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Abstract. This document accompanies the paper referenced as A convergent
incoherent dictionary learning algorithm for sparse coding, ECCYV, Zurich, 2014”.
We provide a complete proof of Theorem 1 with all the details.

1 Statement of Problem

Minimization model. The paper is about solving the following minimization prob-
lem:

1
min §||Y—DC||%+AHC||0+%HDTD—IH?F, st DeD, CecC, (1)

where D = {D = (d1,...,d,,) e R i ||djlla=1,1<j<m}andC = {C =
(e, ..,ef)T € R™P |leilloe < M, 1 < i < m}. Let §x denotes the indicate

function of X such that 6y (z) = 0if 2 € X and +o0 otherwise. Then, the problem (1)
can be re-written as

L minH(Z) = F(C) +Q(Z) +G(D) @
where
F(C) = A|[C|lo +dc(C),
Q(C,D) = 4|lY - DC|% + §|D"D - I|%, 3)
G(D) = ép(D).

Algorithm 1. Based on the so-called proximal operator [S] defined by

t
Prox! (z) := argmin F(u) + §||u —z||%,

the proposed hybrid alternating proximal algorithm for solving (2) is summarized as
follows,
k+1 k+1 (k)
€ Proxf,fﬂ” rew;TLb )(Cg-k)), 1<j<m,
Gj(s’?“)

i e Prox ), (df - A Ve, QCE, V),

(k+1)
¢
, 1<ji<m, @)
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where 1151 A¥T € (a,b), a, b are some positive constants and
k)T KT k—1)T k—1)T
Uf*(c() ,...,cg)l,c;,cg_H) ey kv ),
Sk=(a",....d" d;,d" 0, .dn ), )

V.k:(dg’”,... d® g g0

(k—1)
y =10y P41 ,-~-,dm )

The parameter sequence /\;‘? is chosen so as to )\f > L(d;k)) where L(d;k)) is defined
by

[Va,Q(C™, Dj) = Va,QICW, D})||r < L(d5)|d} = df|lp,  (6)
for all d},d? € R™ where D} = (d{",...,d\" di, (", ... .d0")i = 1,2
Let Z() (C &) D)) be the sequence generated by (4), in the next, we will first de-
fine the crmcal point for a non-convex function, then show that { Z(¥)} <\ is a Cauchy
sequence and converges to the critical point of (2).

Theorem 1. The sequence {(C (k) D(k))} keN generated by the algorithm 1 is a Cauchy
sequence and converges to the critical point of (2).

2 Preliminaries

Definition 1. ([4]) Given the non-convex function f : R" — R U {+o0} is a proper
and lower semi-continuous function and domf = {x € R" : f(z) < +oo}.

— For z € domf, its Frechét subdifferential of f is defined as

O0f(x) = {u: liminf (f(y) — f(z) = (uy —2))/(ly - =]) = 0},

YT, Y£T
and f (x) = 0 if ¢ domf.
— The Limiting Subdifferential of f at x is defined as
Of () ={u e R™ : 3z* = x, f(a*) = f(z) and u* € Of(2*) = u}.
— The point x is a critical point of f if 0 € Jf ().

Remark 1. — If x is a local minimizer of f then 0 € Jf(x).
— If f is the convex function, then 0f(z) = df(z) = {ulf(y) > f(z) + (u,y —
x),Vy € domf}. In that case, 0 € 9 f(x) is the first order optimal condition.
— The Limiting subgradient of H defined in (2) is given by

0H(Z) = (0F(C)+V¢cH(Z),0G(D)+VpH(Z)). @)
The proof of Theorem 1 is built upon Theorem 2.9 in [3].

Theorem 2. (/3]) Assume H(z) is a proper and lower semi-continuous function with
inf H > —oo, the sequence {z(k)}keN is a Cauchy sequence and converges to the
critical point of H (z), if the following four conditions hold:
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(P1) Sufficient decrease condition. There exists some positive constant p1, such that
H(zW) — H(EO) > |23+ - )2 vk =12,
(P2) Relative error condition. There exists some positive constant ps > 0, such that
[w® ) p < pafz®) = 2ED||p, w® € 0H(2W), VE=1,2,....
(P3) Continuity condition. There exists a subsequence {2\F3)} ;e and z such that
20) 5z H(zM)) 5 H(2), asj — +oo.

(P4) H(z) is a KL function. H(z) satisfies the Kurdyka-Lojasiewicz property in its
effective domain.

3 Proof of Theorem 1

The proof of Theorem 1 is built upon Theorem 2.9 in [3], i.e. Theorem 2. Let Z(¥) .=
(C(k),D(’“)) denote the sequence generated by the iteration (4). First of all, it can
be seen that the objective function H(Z) = F(C) + Q(Z) + G(D) is the proper,
lower semi-continuous function and bounded below by 0 by the definition (3). Secondly,
the sequence {Z(*)},cn generated by iteration (4) is bounded since D*) € D and
C® ¢ Cforall k = 1,2,.... In the next, we show one by one that the sequence
{Z (k)}keN satisfies the condition (P1)-(P4). Then, Theorem 1 is proved by directly
calling Theorem 2.

3.1 Proof of condition (P1)

Lemma 1. The sequence {Z (k)}keN generated by (4) satisfies the following property,
forl1 <j<m,

H(T}, D) < H(TE, D) - 5 e — V), ©
H(CW,VF) < HIOW, V) - ind“‘) d V.
where
{Tf = (cgk)—r, . .,c(k)—r c(k 1)T,...,c§q§_1)T)T, To(k) =D, ©)
V= (dgk)7... d(k)7d§]i11),..., 55*1))’ V(')(k) — p-1)
Proof. From the fist step in (4), we know
o) € argmin F(ef) + QU}, D)) + ’“;k -V a0

c;eC

(k)

By the optimality of ¢;™ in (10), we have

k
Ky (k k— k _
F(ef) + QT D* ) + e — 7V < F(ef ) + (T, DY),
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Sum G(D*~1) on both sides of the above inequality, we have the first inequality in
(8). From the second step in (4), we know

e _
d( ) e azgn;nG(Sk) (Vg QCHM. vV, ) d; — d >+ ?]de - dﬁ-k 1)”%“
€

The above inequality implies

_ L(d") _
k k k k
G(df) + (Va,Q(C™, V), ) —d ™) + ) — df 7V F < aviEy).

From (6), we have

QICM, V) <Q(C™, V] )+ (Va,QC™, V), d —df V)
L(db) oy e b
+ 5l = d
Together with (3.1), the second inequality in (8) is satisfied.

Sum up the above inequalities, we can obtain

H(c(’f—l) D(k—l)) _ H(C(k),D(k))

ok Ak — L(d®)) (12)
2 k—1 k k—1
zz e — V3 + L — al ).
Using the fact that there exist a, b > 0 such that a < p%, \¥ < band A} > L(d(lC ), W
can establish the sufficient decreasing property (P1) for { Z(*)} <y from (12).
3.2 Proof of condition (P2)
Lemma 2. Let wl) = (W&, ..., w2 )7 and w® = (w)),... WD) where
wi = Ve,Q(ZP) = Ve, QT D) — (el — ),
J (k) (k) Yk k (kg (k—1) (13)
wp =Vq,Q(ZW) = Vg, QC™, V) = Ni(d;” —d;" ),

and T}, V}¥ is defined in (9). Then, w" := (wgf), wg)) € OH(Z™) and there exists
a constant p > 0, such that

lo*llF < pllZ® = Z*V | .
Proof. The optimality condition of the first minimization problem in (4) is
Ve, Q(TF, D* V) 4 k() — oD 4l =, (14)
where u¥ € O, F(T}). Therefore, the following holds

uf = —(Ve,Q(TF, D) + k(e — ¢ =Dy (15)
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Since F(C) = ||Cllo = 27, llejllo, we have u¥ € 9., F(C®)). From (7), it is easy

to know u¥ + V¢, Q(Z™) € 0., H(Z™). Therefore, we have

Ve,Q(2W) = Ve,Q(@f, DY) — (el — &7V € o, H(2™).

J

Similarly, by optimality condtion of the second minimization problem in (4), we
have

Va,Q(C® v} + 5@ — al ) 4ok =0, (16)

Where'v;.C € 3de(ij). Since D = ﬂ]m:l{D Sdjll2 = 1},Wehavo:'v§C € ade(D(’“)).
From (7), we know 'Uj? + Vde(Z(k)) € 8de(Z(k)). Consequently, we have

Va,Q(Z"W) — Va,Q(C®,VF) —\E(@® —d" V) € 0q H(Z®).
Since C®) € C and D) € D for all k € N, the sequence { Z(*)} <y is a bounded

sequence. Let {Z(®F)} C Z, the following inequality holds: there exists L > 0, such
that

IVzQ(Z1) = VzQ(Z2)|lr < L||Z1 — Zs||p, V21,22 € Z, (17)
since @ has lipschitz continuous gradient. Therefore, we have
j k k—1 ; -
lwgll <uflie e lle + IVe,@(2%Y) = Ve, QT d® ) | ¢

k k—1 k k—1 _
<bllel — e+ L el — V) + 1dP — dF D p)

i—j (18)
=0+ (m =)L) — eVl + L") - d V)
<((m+1)L+0)|Z2% — Zz* V|,
Similarly, we also have
j k k—1
lwp |l <AH[d® —d* Ve +1V4,Q(Z2%) - V4, Q(C™, V||
k k— k k—
<bd® —d g+ L3 A Vg (19)
i=j
<(mL+b)|Z2® — Zz*V||p
Therefore, by w* = (wg), w(g)), we have
m . .
o llp =" lwhllr + llwpllr < pl 2% — Z*-V)|p, (20)

Jj=1

where p = m((2m + 1)L + 2b).
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3.3 Proof of condition (P3)

Lemma 3. The sequence {Z (’“)} wen satisfies the Continuity condition: there exists Z
such that
ZW%) 5 Z H(Z"*)) 5 H(Z), asj— 4oo.

Proof. Since C*) ¢ C and D*) € D for all k € N, the sequence {Z*)}cy is
a bounded sequence and there exists a sub-sequence {Z i)}y such that Z(*) —
Z = (U, D). Since Z*i~1) is also a bounded sequence, without loss of generality,
assume Z*i—1) Z,. In the next, we first show that Z = Z;. By the lemma 1, we
have

H(ZOD) — H(Z®) > )| 2% - 25|,

where p; > b. So, H(Z™®) is a decreasing sequence and from the fact that H(Z) <
+o00, H(Z) > 0, we have i lim H(Z(k)) = H,where H is some constant. Summing
—+0o0

from k = 0 to IV, we have

N
H(Z9) - H(Z™) < ;Y012 - 20 D)2,
k=1

let N — +o0 in the above, we have

+oo
H(ZY—-H
E :Hz(k) —Zz®D2 < (p) < +0o0,
1

which implies hm |Z®) — Z*=D||p = 0. So, for any € > 0, there exists .J € N,
such that for all j > N, |Z%) — ZFi=D||p < ¢/2 and | Z*) — Z||p < €/2. 1t
implies

12570 = Z)|p < |24 = 20 Dp 4125 - Z|r < e

Consequently, Z*i—1) — Z as j — +o0.
Let F(C) = ZT:l fj (Cj), where fj (Cj) = ||Cj||0. From the iterative step (4), we
have for all &,

k
k . - Hj k—1)
") € argmin f;(e;) + QU D*V) + T lle; — V|2,
c;e
Let ¢; = w; in the above inequality, we have
(%) MG ) k)
fj(cj )“‘Q(T]k?D(k_l))"‘%”Cj — ¢ H%

i 1)
— j k—1
<J3(w;) + QWS D*V) 4 Ly — e 7,
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where UF = (cgk)T, . gk);—u;,cgill)—r,...,cﬁ,’i_l)T)T. Choose k = k; and let

j — 400 in (21), using the fact that Z(*s—1) — Z_ we have

hmsupf]( ))Sfj(uj)-

j—+oo

Since f; is a lower semicontinuous function, we have Alir+n fj(cgkj )) = f;i(u;). By
j——+oo
the same argument, we have forall j = 1,...,m, ligx_l fj(cgk")) = f;(u;). Since Q
J—+o0

is a smooth function and G(D*)) = 0, Vk € N, we have

lim Q(Z*))=Q(Z), lim G(D"*))=aG(D).

j—+oo Jj—4o00
This implies

lim H(Z®%)) = lim F(C*))+Q(z"*))+G(D™)) = H(Z).

Jj—+oo J—rtoo

3.4 Proof of condition (P4)

For the property (P4), see [4] for the definition. An important class of functions that
satisfies the Kurdyka-Lojasiewicz property is the so-called semi-algebraic functions [4].

Definition 2. (Semi-algebraic sets and functions [4, 2]) A subset S of R™ is called the
semi-algebraic set if there exists a finite number of real polynomial functions g;j, h;;

such that
S = Uﬂ{x e R" : g;j(x) =0, hyj(x) < 0}.

A function f is called the semi-algebraic function if its graph {(z,t) € R™ x R,t =
f(x)} is a semi-algebraic set.

Theorem 3. ([4]) Let [ is a proper and lower semicontinuous function. If f is semi-
algebraic then it satisfies the K-L property at any point of dom f.

Lemma 4. All the function F(C),Q(Z) and G(D) defined in (3) are semi-algebraic
functions. Moreover, H(Z) = F(C) + Q(Z) + G(D) is the semi-algebraic function.

Proof. ForQ(C, D) = 1||Y —DC||%2+%| D" D—I||% is areal polynomial function,
Q(C, D) is a semi-algebraic function [4].

It is easy to notice that the set D = {Y € R™ "™ : ||dglls = 1,1 < k <
m} = o {Y : X0, y3; = 1} is a semi-algebraic set. And the set C = {C €
R™*P|||lcg|loc < M} = U]Nil Ur—1{C : |lck|lc = j} is a semi-algebraic set. There-
fore, the indicator functions dp(C') and dp (D) are semi-algebraic functions from the
fact that the indicator function for semi-algebraic sets are semi-algebraic functions [1].

For the function F(C) = ||C||o. The graph of F is S = U Ly = {(C,k) :
IC|lo = k}.Foreachk =0,--- ;mp,letS, ={J : J C {1, -, mp} |J| = k}, then
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Ly = U {(C,k): Cje =0,C; # 0}. It is easy to know the set {(C, k) : Cje =
JeSy,
0,C; # 0} is a semi-algebraic set in R™*? x R. Thus, F(C) = ||C||o is a semi-
algebraic function since the finite union of the semi-algebraic set is still semi-algebraic.
Consequently, H(Z) is a semi-algebraic function since the finite summation of
semi-algebraic functions are still semi-algebraic [4].
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