/n;).

To prove Lemma 1 of the paper, we need several additional lemmas and one more theorem which are
not presented in the paper. First we show that our loss is k-lipschitz continuous, (o, m)-admissible and
that our algorithm respects the property of uniform stability. For the sake of readability, we number these
lemmas and this theorem with capital letters.

Lemma A (k-lipschitz continuity) Let M; and Mj be two matrices for a region C; and (x,x', AEn) be
an example. Our loss [(M;, (x,x', AEqo)) is k-lipschitz with k = D3.
Proof.
(M, (x, %', ABgo)) — 1(M, (x, %', ABgo) )|
=[x = x)" M (x = x') = Ao (x,X')"| = | (x = X) M (x = ') — Ao (x,x')"|

< |(x—=x)"M(x—x') = (x — x')"Mj(x — x)| .1)
=[x = )" (M; = M) (x = x')|

< I = <"1V = Mzl = x| 22)
< D3[IM; — M| 2.3)

Inequality (2.1) is due to the triangle inequality, (2.2) is obtained by application of the Cauchy-Schwarz
inequality and some classical norm properties. (2.3) comes from the definition of D). Setting k = Dj2. gives
the Lemma.

We now provide a lemma that will help to prove Lemma C on the (o, m)-admissibility of our loss
function.

Lemma B Let M; be an optimal solution of Problem (1), we have

Amax

T

M <
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Proof. Since Mj is an optimal solution of Problem (1), we have then:

Pr (M) < Fr (0)

1 1
G D UMy X ABw)) AIIMIF < D0 (0, (kx| ALo)) + ;0[5
J (X,x/,AEoo)eTj J (X,X’,AE[)())ETJ-
1
= MIMjIE < — 37 10, (xx', ABy)) (.1
J (x,x’,AEq0)€T;
= NI |[% < AR 32)
AH]‘X
= Ml < =22

N

Inequality (3.1) comes from the fact that our loss is always positive and that ||0||z = 0. (3.2) is obtained
by noting that [(0, (x,x’, AEy)) < A2,

Lemma C ((o, m)-admissibility) Lez (x,x’, AFy (x,%’)) and (t t', AEq (t,t")) be two examples and
M; be the optimal solution of Problem (1). The loss [(M;, (x,x’ AEOO)) (o, m)-admissible with o =

2A a0k and m = %.
Proof.
|Z(Mj, (x,x', AEqo (x,%))) — Z(Mj, (t,t', AEy (t,t’)))|

= H(x - x/)TMJ- (x —x') — AEy (x, x')Q‘ -

(t —t)TM;(t —t') — ABy (t, t’)2H

< (3= %)M (x — X) — (6 — )Mt — t)] + ‘AEOO t,¢')2 — AEg (x, x/)Q’ @.1)
< |(X*X/)TMJ(X )|+’( TM tft |+‘AE00 (t t) — AEy (x, x)2‘ 4.2)
<2(max{|(x—x)TM (x —x') }—|—‘AEOO (t,t) —AEO()(X,X)Q‘
< 2D7 Amax + | A (6.4) — Ao (x.x')| 43)
=~ = = 00 - 00 (X, X .
\/E
<2D — + |AEu (t,t') + AEg (x,X')| |AEw (t,t') — AEgo (x, %)
S 00 00 (X, X 00 00 (X, X
Vi
2D2 Ay

+ 2Amax |AE00 (ta t/) - AEOO (X7xl)| .

<
VA

Inequalities (4.1) and (4.2) are obtained by applying the triangle inequality respectively twice and once,
(4.3) comes from the fact that | M || 7 < \/"“1‘ (Lemma B) and that ||x — x'|| < D;. Setting 0 = 2A,,,x

max

2D2A
and m = \/» gives the Lemma.

We will now prove the uniform stability of our algorithm but before to present this proof, we need the
following Lemma.

Lemma D Let Fr,() and Fr:() be the functions to optimize, M; and MJ1 their corresponding minimizers,
J

and \; the regularization parameter used in our algorithm. Let AMJ- =M, - M, then, we have, for any
te0,1],

i i 2kt
||M_]H.27: — M — tAMj||3f + ||1VIJ||3T — (M +tAMjII3r < WHAMJ'HF ®)
37
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Proof. This proof is similar to the proof of Lemma 20 in [1] which we recall for the sake of completeness.
éri() is a convex function, thus, for any ¢ € [0, 1], we can write:
J

£y (M — LAM) = £y (My) < ¢ (27:(M5) — 27 (M) ) ©)
Ery (M} + LAM;) — &y (M) < ¢ (27:(M) — 27 (M) ) 7

By summing inequalities (6) and (7) we obtain
Eps (M — tAMy) — 71 (M) + i (M} + tAM) — &7 (M) < 0. ®)

Since M and MJl are minimizers of Frr () and Fr:i(), we can write:
J J

Fr (M) — Frs (M + tAM;) < 0. (10)
By summing inequalities (9) and (10), we obtain
er, (M) — éx, (M — tAM) + ||V |5 — A [ M — tAM 5+
Eri (M) — pi (M + tAM) + X [M |5 — A [ M + tAM 3 < 0. an
We can now sum inequalities (8) and (11) to obtain
MM 15 = Mg M — tAMG |5 + A5 M3 13 — A7 M + tAMG|% < 0. (12)
From (12), we can write:
NI 15 = A lIMG — tAML 1% + A M5 — A M + tAM |3 < B (13)
with
We are now looking for a bound on B:
B< ‘éTj (M — tAM;) — 7s (M — tAM) + &7+ (M) — ér, (MJ.)‘
1
<o D UMy tAM (X AB)) = Y UM = tAM, (6.t A)) +
(x,x’,AEqo)€T; (t.t',AEo)E€T}
Z l(Mja (tv t/v AEOO)) - Z Z(Mja (X, X/, AEOO))
(t,t', AEoo) €T} (x,x",AEq0)€T;
1
= ;J ‘Z(M‘] — tAMj, (Xi7 X;, AEO())) — Z(MJ — tAMj, (ti, t;, AEO())) +
(M, (63, t5, AEoo)) — LM, (xi, %5, AEq))| (14.1)
1
S ; (‘Z(MJ — tAMJ, (thg, AEO())) — Z(MJ, (thg, AEO()))’ +
J
’l(My (tla ti7 AE00)> - l(MJ - tAMy (tla tiv AEOO))D (14.2)
1
< — (kM — tAM; — M || + k[ M — M; 4+ tAM; | 7) (14.3)
3
2kt
<

—||AML || .
n; || JH]"
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Equality (14.1) comes from the fact that T; and Tz only differ by their i example, inequality (14.2) is due
to the triangle inequality and (14.3) is obtamed thanks to the k-lipschitz property of our loss (Lemma A).
Then combining the bound on B with equation (13) and dividing both sides by A; gives the Lemma.

We can now show the uniform stability property of the approach.

Lemma E (Uniform stability) Given a training sample T); of nj examples drawn i.i.d. from P(Cj), our

2D}
algorithm has a uniform stability in ; with K = =*.
J J

Proof. By setting t = % in Lemma D, one can obtain for the left hand side:
2 1 2 if2 i 1 2 1 2
M )15 — (1ML — §AMj||f + M5 1% — 1M + §AMj||f = §HAMj||]:

and thus:

1 2ki
IV I3 < Xl an|,

which implies

2k

AM;
Myl <

Since our loss is k-lipschitz (Lemma A) we have:

[1(M, (x,x', AEno)) — LM, (x,x', AEg0))| < k|| AM;]|#
2k2

Aj;

<

In particular,

2k?
5, (x,X', AEgo)) — (M, (x, %, AEq))| < .

sup  |[I(M
(x,x’,AEqo) ! /\jn_j

By recalling that & = D2 (Lemma A) and setting I = , we get the lemma.

We now recall the McDiarmid inequality [2], used to prove our main theorem.

Theorem A (McDiarmid inequality) Let X1, ..., X, be n independent random variables taking values in
X andlet Z = (X1, ..., Xpn). If for each 1 < i < n, there exists a constant c; such that

sup [f(x1, s mn) = f(21, s Ty oy mn)| < ¢, V1 < i <,
Ty Ty, TG EX

—92¢2
then for any e > 0, Pr[|Z —E[Z]| > €] < 2exp (z:nEQ> .
i=1 5

Using Lemma E about the stability of our algorithm and the McDiarmid inequality we can derive our
generalization bound. For this purpose, we replace Z by Ry = ep(c;, ) (M) — ér, (M) in Theorem A and

we need to bound E [RT} and ‘RT, — Ryi|, which is done in the following two lemmas.
J J J J

Lemma F For any learning method of estimation error RTj and satisfying a uniform stability in o we

have

Ex, |Rr,| < fj
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Proof.

Er, [RTJ} <Er, [E(x,x',AE00) [[(M;, (x,x', AEg))] — ér, (M;)]

1
< Er; (e, ABw) | |I(M;, (x,%", AEg)) — - > 1M, (3, X3, AEo))
J (xk,xL,AEoo>€Tj

< E7;,(x,x, AEoo) o Z (1M, (%, X', AEgo)) — [(My, (X, X3, AEqo)))

L J (Xk,x;(,AEoo) T.

1

S E7; (x,x, AEo0) - Z (Z(MJ!(, (%1, X1, AEg0)) — LM, (X1, X3, AEgo)))

L J (xk,x{(,AEoo)ETj

(15.1)
<K (15.2)
g

Inequality (15.1) comes from the fact that T} and (x, x’, AEqq) are drawn i.i.d. from the distribution P(C})
and thus we do not change the expected value by replacing one example with another, (15.2) is obtained by
applying triangle inequality followed by the property of uniform stability (Lemma E).

Lemma G For any matrix M; learned by our algorithm using n; training examples, and any loss function
[ satisfying the (o, m)-admissibility, we have

’RT]_ _ RTJk < 2K + (AmaxJ + m)

nj
Proof.

|Rr, - Ry,

= eric) (M — 5,0 — (<ric) M) 2 M)

= ‘EP(Cj)(Mj) —ér, (M) — ep(cy) (M) +5T;(M}) —ér, (M) +ér, (M;)‘

< [epio,) (M) = ep(cy) (MB)] + [én, (M) = ér, (M) + e (M) — &, (M) 16.1)
S E(X’X',AEOO) Hl(My (Xaxlv AEOO)) - l(M;, (X, X/, AE()()))H +
er, (M) — &, (My) | + |e; (M) — éx, (M) (16.2)
K o1 oo o
< o ffr (M) -2, (Mj)\ + [er (M) — &, (M) (16.3)
K 1 i ! /
S -+t Z 1M, (x,x’, AEn)) — L(M;, (x,x, AEy))| +
/ J (x,x",AE0)€ET)
Ers(M3) — &1, (M)
K K | o
S ot T IEn My —én (M) (16.4)
oK 1 o
= P + e |Z(MJ7 (ti,ti, AEOO)) - Z(Mj, (Xi7 X;, AEOO))| (16.5)
J J
21C 1 , ,
s —+t— (0 |[AEo (ti, t;) — AEoo (xi,%3)| +m) (16.6)
J J
2 A
< K+ ( max0 + m) ' 167)

nj



Modeling Perceptual Color Differences by Local Metric Learning - Supplementary Material 1 7

Inequalities (16.1) and (16.2) are due to the triangle inequality. (16.3) and (16.4) come from the uniform
stability (Lemma E). (16.5) comes from the fact that 7}; and Tj only differ by their ™ example. (16.6) comes
from the (o, m)-admissibility of our loss (Lemma C). Noting that | AEy (t;,t}) — AEqo (%1, x})| < Amax
gives inequality (16.7).

Lemma 1 (Generalization bound) With probability 1 — 6, for any matrix M; related to a region Cj,
0 < j < K, learned with Algorithm 1, we have:

ML) < & (M 2D} 4D} A 2D? A In(2)
EP(CJ-)( j)_ETj( J)+)\Jnj + )\j + max(\/rj"’ max) 2'ij .

Proof. Using the McDiarmid inequality (Theorem A) and Lemma G we can write:

2¢2

Zn 2K+ (50+m) 2
j:l nj

2¢2
<2exp | — T 5 |-
n—J(2lC+(5a+m))

Pr HRTJ' — IETj [RTJ} ’ > e] <2exp | —

Then, by setting:

2¢2
6 =2exp| — T 5
W (2K + (5o + m))

we obtain:

In (3)
277,j

€ = (2K + (Amaxo +m))
and thus:

Pr HRT7 — ET]. |:RT7:| < 6} >1-4.
Then, with probability 1 — §:

RTj <ETj _RT} +e€

< ep(cy)(Mj) — ér, (M) < Er, RTJ} +€

2 K In (2
- epic;)(My) < ér, (M) + 7= + (2K + (Amax0 +m)) #
7 J

The last equation is obtained by using Lemma F and replacing K, o and m by their respective values gives
the lemma.

We showed that our approach is locally consistent. In the next section, we show that our algorithm
globally converges in O(1/y/n).
2.2 Generalization bound for Algorithm 1

We consider the partition Cy, C, . . . , C'x over pairs of examples considered by Algorithm 1. We first recall
the concentration inequality that will help us to derive the bound.
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Proposition 1 ([3]). Let (ng, n1, ..., nk ) an IID multinomial random variable with parameters
n = Zf:o n; and (P(Cyp), P(C1),...,P(Ck)). By the Breteganolle-Huber-Carol inequality we have:

Pr {Zf:o |52 — P(Cy)| = 17} < 2K exp (_""2), hence with probability at least 1 — 6,

2

K
3 n; _P(Cj)‘ - \/2K1n2+21n(1/6)' an

— | n n
7=0
We recall the true and empirical risks. Let M = {Mg, My, ..., Mk} be the K + 1 matrices learned
by our algorithm. The true error associated to M is defined as e(M) = Zj{:o ep(c;)(M;)P(C;) where
ep(c;)(M;) is the local true risk for Cj. The empirical error over T of size n is defined as ér (M) =
1 Zﬁio njér, (M) where ér, (M) is the empirical risk of 7.
Before proving the main theorem of the paper we introduce an additional lemma showing a bound on
the loss function.

Lemma H Let M = {Mg,My,..., Mk} be any set of metrics learned by Algorithm 1 from a data
sample T of n pairs, for any 0 < j < K, we have that for any example (x,x’, AEy,) ~ P(C}):

Z<MJ7 (X, Xl7 AEOO)) S LB;

Amaz 2
\/X 7AIII‘<1X :

with Lp = max{

Proof.

J?

I(M;, (x,x', AEq)) = ‘(x —x')"M;(x = x') = AEy (x,x’)2‘

< max { (x —x)"M;(x = x') , AEg (x, x’)2} (18.1)
< max { A\j‘;" , AEq (x, x’)2} (18.2)
< max { A\‘/“;" , Afnax} . (18.3)

Inequality (18.1) comes from the fact that any matrix M; is positive semi definite and thus we are taking
the absolute difference of two positive values. Inequality (18.2) is obtained by using the Cauchy-Schwarz
inequality, the Lemma B with A = ming<,;<x A; and the inequality ||x — x'|| < 1. Inequality (18.3) is due
to the definition of A, ..

We can now prove the main theorem of the paper.

Theorem 1 Let Cy, C1,...,Ck be the regions considered and M = {Mg,My,...,Mx} any set of
metrics learned by Algorithm 1 from a data sample T of n pairs, we have with probability at least 1 — §
that

(K+1)In2+ 21n(2/0) N 2(KD* +1)

(M) <7 (M) + LB\/ 2

n An
4(KD* +1) 2(KD? +1) In( 4+
2 T A (5T L 9(K 4 1) Apax) || ——2—
+ (T 4 A D o 4 1) | 5

where D = max<;<x D;, Lp is the bound on the loss function and A = ming<j<gx \; is the minimum
regularization parameter among the K + 1 learning problems used in Algorithm 1.

Proof. Let n; be the number points of 7" that fall into the partition C;. (ng, n1, ..., nx) is a IID multino-
mial random variable with parameters n and (P(Cy), P(C1), ..., P(Ck)).
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|e(M) — é7(M)| = |E(x x', aB00)~p [[(M, (x,X', AEg))] — é7 (M)
K
= ZE(x,x’,AEoo)NP\(x,x’,AEoo)ECj [1(M;, (x,x', AEq))| P(C;) — ér(M)

7=0
K
= ZE(x,x’,AEoo)NP\(x,x’,AEoo)ECj [1(M;, (x,x', AEw))]| P(C;)

§=0
K n
- ZE(x,x’,AE00)~P|(x,x’,AEUO)eCj [1(M;, (x,x", AEg))] FJ
§=0
K ?’7,'
+ 3 Eixx', ABoo)~Pl(xx . AB)eC; LM, (x,x', AEy))] — i ér (M)
=0
K
< ZE(x,x’,AEUO)NP\(x,x/,AEoo)eCj [1(M;, (x,x', AEy))] P(C;)
=0
K n
- ZE(x,x/,AEOO)NP\(x,x/,AEoo)ecj [1(M;, (x, %', AEy))] #
3=0
K N
Z (x,x", ABoo)~P|(x,x’, AEoo)eC; LM, (x, %, AEy))] ;j —ér(M) (19.1)
=0
K N
Z (%', A B0 )~ P|(x,x7, AEoo) ey | [IM, (%, X', AEg))] | ‘P nj
j=0
K TL K n
+ ZE(xﬂx/1AE00)NP|(X7X/7AEO(J)EC]' [l(My (X,le AEOO ? Z WJ (192)
7=0 7=0
K s
<> Ls|pcy) -
=0 "
K .
|2 2 (Bpeae, At~ Pl(eoc aBm)cc; My, (6%, ABuo))] = 61, (M))| - (19.3)
=0
- LB\/2(K +1)In2 + 21n(2/9)
n
K
g (M ' AE 2 (M 19.4
+ Z ; (x,x",AEq)~P|(x,x',AEn)€C; [ ( jo (X,X ) OO))] - gTj( J) ( . )
3=0
- LB\/Q(K +1)In2 + 21n(2/9)
n
K 4 4 2 4(K+1)
n: (2Dt [2D! 2D? (4D
+y L4 L+ Apax(—=% + 2Amax) — (19.5)
jz:; n )\jnj ( >‘j @ A /)\j @ 2nj
4
- LB\/Q(K +1)In2+2mn(2/6)  2(KD*+1)
n An
2(KD* +1) 2(KD? +1) In(4ELL)
Amax(——F—=— + 24nax — 7 19.6
+ ( 3 + ( 5y + ) o™ (19.6)
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Inequalities (19.1) and (19.2) are due to the triangle inequality. (19.3) comes from the application of
Lemma H. Inequality (19.4) is obtained by applying Proposition 1 with probability 1 — §/2. (19.5) is
due to the application of Lemma 1 with probability 1 — §/(2(K + 1)) for each of the (K + 1) learn-
ing problems. Inequality (19.6) is obtained by cancelling out the n;, noting that /n; < \/n and taking
D = mazi1<i<pD;j. Note that Dy = 1 corresponds to the partition used by the global metric.

Eventually by the union bound we obtained the final result with probability 1 — 4.

3 Image Segmentation

In this section, we illustrate the application of the color mean-shift algorithm presented in our paper. We
apply color mean-shift on RGB components, on L*u*v* components and by using our learned distance
directly in the RGB components. The overall quantitative results for the Berkeley dataset are provided in
the paper and we propose to show some qualitative results on this dataset in Figure 1. As explained in the
paper, the number of segments in the resulting images is not a parameter of the algorithm, as a consequence
it is not easy to obtain images with the same number of segments for the three algorithms (RGB, L*u*v*
and Metric learning). Thus, given an image, by playing with the color distance threshold, we have tried to
obtain the same segment numbers as the corresponding ground truth for the three algorithms. However, the
color mean-shift algorithm provides some very small segments, specially for the RGB and L*u*v* color
spaces. Consequently, for each test, in Figure 1, we have mentioned between brackets, first, the number of
segments, and second, the number of segments whose size is more than 150 pixels. For a fair comparison,
we use this last number as reference for each image, i.e. this number is almost constant and close to the
ground truth for each row.

It is worth mentioning that the ground truth segmentation has always very few segments. Thus, starting
from a large number of small segments, the used algorithm is grouping them by considering their color
differences. Consequently, the used color distance is crucial when we want to obtain small number of
segments as provided by the ground truth. We can see in Figure 1, that when working in the RGB or
L*u*v* color spaces, some segments that are perceptually different are merged while some other similar
segments are not. Most of the time, the color mean-shift is working well when using our distance. This
point was already checked quantitatively on the whole Berkeley dataset in the paper.
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Image Ground truth (16) RGB (1207/20) L*u*v* (813/18) Metric learning (180/17)

Image Ground truth (26) RGB (832/31) L*u*v* (647/29) Metric learning (203/28)
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Fig. 1. Illustration of segmentation provided by the color mean-shift algorithm applied in the RGB components (third
column), on L*u*v* components (fourth column) and by using our learned distance directly in the RGB components
(fifth column). First column represents the original image and the second one the ground truth.



