Second order cross-derivative of the approximation
of the Hausdorft distance used in Shape statistics
for image segmentation with priors

Guillaume Charpiat

Abstract

We need the literal expression of the second order derivative of the approrima-
tion of the Hausdorff distance with respect to the curves in order to include into
the usual image segmentation framework an a priori term involving second-order
statistics of shapes [2]. More exactly, we need the expression of Opdadm (A, B).
This is the subject of the four following pages.

This approzimation of the Hausdorff distance and its gradient were intro-

duced in [1].
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1 Notations
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2 First order derivative

The first order derivative of a functional with respect to a curve A is a vector
field defined on this curve, that is, an application that associates to each point
y of curve A a vector. Note we consider here the derivative of the square of dy.

We recall its expression:
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3 Second order derivative

The second order cross-derivative dp [04 d3;(A, B)] (64)(0B) is an application
that associates a real value to any couple of two fields B and dA defined
respectively on B and A. This application is supposed to be symmetric (0405 =
0p04 and dy (A, B) is symmetric).

It can be rewritten as:

O |(Va d3y(A, B)(y)| 0A®)) e (9B)

hence
O [Va di(A, B)] (y)

is an application that associates to any field 0 B a field defined on A.

With a slight abuse of notations:

Vi [Vadi (A, B)] (y)(2)

is a kind of super-matrix which for any two points y on A and z on Bisa 2 x 2
matrix. For two fields §A and 4B,

Vi [Vadi (A B)] (y)(2) (6A(y)) (6B(2))

is a real value for each (y,z). In the sequel, Vg [V4 d% (A, B)] (y)(z) will be
proportional to the tensor product 7 (y) 7 (2), where 7 (y) is to be thought as
T (y) - 0A(y), and 7 (2) as 7 (2) - 6B(2).



Theorem 1. With the previous notations, the second order cross-derivative of
the approrimation of the Hausdorff distance 1s:
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4 Calculi

In order to compute Vg (Vad% (A, B)(y)) (z), where z is a point of the curve
B, the following derivatives have been used:
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U is a derivative: U(y,x) - (0y) = Vy (¢(d(y,x))) (0y) so V4 (U(y,z)) is a

second order (symmetric) derivative:
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