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1. Optimization
The final optimization problem is given as:

{D*, P*, 5(*} = argmin C;(D, 13,5() + )\Cg(f’)
D,P.X

stPiPFf =1, i=1,--- ,Mand|%;|: <To,¥j (1)

where,
Ci(D,P,X) = [[PY - DX|[; + u|PY — DXin 5+
V[IDX ot || 7, (2)
Cy(P) = —tracd (PY)(PY)7). (3)
1.1. Proposition 1:
There exists an optimal solutioR7,--- ,P3,;, D* to
equation (), which has the following form:
P; = (Y;A)TVi=1,--- M 4)
D* = P*YB (5)

Proof:

Form for D*: First we will show the form forD*.

We can decompod®* into two orthogonal components as

follows:
D* = D” +D, (6)
where D = (PY)B, DT(PY) =0 (7)

for someB € RX:%: NixK | Sybstituting the value db*

into the value of?; (D, P, X), we get for the three terms of

Cy, ignoring the multiplicative constants v:
First Term = tracd (PY — DX)” (PY — DX))
— tracd Y TPTPY + YTPTD X + X*DID X+
XTDTD, X)
> tracdY"PTPY + YTPTD X + X"D['D | X).
(8)

Second Term = tracg(PY — DX;,)? (PY — DXjy))

= trac Y"PTPY + YTPTD| Xiy + XD D Xin+

XnDTD, Xin)

> tracd YTPTPY + YTPTD | X;,, + XEID‘TDHXM).
9)

Third Term = tracéDXout ) T (DX out))
= tracgX ], D D Xout + X1, DTD 1 Xout).
> tracgX2,; D[ D Xout) (10)

The equality is reached whdn, = 0. Hence, the form of
D*is:

Form for P;: For eachi = 1,---, M, P} can be de-
composed as:
P{=P; +P.; (11)
Where,P”J = (YiAi)T, PJ_,iYi =0. (12)
I:et 13“ Z[P||71,--- ’PHyM] and
P, =[P.i1,---,P1 M|  Substituting the value for
D* into cost terms, we can write the termsfas:
First Teem = |P*Y (I — BX)||%
= ||(Py +PL)YI-BX)|;
=[P Y (I -BX)|%
= tracg P Y(I - BX)I-BX)"Y"P]). (13)

Second Term = |P*Y (I — BX;,)||%

=Py +PL)Y(I-BXu)}

=[P Y(I - BXn)l|7

= tracgP | Y (I - BX;n)(I - BXin)"YTP[). (14)



Third Term = [|[P*Y (BXout )| %
= ||(13H + f’L)?(BXout)”%‘
= B Y (BXow)|

= tracgP | Y (BXout) (BXouw) "YTPT).  (15)
The cost term(, can be written as:
Co(P) = —tracd (PY)(PY)")
= —trace((P) + P)Y)((P) +P)Y)")
= —tracd (P Y)(P|Y)"). (16)

Putting all the terms together, the overall objective func-
tion becomes:

tracd P Y (I - BX)(I - BX)" + (I - BXin)
(I-BXin)" + v(BXout)(BXou) "-AD)YTP)

= tracd ATK ((I — BX)(I — BX)T + u(I — BXin)
(I—=BXin)" +v(BXout)(BXout) T-ADKA). (17)

It can be seen that from equatidkif, that the cost func-
tion is independent dP ; ;, hence it can be safely set to be
0. Hence,

P; = (Y;A)7T.
2. Updating A

Using Proposition 1, optimization problem equatid (
becomes:

{A*,B*,X*} = argmin C;(A,B,X) + AC2(A)
ABX
SLATKA; =1, i=1,---, M and||%;|; < Tp, V5.
(18)

Here, we assume théB, X) are fixed. Then, the opti-
mization for A can be solved efficiently. We have the fol-
lowing proposition.

3. Proposition 2:

The optimal solution of equatiori® when(B, X) are
fixed is:

{G*} = arg(r;nin tracdGTHG]
StGIG=1Vi =1,---,M (19)
where,
H=8:VT(I-BX)I-BX)T + (I - BXiy)
(I—BXin)" + v(BXout) (BXout)" — A)VSz (20)

Proof:
Let, _
K=VSVT,
H=8:VT(I-BX)I-BX)T+
(I — BXin)(I — BXin)T + v(BXout)(BXout) T
—M)VS3,

G =S:VTA.

Substituting into equatiorl{), we get the required form of
the optimization.



