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In this additional material we will prove Proposition 3.1 from the main paper.
First, however, we will need to review some concepts from Riemannian geometry.
We refer the reader to [1] for additional details.

1 Additional Notation and Background

Let M be a Riemannian manifold with metric (-,-). Let X (M) denote the set of
smooth tangent vector fields on M, i.e., the set of mappings © € M — X (z) €
T, M. Given alocal chart (x1,...,2q4,...,2p) — & € M, avector field X € X (M)
is locally defined as X = ", x404, where dgq denotes the directional derivative
operator along the i-th coordinate. Given X, Y € X (M), the Lie bracket between
two vector fields is defined (in local coordinates) as the new vector field

(X, Y] = (X(ya) = Y(24))da € X(M), (1)
d

where X (f) denotes the result of “applying” X on a smooth function f, i.e., of
computing the directional derivative of fin the direction given by X at each
point of M.

Given the metric, one can obtain the Levi-Civita connection V¥Y, where
X,Y € X(M). By definition, the Levi-Civita connection is the unique affine
symmetric connection compatible with the metric (see [1] for the precise definition
of these properties). Given the Levi-Civita connection, the curvature tensor
R(X,Y)Z is given by

RM(X,Y)Z = V'V Z - VYVY Z+ VK1 2. (2)

The Ricci curvature along a vector field X can be found by contracting the
curvature tensor as follows:

Ric" (X, X) = Y (RM(X,Eq)X, Eq), (3)
d
where E; = 04 in some local coordinate chart. The quadratic form associated
with (3) can be found using the fact that R and the metric are multilinear in
their arguments, which implies the polarization identity:

Ric"(X,Y) = - (Ric™(X +Y, X +Y) -Ric(X -V, X -Y)) (4

| =
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The matrix form of the Ricci curvature (in some local coordinate chart) can be
found by computing the 7, j-th element as Ric™ (E;, E;).
We are now ready to prove Proposition 3.1.

2 Proof of Proposition 1

Consider SE(3) as a Riemannian manifold with the metric defined in §2 of
the main paper. As a notational convention, we decompose a vector field X €
X(SE(3)), as X = (Xg, Xr), where X € X(SO(3)) and X7 € X(R?). The
main idea of the proof is to explicitly compute the matrix form of Ric®® ®) (X,Y)
starting from the connection.

From [2], we have that the Levi-Civita connection on SE(3) is given by

VY = (V32O VE o). (5)

In other words, since we consider SFE(3) as a product manifold, the connection
decomposes into the connections of the two component spaces. For R3, one can
verify that the Levi-Civita connection is simply given by

VD}}ZYT = Z X1 (yri)Oa, (6)
d

i.e., each component of Yr is differentiated independently. For SO(3), from [1,
p. 103], we have
1
V)S((;(B)YR = §[XRv YR]. (7)

Note that, on SO(3), the Lie bracket between two tangent vectors at a point
R € SO(3) can be computed as

[Xr,Yr]lr = RI[RT Xg, R"YR|r, (8)

where [A, B];, the Lie bracket at the identity, is given by the simple matrix
operation [A, B]; = XY — Y X, where A, B € 50(3).
From (5), the curvature tensor on SE(3) is given by

RSFO/(X,Y)Z = (RSO (XR, Yr) Zr, R¥ (X1, Y1) Z7). (9)

For R?, note that VD;?T V%{i Zr =3, X (Y(2a))04. Then, the curvature tensor
vanishes because, from the definition of [X,Y] in (1),

R (Xp,Yr)Zr =Y Y (Z(24))0a — Y X (Y (24)) 04 + > _[X,Y](24)0a = 0.

d d d

(10)

This is a simple verification of the fact that R3 has constant zero curvature. For
SO(3), again from [1, p. 103], we have

RO (X, ¥) 2 = 11X, Y], 2 (11)
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Using (10), the Ricci curvature on SFE(3) reduces to
Ric*E®) (X, X) = Ric%9®) (X g, XR) (12)
Combining the definition (3) with (11), we have

Ric(X, X) =3 é tr([[Xr, B4 ] Xr]" ES)
dy

= LSS (1B ERIERITE). (13

di d2 ds

where Ef = é4. By direct computation, we have

2 if dy = d3,ds # dy
tr([[ER, ERER]TER) = 2Tl 14
r([[ @z Fa] ds] dl) 0 otherwise. (14)
This implies
Ric(E; — E;,E; — E;) =0, (15)
Ric(E; + Ej, B+ ) =42 "'~ (16)
0 otherwise.
Substituting into the polarization identity (4), we have
1

Ric%O9®) (X, Vi) = s (17)

This, together with (12), implies the claim.

2.1 Proof for Proposition 3

For simplicity, we will use the variables X and x instead of X (jk) and m(]) Note
that we will need to compute gradients of gradients. In other words, if we have a
function f : SE(3) — R, we define Vf = grad f and we will need to compute
grad Vf. In order to do this, we first fix a vector w € T,,SE(3) and define
f' = (Vf,w) = f(w). Then, we compute f(v,w) = (grad Vf,v) = f'(v). Since
v and w are arbitrary, we can then extract grad V f in a similar way to what is
done for the gradient using the definition (with the difference that grad Vf is a
matrix, while grad f is a vector). If f produces values in R” instead of R, we
consider each component eg f separately and then proceed as before. Going back
to the proof of the proposition, we first define X, as the point X in the camera
frame:

X.=RI(X - T)). (18)

Then, we compute its derivative in the direction v.
X.(v) = RI'(X —T;)) + RI'T; = 9%, RY (X — T3) — RF vy
= Xc'URi + RZTUTZ' = Jxv (19)
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For a fixed w, we then compute the d-th component of the derivative of Xc(w):

T3 Ty T AT ~T pT TAT pT
eq Xc(v,w) = aed Xe(w) =ey szURzX €4 wRiRi v — e 0, Ry wr;

= UEchédwRi + 'Ug:iRiédwRi — U%iédRiT'wTi = vTHde (20)
We then pass to the projected image z, = w(X.). Let P = [Ig Ole] and
Ae = el X... Then:

1

Similarly to what we did for X., we compute the two derivatives (note that
z, € R? instead of R?):

1

ip(v) = FP(AJ?, — XeeD)Ixw = Jyw (22)
T.. d ,r. d 1
eii xp(vaw) dt ,d SU('LU) dt A2 d PMX( )
2 i .
= AgegTX( v)eg MXo(w) + v 65(6§X ()3 = Xc(v)es ) Xe(w)

1 1
)\2 Z eI Megel X (v, w) = z? ()\J)T(egedTMJX

c d’'=1 c
3
+ JE(esel —eqed)Jx + Z (egMed/HXd/)>w = v ' Hyqw  (23)
d'=1

Note that we used the fact that eq = PTe/ y for d = 1,2. We can now finally
compute the gradients for our cost

= ||lzp — |? (24)

f(v) = (2p — CL’)Tip(v) = (wp — m)TJz” (25)

Flo,w) = (f(w),v) = dp(v)Tp(w) + (x, — fﬂ)Tff'p(v w)

LT, —|—Z — ) eqH q)w  (26)

We can also compute the gradient with respect to the measured image point x
by evaluating the directional derivative along a direction & = v, and for a fixed
(R,T). _

vl grad f(w) = —iT 3, (w) = vl J,w (27)
The claim of the proposition then follows by extracting H;j; and J;j; from (26)
and (27), respectively.
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