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Abstract

Local image information is crucial for accurate segmen-
tation of images with intensity inhomogeneity. However, im-
age information in local region is not embedded in popular
region-based active contour models, such as the piecewise
constant models. In this paper, we propose a region-based
active contour model that is able to utilize image informa-
tion in local regions. The major contribution of this paper is
the introduction of a local binary fitting energy with a kernel
function, which enables the extraction of accurate local im-
age information. Therefore, our model can be used to seg-
ment images with intensity inhomogeneity, which overcomes
the limitation of piecewise constant models. Comparisons
with other major region-based models, such as the piece-
wise smooth model, show the advantages of our method in
terms of computational efficiency and accuracy. In addi-
tion, the proposed method has promising application to im-
age denoising.

1. Introduction

Active contour models have been one of the most suc-
cessful methods for image segmentation [1,3-7, 12]. The
existing active contour models can be categorized into two
classes: edge-based models [1,4-6] and region-based mod-
els [2,9,10]. These two types of models both have their pros
and cons, and the choice of them in applications depends on
different characteristics of images.

Edge-based models utilize image gradient to stop the
evolving contours on the object boundaries. Typical edge-
based active contour models have an edge-based stopping
term and a balloon force term to control the motion of the
contour. The edge-based stopping term serves to stop the
contour on the desired object boundary. The balloon force
term is introduced to shrink or expand the active contour
so that the initial contour can be placed far away from the
desired object boundary. However, appropriate choice of
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balloon force is sometimes difficult. If the balloon force
is not large enough, the evolving contour may not able to
pass some narrow parts of the object. If the balloon force is
too large, the active contour is likely to pass through weak
object boundary.

Region-based active contour models have the following
advantages over edge-based models. First, region-based
models do not utilize the image gradient and therefore have
better performance for the image with weak object bound-
aries. Second, they are significantly less sensitive to the
location of initial contours. One of the most popular region-
based active contour models is Chan-Vese model [2]. This
model has been successful for images with two regions,
each having a distinct mean of pixel intensity. In [11], Vese
and Chan extended their earlier work in [2] by using a mul-
tiphase level set formulation, in which multiple regions can
be represented by multiple level set functions. These mod-
els are called piecewise constant (PC) models, since they
assume that an image consists of statistically homogeneous
regions. However, the regions of interest in images are often
not statistically homogeneous, and therefore the PC models
are not applicable to those types of images.

To handle more general scenario, Vese and Chan [11]
and Tsai et al. [10] proposed two similar region-based ac-
tive contour models, aiming at minimization of Mumford-
Shah functional [8]. In [11], Vese and Chan proposed a
piecewise smooth (PS) model, which overcomes the limita-
tion of their original work [2]. But these methods are com-
putationally inefficient. The technique proposed by Tsai et
al. [10] can address the segmentation of images with in-
tensity inhomogeneity. However, the computation in their
method is also expensive. As proposed in [10], one way to
reduce the computational cost is to use a contour near the
object boundaries as the initial contour. In their method,
such initial contour is obtained by a preliminary segmenta-
tion using other active contour models, such as Chan and
Vese’s PC model. However, for images with intensity inho-
mogeneity, PC model can result in a contour that is still far



away from the object boundary. In this situation, their two-
stage approach still cannot significantly reduce the compu-
tational cost.

In fact, intensity inhomogeneity occurs in many real im-
ages of different modalities. In particular, it is often seen
in medical images, such as X-ray radiography/tomography
and magnetic resonance (MR) images, due to technical lim-
itations or artifacts introduced by the object being imaged.
For example, intensity inhomogeneity typically appears in
MR images (see Fig. 4 for example). The inhomogeneity
in MR images arises from non-uniform magnetic field pro-
duced by radio-frequency coils as well as from object sus-
ceptibility. The degree of this inhomogeneity is worse for
higher field imaging (e.g., 7T MR) which is being increas-
ingly used in research. Therefore, overcoming the difficulty
of segmentation due to image inhomogeneity is a main mo-
tivation of this paper.

In this paper, we propose a novel active contour model
that is able to segment images with intensity inhomogene-
ity. The basic idea is to introduce a kernel function to de-
fine a local binary fitting energy in a variational formulation,
so that local intensity information can be embedded into a
region-based active contour model. The local binary fitting
energy functional is further incorporated into a variational
level set formulation without reinitialization proposed by Li
et al. [6]. Therefore, no reinitialization is necessary in the
proposed method.

2. Background

2.1. Mumford-Shah functional for image segmen-
tation

Let Q C N2 be the image domain, and I : ) — R be a
given image. In [8], Mumford and Shah formulated image
segmentation as a problem of seeking an optimal contour C
that divides the image domain into disjoint subregions, and
an optimal function w that fits the original image I and that
is smooth within each of the subregions. They proposed the
following energy functional:

FMS(y 0) = /
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where |C/ is the length of contour C. Thus, image segmen-
tation can be performed by minimizing the above functional
over all the contours and fitting function u. However, it is
difficult to minimize the above functional (1), due to differ-
ent nature of the two unknowns: a contour C' and a function
u, and the non-convexity of the functional as well. For prac-
tical applications, much works have been done to simplified
or modified the above Mumford-Shah functional, including

the two well known approaches that are reviewed below.

Figure 1. Error of thresholding and Chan-Vese model for images
with intensity inhomogeneity. Column 1: Original images; Col-
umn 2: Thresholding results; Column 3: Results of PC model.

2.2. Piecewise constant model using active contours

Chan and Vese [2] proposed an active contour approach
to the Mumford-Shah problem for a special case where the
image u in the functional (1) is a piecewise constant func-
tion. For an image I(x,y) on the image domain {2, they
proposed to minimize the following energy

EV(C,e1,00) = )\1/ |I(x) — c1)?dx )
in(C)

+ /\2/ |I(x) — co]?dx + v|C)|
out(C)

where in(C) and out(C) represent the region inside and
outside of the contour C, respectively, and ¢; and ¢y are two
constants that approximate the image intensity in in(C') and
out(C'). We call the first two terms in (2) the global binary
fitting energy. This energy can be represented by a level set
formulation, and then energy minimization problem can be
converted to solving a level set evolution equation [2].

In the above Chan-Vese model, the constants ¢; and c»
are introduced to fit the image intensities in the regions
in(C) and out(C), respectively. Obviously, such global
fitting will not be accurate if the image intensities in ei-
ther in(C') or out(C') are not homogeneous. This is the
reason why Chan-Vese model [2] cannot handle intensity
inhomogeneity. Similarly, Vese and Chan’s piecewise con-
stant model in a multiphase level set framework [11] still
cannot address intensity inhomogeneity.

For example, the synthetic image and the real vessel im-
age in Fig. | are typical examples of images with inten-
sity inhomogeneity. In the vessel image, the intensity in
the background decreases gradually from the top to the bot-
tom. Moreover, part of the background (the upper left cor-
ner) has even higher intensities than part of the vessel (the



lower left branch). The second and the third columns of
Fig. | show the segmentation results using thresholding and
the PC model, respectively. It is clearly seen that part of
the background is incorrectly identified as the foreground,
while part of the foreground is labeled as the background.

2.3. Piecewise smooth model and its difficulties

The PS models proposed by Vese and Chan [11] and Tsai
et al. [10] have overcome the difficulties of PC models in
the presence of image inhomogeneity. Instead of approx-
imating an image I by a piecewise constant function, the
PS model approximates the image by two smooth func-
tions u™(x) and u~ (x) in the subregions QT = {x €
Q:¢p(x) < 0pand O~ = {x € Q: ¢(x) < 0}, re-
spectively. By definition, the functions u™ and u™ are de-
fined on two exclusive subregions Q7 and Q~, respectively.
However, the level set evolution equation derived to mini-
mize the energy functional in the PS model is with respect
to the level set function ¢, which is defined on the full do-
main €). Therefore, there is an unavoidable step that extends
ut and u~ to the full domain §2. Moreover, the smoothness
of the functions u™ and u~ is enforced by the smoothing
terms o [ |[Vu'|?dx and p [ |Vu~™|?dx in the energy func-
tional in the PS model, which leads to two PDEs with the
unknown functions u™ and v~ that have to be solved at each
iteration of the level set function ¢.

In addition, it is necessary to periodically reinitialize the
level set function ¢ to a signed distance function in practi-
cal application of the PS model. In summary, the need of
solving PDEs for v and u ™, the extension of v+ and u™,
and the reinitialization makes the PS model computation-
ally very expensive. Moreover, these procedures introduce
quite a few parameters to the PS models, which increases
the difficulty of selecting parameters in using the PS model,
especially for inexperienced users.

3. Local binary fitting active contour model
and its level set formulation

3.1. Active contours with local binary fitting energy

Consider a given vector valued image I : Q — R,
where 0 C R” is the image domain, and d > 1 is the
dimension of the vector I(x). For gray level images, d = 1,
for color images, d = 3. Let C' be a contour in the image
domain 2. We define for each point x € € the following
energy

ngF(Cyfl(X)»ﬁ(X))
- N / K(x— y)|I(y) - x)2dy
in(C)

Y / K(x—y)|I(y) - Lx)2dy (3)
out(C)

where \; and A\, are positive constants, and K is a kernel
function with a localization property that /X (u) decreases
and approaches zero as |u| increases, and f1(x) and fo(x)
are two numbers that fit image intensities near the point x.
We call the point x the center point of the above integral,
and the above energy the local binary fitting (LBF) energy
around the center point x.

In this paper, we choose the kernel function K (x) as a
Gaussian kernel

1 2 2
o) = Gapnrgn® e @
with a scale parameter o > 0. It should be emphasized that
the numbers f; and fo that minimize the energy (3) vary
with the center point x. The introduction of the spatially
varying fitting functions f; and f, makes our method es-
sentially different from piecewise constant models.

In the proposed model, the fitting energy in (3) is local
to the center point x in the sense that the values f; and fo
only fit the image intensities near each x. This is due to
the kernel function K with the above localization property
that K (x — y) takes larger values at the points y near the
center point x, and it decreases to 0 as y goes away from
x. Therefore, the image intensities at the points y near the
point x have dominant influence on the values of f; and f
that minimize ELPY(C, f1, f2), whereas the image intensi-
ties at the points y far away from the center point x have
almost no influence on the values of f; and fs.

As mentioned above, the values f7 and fo that minimize
the LBF energy ELBF(C, f1, f2) are functions of the center
point x due to the localization property of the kernel func-
tion K (x —y). Obviously, for each center point x, the local
fitting energy ELPF can be minimized when the contour
C' is exactly on the object boundary and the fitting values
f1 and fo are chosen optimally. However, the above en-
ergy ELBFE is defined locally for a center point x € 2. To
find the entire object boundary, we must minimize £LPF
for all the center points x in the image domain 2. This can
be achieved by minimize the integral of LB over all the
center points x in the image domain 2. So, we define the
following energy functional

E(C. 1 f) = /Q ELBF(C, £1(x), fo(x))dx ()

This energy can be converted to an equivalent level set for-
mulation, from which an implicit active contour model will
be obtained to automatically handle topological changes
(see below).

3.2. Variational level set formulation of the model

In level set methods, a contour C' C §2 is represented
by the zero level set of a Lipschitz function ¢ : Q@ — .



With the level set representation, the energy functional
ELBE (O, f1(x), f2(x)) in (3) can be rewritten as

&L (o, f1(x), f2(x))

- /\1/K x —y)|(y) -

o / K, (x - y)I(y) - L) (1 — H(o(y)))dy

[)PH((y))dy  (6)

where H is the Heaviside function. Thus, the fitting energy
£ in Eq. (5) can be written as

5LBF(¢7 fla f2)
B / EEPE (¢, f1(x), f2(x))dx

Y / [ / Ko (x = y)I) - i ()P HG(y))dyldx

+)\2//Kxf W (y) — fa(x)?

(¥)))dyldx @

In order to ensure stable evolution of the level set function
¢, we add the distance regularizing term in Li ef al.’s vari-
ational level set formulation [6] to penalize the deviation of
the level set function ¢ from a signed distance function. The
deviation of the level set function ¢ from a signed distance
function is characterized by the following integral

P(o) = [ 5(votx)| - 12 ®

To regularize the zero level contour of ¢, we also need the
length of the zero level curve (surface) of ¢, which is given
by

£(¢) = /Q 5(6(x))| V() |dx ©)

Now, we define the entire energy functional

Fo, fr, fo) = ELBE (¢, f1, f2) + uP () + vL($) (10)

where p and v are nonnegative constants.
In practice, the Heaviside function H in Eq. (6) is ap-
proximated by a smooth function H. defined by

1

He(w) = 51+ %arctan(g)] (11)

The derivative of H. is the following smooth function

1 €
me2 + g2

5. (z) = H.(z) = (12)

By replacing H and ¢ in (7) and (9) with H. and J., the
energy functionals ELBF and L are regularized as EXBF

and L.. As in [2,11], we choose ¢ = 1.0 for good ap-
proximation of H and d by H. and 6.. Thus, the energy
functional F (¢, f1, f2) in (10) is approximated by

Fo(9, f1, f2) = EEBE (¢, f1, fo) + uP(d) +vLo () (13)

This is the energy functional we will minimize to find the
object boundary.

3.3. Gradient descent flow

We use the standard gradient descent (or steepest de-
scent) method to minimize the energy functional (13). The
derivation of the gradient flow is similar to that of the PC
and PS models in [2, 11]. The detailed procedure is given as
the following.

For a fixed level set function ¢, we minimize the func-
tional F.(¢, f1, f2) in (13) with respect to the functions
f1(x) and f3(x). By calculus of variations, it can be
shown that the functions fi(x) and f2(x) that minimize
F(, f1, f2) for a fixed function ¢ are given by

Ko (x) * [He (¢(x))(x)]
Ko (x) x He(6(x))

fHilx) = (14)

and
Ko (x) x [(1 = Ho(o(x)))I(x)]
Ko (x) * [1 = He(p(x))]
Note that the denominators in (14) and (15) are always pos-
itive, due to the fact that H.(¢) > 0 and 1 — H.(¢) > 0 by
the definition of H, in (11).
Keeping f; and fo fixed, and minimizing the energy
functional F.(¢, f1, f2) with respect to ¢, we derive the
gradient descent flow:

9¢
ot

fa(x) = 15)

= —0:(d)(Me1 — Azen) + i (¢)div (|VZ>

n u(v¢> d1v<|zz|>> (16)

where J. is the smooth Dirac function given by (12), and e;
and e, are the functions as below

x) = /Q Koy —0l(x) — Ai(y)Pdy (7

— [ Kaly =0l -
Q

where fi and fy are given by (14) and (15), respectively.
The above equation (16) is the proposed implicit active con-
tour model in this paper. We call this model LBF active
contour model to distinguish it from the PC and PS models.

and

f2(y)|Pdy (18)



Figure 2. Application to two real blood vessel images and a syn-
thetic image. Upper row: Original images and initial contours.
Lower row: Final contours.
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(b) 5 iterations.

(a) Initial contour.

(d) 60 iterations.

(c) 15 iterations.

Figure 3. Application to a noisy synthetic image.

3.4. Advantages of our model

In contrast to PS model [11], in our model, it is not nec-
essary to regularize the fitting functions f; and f>. In fact,
it can be shown that the functions f; and f, minimizing
the functional (13) is given by (14) and (15). They are are
smooth functions due to the Gaussian convolutions in the
derived formulas (14) and (15). Moreover, there is no need
for extension of f; and f5 in our model, since they are nat-
urally defined on the full domain 2.

Another advantage of our model is that no reinitialization
is necessary in our method, due to the distance regularizing
term (8). Moreover, our method with distance regularizing
term allows for flexible initialization of level set function ¢.
In particular, we can simply initialize ¢ as a binary function,
which takes a constant value ¢y in a region Ry and —cg
outside of 7y, where Ry can be an arbitrarily given subset
in the image domain 2.

(c) 50 iterations.

(d) 200 iterations.

Figure 4. Application to white matter segmentation for MR image.

4. Implementation and results

To compute the functions f; and f> given by Eq. (14) and
(15), we can use the efficient FFT to compute the convolu-
tion operations. The term Aje; —Ases in (16) can be written
as a linear combination of three convolutions. All the partial
derivatives % and g—‘z in (16) are approximated using the
simple finite difference scheme in [6]. Our method has been
applied to synthetic and real images of different modalities.
We use the same parameters of v = 0.001 x 2552, time step
7=0.1, 0= 1.0,and 0 = 3.0, \; = Ay = 1.0 for all the
images in this paper, except the one in Fig. 4, for which we
set v = 0.003 x 2552, \; = 1.0 and A\, = 2.0.

4.1. Results of our method

We first show the results of our method for a synthetic
image and two blood vessel images shown in Fig. 2. The
initial contours and the final contours are shown in the up-
per row and the lower row, respectively. In these images,
both the background and the foreground exhibit obvious in-
tensity inhomogeneity. Note that the synthetic image in the
first column and the vessel image in the second column are
the same images in Fig. 1, which has shown that the PC
model fails to segment the object correctly. In the vessel
images, some parts of the vessel boundaries in these two
images are quite weak. As can be seen from the lower row
of Fig. 2, our model achieves satisfactory segmentation re-
sults for these three images.

Fig. 3 shows the result of our method for a noisy syn-
thetic image with three objects, and with serious intensity
inhomogeneity. For this image, the initial contour was
placed across one object and the background as in Fig. 3(a).
It is worth pointing out that new contours can emerge during



Figure 5. Results for a real color image of potatoes. Row 1: Con-

tours on the original image; Row 2: Image fi; Row 3: Image f2;
Row 4: Fitting image H.(¢) f1 + (1 — Ho(¢)) fo.
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the evolution, which can be seen from the curve evolution
process as depicted in Fig. 3(b), 3(c), and 3(d) for iterations
5, 15, and 60, respectively. The final contours recover all
the three object boundaries very well, as shown in Fig. 3(d).
It is worth pointing out that our method is also able to seg-
ment images consisting of multiple homogeneous regions
with distinct means, which is a special case of intensity in-
homogeneity.

As mentioned in the introduction, intensity inhomogene-
ity is also typical in MR images. Fig. 4 shows the result for
an MR image of human brain, which shows obvious inten-
sity inhomogeneity. In fact, the intensity of white matter in
the upper part is even lower than that of the gray matter in
the lower part. The curve evolution is depicted in Fig. 4,
which shows successful segmentation of the white matter
in this image. Note that, we used a larger value of v for
this image than those for the other images to prevent the
emergence of new contours at the boundaries of unwanted
structures like the skull.

The proposed method has also been applied to 3D mag-
netic resonance angiography (MRA) images for segmenta-
tion of cerebral vasculature. For example, Fig. 6(a) shows
the maximum intensity projection (MIP) of a 3D MRA im-
age. The image size is 300 x 300 x 60 voxels with spacing
of 0.195mm x 0.195mm x 0.5mm. For this 3D image, we
use the parameters A = 0.01 x 2552, 7 = 0.1, uw = 1.0,

(a) MIP.

(b) Final surface of our
method.

Figure 6. Application to 3D MRA image segmentation.

and o = 2.0. The final surface obtained by our method is
shown in Fig. 6(b).

Fig. 5 shows the results for a real color image of pota-
toes, which demonstrates the joint segmentation and denois-
ing by using the LBF model. The first row plots the active
contours on the original images from its initial to converged
state. The second and third rows show the corresponding
fitting images f; and f5, computed by (14) and (15) respec-
tively.

As a natural application of our LBF model, the final fit-
ting functions f; and f> and the level set function ¢ can be
used for image denoising. We define the following fitting
image

f:Hs(¢)f1 +(1_HE(¢))f2 (19)

The above computed image f can be used to approximate
the original image while reducing the noise. The fourth row
in Fig. 5 shows the evolution of the fitting image f com-
puted by (19). When the level set function ¢ converges,
the fitting image f (shown in the right most images in the
fourth row) fits the original image very well with noise sig-
nificantly reduced. Moreover, the boundaries of meaningful
regions are enhanced.

4.2. Comparison with piecewise smooth model

The results of the PC model (shown in Fig. 1) and the re-
sults of our method (Fig. 2) have demonstrated the obvious
advantage of our method. Now, we focus on the compar-
ison of our model with the PS model. The PS model is
computationally very expensive due to its complex proce-
dure described in Section 2.3. We have implemented Vese
and Chan’s PS model in [11]. Note that, in our implementa-
tion of the PS model in [11], reinitialization is necessary for
many typical images, including those in this paper. By con-
trast, due to the distance regularizing term (8) in our LBF
energy functional (13), no reinitialization is necessary in our
method.

Fig. 7 shows the results of our model (the upper row)
and the PS model (the lower row) using the same initial
contours. The CPU times for these images are listed in Ta-
ble 1, which were recorded from our experiments with Mat-



Figure 7. Comparison of our method with PS model. The initial contours and the final contours are plotted as the dashed green contours
and solid red contours, respectively. Upper row: The results of our method; Lower row: The results of PS model.

Imgl | Img2 Img3 Img4 Img5
LBF | 1.78 242 16.04 | 11.85 9.81
PS | 39.92 | 101.89 | 398.45 | 203.03 | 120.52

Table 1. CPU time (in second) for LBF model and PS model for
the images in Fig. 7 in the same order.

lab code run on a Dell Dimension 4600 PC, with Pentium 4
processor, 2.80 GHz, 1GB RAM, with Matlab 6.5 on Win-
dows XP. It is obvious that our model is significantly faster
than the PS model. In the experiments with the images in
Fig. 7, our model is about 15 to 40 times faster than the PS
model. This demonstrates the significant advantage of our
model in terms of computational efficiency.

Our model is also superior in terms of accuracy, due to
its capability of utilizing local image information. This is
obvious for the MR image in the fifth column in Fig. 7.
Our method extracts the white matter boundary accurately,
while the contour of the PS model skips white matter
boundary and is finally attracted to the outer boundary of
gray matter. In addition, some unwanted contours were gen-
erated in the result of PS model. The right most column in
Fig. 7 is an enlarged view of the lower left portion of the
figures in the fifth column, which clearly shows the supe-
rior result of our model to that of the PS model. For the first
three images in Fig. 7, the results both models appear to be
similar, but the final contours of the PS model are somewhat
noisy.

5. Conclusions

In this paper, we propose a novel region-based active
contour model for image segmentation in a variational level
set framework. The proposed method efficiently utilizes
local image information, and therefore is able to segment
images with intensity inhomogeneity. Experimental results
also demonstrate desirable performance of our method for
images with weak object boundaries and vessel-like struc-
tures. Comparisons with piecewise smooth model show the

advantages of our model in terms of efficiency and accuracy.
In addition, the proposed method has promising application
to image denoising.
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