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Before deriving the score functions, we first formulate the MAP inference
problem in binary Markov networks as an Integer Linear Program (ILP) follow-
ing the work of Globerson and Jaakkola [1]. The integer variables in the ILP are
then relaxed to continuous values giving us a relaxed linear program. We then
obtain the dual of this relaxed linear program and show a block co-ordinate de-
scent strategy that can be used to solve the dual through a “message passing
algorithm”. However we do not solve the the inference problem in the dual space.
We only use the message update equations for the dual variables to obtain our
score functions.

Sontag et al. [2] use these message update equations to rank clusters of vari-
ables in their cluster pursuit algorithm which incrementally adds clusters of vari-
ables to the objective function and solves the MAP problem in the dual space.
They rank the clusters using a score function that measures the decrease in the
dual value of the objective function when a cluster is added. We also derive our
score functions similar to their approach by using the message update equations.

While the derivations in [2,3] are provided for pairwise graphical models, we
derive them for general networks of any order.

1 Linear Programming Relaxation of the MAP problem

Let @ = {z1, %2, ..., 2y} be aset of binary variablesand C = {c¢: c C (1,2,...n)}
be a set of clusters. Consider a function @(x; 6) defined as a sum of the functions
0.(x.) defined over the clusters® of variables. The goal of Maximum A Posteriori
assignment (MAP) is to find an assignment that maximizes the function @(x; 9).

arginaxﬁﬁ(m; 0) = arg maxZGc(ﬂcc) (1)

z ceC

Let S ={cNc :¢c,d € C,enc # (0} be the set of intersections between clusters
and S(c) = {s € §: s C ¢} be the set of overlap sets for cluster ¢. The above
problem can be reformulated as an integer program by introducing indicator
variables p.(z.) for each cluster, us(xs) for each intersection set between clusters

! The analysis does not require an underlying graph and hence the clusters need not
correspond to cliques.
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and p;(z;) for each variable.

malelze Z Z te(xe)be(xe) (2)

ceC zc

subject to  pe(z.) € {0,1} VeeC (3)
ZM r)=1 Vie{l,...,n} (4)

Z.us xs = M xz) Vs€S,i€s (5)
Ts\i

Z pe(ze) = ps(zs) VeeC,s e S(e) (6)

Teys

The constraint in Equation (6) enforces that the cluster indicator variables must
be consistent with the intersection set indicator variable and the constraint in
Equation (5) enforces the consistency of an individual variable with all the in-
tersection sets that it is part of. The set of constraints on p denoted as My (C)
is known as the marginal polytope. This problem is completely equivalent to
the original problem 1 and is hence as hard as the original problem. In many
cases, this is NP-Hard and hence we obtain a linear programming relaxation by
allowing the indicator variables to take on non-integer values i.e. replace the con-
straints as p.(z.) € [0, 1]. The optimum of the relaxed problem gives an upper
bound on the MAP value.

We will now find the dual problem of the relaxed linear program. Let A.(zs)
and Ay (x;) be the dual variables corresponding to each of the constraints in
Equation (6) and Equation (5) respectively. The constraint in Equation (4) will
be kept implicit and used to simplify the Lagrangian later.

The Lagrangian is given by

:ZZMC(J'C ch +Z Z Z/\CS J)S /,LS ajs Zuc g;c

ceC z¢ ceC SES(C) Ts Te\s
FY YN Nl i) =Y palas) (7)
SES i€s x; Ts\i

After rearranging the terms to group by common indicator variables, we get

A) = ZZNC(xC) Oc(zc) — Z Aes(Ts)

ceC xc s€S(c)
+ZZMS(%) Z Acs(xs) _Z)\Sl(l'l)
SES s c:s€8(c) i€s

+ Z > i) [Z )\sz‘(ﬂ%)} (8)

S:1ES
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We can now analytically maximize with respect to g > 0 and the implicit
constraint in Equation (4) to obtain the dual objective function,

J(A) = max L(p, A)

ceC seS(c)
+ Zmax Z Aes(Ts) Z)‘“ x;)| + anx lz Asi(@; ] (9)
seS c:s€S(c) i€s ERISE
The unconstrained dual program is now just
mini}fnize J(N) (10)

The above dual formulation is a simple extension of the technique adopted
by D. Sontag [4] where they derive the dual of the LP relaxation for pairwise
potentials. Another dual formulation, with constraints, can also be obtained by
following the method of Globerson and Jaakkola [1].

2 Block Coordinate Descent in the Dual

A block coordinate descent strategy can be used to minimize the dual objective.
At every iteration, the dual variables A\ s(xs) are updated for one cluster while
the rest are kept fixed. Similarly the dual variables Ay;(x;) are updated for one
intersection set at a time while the rest are kept fixed. The update messages for
the dual variables are given below.

From a cluster to one of its intersection sets:

Aes(xs) = =A%) — Z Asi(23)

€S

Ik e R DI SCED DID DEIEN] IR

Fere 5€8(c) s€S(c) ies

where

/\;c(l‘s) = Z /\69(51:9) (12)
é#£c:s€S(€)
From an intersection set to one of its variables:

Nei(@s) = = A7 (@) + —max | Y Aeol@a) + 3 AT (x3) (13)

|| "V esese) ies

where
A@) = Y Aule) (14)
8§#s:1€S
The derivation of the update messages can be found in Section 5.
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3 Upper Bound Score - Proof of Proposition 1

Proposition 1 (Upper Bound Score). An upper bound on the change in the
MAP value after adding a cluster is given by

AP <—| | g max <grﬁnax D (T our) + max @nm(xmw)) — max Py (Teur)
cur\i new\ i
i€ESs
(15)

where s is the set of nodes in the intersection of the sets Teyr and Tpeq.

Proof. In the block coordinate descent algorithm, during each iteration of the
minimization procedure, the dual variables A.s(zs) are updated for one cluster
¢ and all its intersection sets s € S(c) while the rest are kept fixed. Similarly the
dual variables Ay;(x;) are updated for one intersection set s and all the variables
in this set (¢ € s) while the rest are kept fixed.

We calculate the scores for one cluster at a time while setting the dual vari-
ables for other clusters to zero. Let 0¢(zs) be the cluster of potential functions
of the current network and 64(z,) be the cluster of potential functions of the
new cluster. We start with all the dual variables set to zero. Since we con-
sider only two clusters f and g, the number of intersection sets is just one i.e.
IS(f)] = |S(g)| = 1. The first update (Equation 11) is performed to the dual
variable Af¢(xs) while setting the rest of the dual variables to zero.

Aps(ws) = glf%f[Qf(xf)] (16)

This is followed by an update to the dual variable Ags(zs) given by

Ags(ws) = =Aps(@s) +maxfy(wg) + Ags(2s)] = maxfy(z,) (17)

Tg\s Tg\s

Finally we update (Equation 13) the dual variables Ag;(z;)

Asi(3) = max P‘f@(ze) + Ag?(xe)] (18)

|| CRY

We now measure the value of the dual objective function before and after
updating the dual variables. The dual objective function (Equation 9) in our
case is given by

J = max [0y (xs) = Apa(ws)] +max 0y (zg) — Aga(ws)]

—|—maX Afs(zs) + Ags(s) Z)‘S’ x;)

i€S

+ Z max [Asi ()] (19)

1€ESs
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When we initialize the dual variables to zero, the value of the dual objective
function is
JO = max s (xf) + maxf,(z,) (20)
Tf Tg
After performing one update for the dual variables Ass(xs) (Equation 16) and
Ags(2s) (Equation 17), we can see that

max [0 (x5) — Aps(as)] = max [ef(ﬁﬂf) - glf%f[f)f(xf)]} <0 (21)
HJIC%X [0g(2g) — Ags(xs)] = H;‘{:X {ag(xg) - gﬁz{[ag(xg)]} <0 (22)

Also substituting for Ag;(z;) from Equation (18) gives us

max [)\fg(:vS + Ags(zs) Z)\% T; ]

€S

—_ maX lAfS(xS) + )‘95 mS Z | | max [)‘fs(xs) + Ags($s>]1 S 0 (23)

i€S Foi

Hence the dual value after performing one update of the dual variables is

JO < Z I%%X[Asi(mi)] (24)

i€Es

To avoid performing costly max-marginalization over the intersection set s
to calculate Ayg(zs) and Ags(zs), we can approximate Ay (x;) as follows

M) = o () + A (25)
1

< - (maese) + mau(e) (26)
1

= o (maxoo) + maxty (z,)) (21)

We still need to perform max-marginalization, but only over one variable at a
time. This gives us a new upper bound on the dual value

JM < —Zmax

s @i

[max 07(rs) +max (xg)} (28)

T\

Since the dual value is an upper bound on the primal MAP value, we have

rnaz}x[Gf(:zzf) +04(zy)] < 5 anx [maxﬂf(zf) + max 6§ (xg)} (29)

Tf\i Tg\i
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Substituting for cluster 0;(zs) as Peyr(Teur) and Oy(xy) as Phew(Tnew) We
can write an upper bound for the change in the primal MAP value after adding
a cluster as

AP <— Z max <maX Deur (Teur) + max dsnew(a:new)> — max Peyr (Teur)

ics Leur\i Tnew\i
(30)
4 Blind Score - Proof of Proposition 2

Proposition 2 (Blind Score). A lower bound to the upper bound score (15)
is given by

score(g)upper > score(g)blmd (31)
Z max cur(xcur) - max dscur(‘rcur) (32)
i =0,Z cur\i Ti=1,Zcur\i
where s is the set of nodes in the intersection of the sets T oy and X peq-
Proof.
score(g)upper
1
= — Zmax max Peyr (Teur) + MaxX Prew(Tnew) | — Max Peyr(Tewr)  (33)
‘S‘ - T Zcur\i Tnew\ i

2 :m maxxwr\“xl—o Deur (xcur) + MaX g, o\ i,2:i=0 gpnew xnew
‘ machur\l,a;,—l écur (xcur) + maxxncw\l,wifl énew xnew

i€5
— max Peyy (Teur) (34)
‘253‘5 (35)
[ASE]

where

d; = max { < max 1 Deur (xcur) + max 1qv)new(znew) — max Py, (‘Tcur)) ,

Tour\isTi= Tnew\irTi=

( max Oécur(mcur) + max  Ppew(Tnew) — max @Cur(mcur)) }
Leur\i,Ti= Tnew\i>Ti=
(36)

Let us assume that the assignment to some x; = 1 in max ey (Tenr). Then
6; becomes

0; = max{ max  Ppew(Tnew),

Tnew\i Ti=

< max  Pour(Teur) + max  Ppew(Tnew) — max @cur(ﬂccur)>}

Teur\i,Ti=0 ZTnew\i:Zi=0 Teur\i Ti=
(37)
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We now assume that maxy, . . z:=0 Prow(Tnew) > 0, which can be enforced by
adding a positive offset t0 @Ppow (ZTnew). A lower bound for §; is then

0; > < max Deyr (xcur) - max chr(xcur)> (38)

Zour\i,Ti=0 Teur\i Ti=

Since the maximizing assignment t0 @Peyy (Zeur) had 2; = 1, any other assignment
with x; = 0 must be less than the maxima. Hence,

5 > — (39)

max Peyr (xcur) - max glf)cur(-rcur)
Teur\i =0 Teur\ir:Ti=

A similar argument can be made if the assignment to an x; = 0. Hence we
can put all the J; together to obtain a lower bound on the upper bound score

score(q)upper = I Zé (40)

i€5
_ Z max cur (xcur) - max @cur (xcur) (41)
| ics Zeur\i,Ti=0 Teur\i,Ti=

5 Message Update Equations

Theorem 1. The message update in Equation (11) for the dual variable Aqs(xs)
corresponds to block co-ordinate descent on the dual objective J(X).

Proof. The proof follows from the ideas in the derivation of the optimality of the
MPLP update from [3]. It shows that the value of the dual objective function
reaches the minima in the variable A s after performing a single update to it.

Consider fixing all A.s(zs) except for one cluster ¢. The part of the objective
function that is dependent on the free variables is given by

J(A) =max |0(zc) — > Aealas)

Ze

seS(c)
Z max Z Aes(Ts) — Z Asi(i) (42)
ses(e) | eses(e) i€s

Let
/\\;C(xs) = Z /\és(zs) (43)

é#£ciseS(€)
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then J(A) can be rewritten as

JA) = max [9 Z Aes (s ]

seS(c)
+ Z max [Acs(xs +)\ Z)\sz xz]
seS(c) ° i€s
+ Y Ag(ay)
s€S(c)

The lower bound on J(A) is given by

j(A) 2 H;E}X <|:66(‘r6) - Z )\cs(xs)]

seS(c)

+ > [x )+ AS° ZAxD

seS(c) i€S

= H}fix (90(1‘0) + Z Z Z)\sz T ) =

seS(c) s€S(c) i€s

If we apply the update messages in Equation (11) to A.(z.), we get

Ac(ze) = max |: Z Aes(Ts ]

seS(c)

_ngx |:49C(LL‘C)+ Z AS () + Z Z/\si(mi)

s€S(c) s€S(c) i€s

Eepo-grogged

seS €8

<max|: + ) AN+ Y Z/\si(%)]

seS(c) s€S(c) i€s

B> m[ SR OEDY me]

seS( 3eS8(c) 3€8(c) i€5
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Similarly by applying the update to A, (xs), we get

As(zs) = max [Asc(xs) - Z Asi (i) + Acs (T5) (52)

Ts

1€s
= max [ Z)‘” x;) — ZAS’
e 1€s 1€s8
1
g X [Oelwe) + D AT (@) = > > Asili) (53)
(S = se5(c) s€8(c) ich
1
= 1S(0)] Oelze) + D Aslws) = Do > Asilwi) (54)
¢ 5e8(c) 3€S(c) i€s
B
— 55
() (55)
Therefore
JA) = Ac(ze) + Y Asla) <B (56)
ses(e)

whereas we earlier showed that B is the lower bound on J(X). Hence J(A) = B
which implies that the update equation does indeed minimize the dual objective
in the coordinates Aqs(xs).

Theorem 2. The message update in Equation (13) for the dual variable \g;(x;)
corresponds to block co-ordinate descent on the dual objective J(X).

Proof. Consider fixing all Ag;(z;) except for one intersection set s. The part of
the objective function that is dependent on the free variables is given by

J(A) = max > sl =D Aail@) | + er;ax [Z /\si(xz‘)l (57)

c:s€8(c) i€s i€s S:1ES

— A(e) + 3 Aia) (58)

i€s

Let

> Xsilwi) (59)

§#£s:1€S

The lower bound on J(A) is given by

Il
Sy
—
D
(e
=

c:s€S(c) i€s
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When we apply the update in Equation (13) to As(zs) we get,

Ag(zs) = max Z Aes(zs) — Z Asi(23) (61)

g
© o |eses(o) i€s

= max Z Aes(xs) + Z Ay (i)

e Lc:s€S(e) i€s
1 —s
i€s =\ c:s€S(c) i€s
< max Z Aes(Ts) + Z A (i)
e c:s€8(c) 1€s
1
i€s ) c:s€S(c) i€s
0 (64)

Similarly by applying the update to A;(z;), we get

—max | Smax | S Aealeg) + 30 A () (66)

zi | ls] @ c:s€8(c) ies

c:s€S(c) i€s

Therefore we get

JA) = As(zs) + > Ai(zi) < B (69)

i€s
But we showed that J(A) > B. Hence J(A) = B and the update equation

minimizes the dual objective in the coordinates Ag;(z;).
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