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Abstract

This paper presents a calibration and rectification
method for single-camera range estimation using a sin-
gle complex image with a transparent plate or a double-
sided half-mirror plate, which are collectively called a
reflection stereo. The range to an object is obtainable
by finding the correspondence on a constraint line in
the complex image, which consists of a surface and a
rear-surface reflected image in the transparent plate, or
also includes a transmitted and internal reflected im-
age through a double-sided half-mirror plate. The range
estimation requires extrinsic parameters of the reflec-
tion stereo that include the shape and position of the
plate and its refraction index. The proposed method
assumes that the plate is non-parallel but planar for a
local region around the point of interest in the com-
plex image. The method estimates the extrinsic param-
eters from a set of displacements in the complex im-
ages. Experiments using real images demonstrate the
effectiveness of the proposed calibration and rectifica-
tion method along with fine range estimation results.

1. Introduction

A complex image is visible in a reflection on a trans-
parent plate if subjected to careful observation. The
complex image consists of the surface and rear-surface
reflection of the plate; the displacement between the
reflections in the image depends on the orientation of
the plate and the object distance.

The complex image is also observed through a
double-sided half-mirror plate, which has two half-
mirrors on both sides of the plate. The transmit-
ted light on the incident side half-mirror of the plate
is partly transmitted at the exit-side half-mirror and
the rest is reflected. The transmitted light (the di-
rect image) reaches the camera, but some reflected
light reflects again at the incident-side half-mirror and
subsequently reaches the camera through the exit-side
half-mirror (the internal reflection image). These light
paths produce a complex image with displacement and
different intensities between reflections.

Reflection stereo is a type of single-camera stereo rig
with a transparent or a double-sided half-mirror plate
to generate the complex image. The stereo rigs are re-
spectively called reflection-type [12] and transmission-
type [13]. The reflection stereo can estimate the object
range using a single camera, without any moving mech-
anisms.

Stereo vision is an extremely active research area;
object range and shape estimation methods using a
single camera have been studied widely. Single-camera
methods can be categorized as multi-view [4],[7], multi-
image [3],[10], and multi-exposure [5],[11] methods.
The reflection stereo belongs to the last category.

This paper presents a calibration and image rectifi-
cation method for the reflection stereo. The displace-
ment in the complex image depends not only on the ob-
ject range, but also on the normal vectors of the plate
surfaces, plate thickness, relative refraction index, and
the plate position. The proposed method assumes that
the plate is non-parallel and piecewise planar. The pro-
posed calibration method estimates these parameters
of the transparent plate using multiple planar targets
with random textures at known distances. Through
calibration, an accurate constraint is obtainable for the
effective corresponding search in the complex image.

The calibration method can also be considered as
a shape and refraction index estimation method for a
transparent object. Some methods have been proposed
for this end, for example detection of the optical flow of
the background through a transparent object [9], and
tracing the structured ray through a transparent ob-
ject [8]. Every existing method uses direct transmitted
rays, but the reflection stereo makes use of the inter-
nally reflected ray in the transparent object.

The feasibility of reconstructing the shape and re-
fraction index of an object has been investigated [6].
The investigation assumes that a ray reflects or refracts
perfectly (not both simultaneously) on an object sur-
face. Therefore, only a unique light path exists from a
reference point to a view point. The reflection stereo
uses multiple light paths from an object to a camera
to form the complex image.

This paper is organized as follows. Section 2 de-
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scribes range estimation by reflection stereo with a
perfectly parallel planar transparent and double-sided
half-mirror plate. Section 3 extends to the case with a
non-parallel planar plate and shows the parameters to
be estimated. Section 4 presents a method to estimate
the parameters using multiple targets and correspond-
ing displacements in the complex images. A rectifi-
cation method for the complex image is presented in
Section 5. Experimental results are described in Sec-
tion 6. This paper concludes with remarks in Section
7.

2. Reflection Stereo

2.1. Reflection-Type Configuration

Figure 1 shows two light paths from an object to the
optical center. A transparent plate reflects and trans-
mits the incident light on its surface. The transmitted
light is then reflected on the rear surface and is trans-
mitted again to the air through the surface. These two
light paths have an angle disparity θs, which depends
on the relative refractive index n of the plate, the plate
thickness d, the incident angle θi, and the object dis-
tance Do.

The fundamental relation between the angle dispar-
ity θs and the distance Do are explainable as the re-
flection and refraction of light in a plane including the
object, the optical center, and the normal vector of the
plate. A two-dimensional (2D) ξ-υ coordinate system
is set with its origin at the reflecting point on the sur-
face. The following equation can be derived by project-
ing the object position (−Do sin θi, Do cos θi) and the
optical center position (Dc sin θi, Dc cos θi) to ξ-axis.

Do + Dc = d
sin (2 (θi − θs))

sin θs

√
n2 − sin2 (θi − θs)

(1)

The angle disparity θs is obtainable by finding the
displacement in the complex image. Then the object
distance Do is derived from Eq. (1). The displace-
ment has a constraint which describes a correspondent
position in the rear-surface image moving along a con-
straint line according to the image position [12]. The
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Figure 1. Geometry of the reflection-type configuration.
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Figure 2. Geometry of the transmission-type configuration.

constraint reduces the search to 1D, just as stereo vi-
sion with the epipolar constraint. The angle disparity
takes the minimum value θs = 0 when Do = ∞ if
the plate is manufactured perfectly as a parallel planar
plate.

2.2. Transmission-Type Configuration

Figure 2 presents the direct image Id and the in-
ternal reflection image Ii from an object to the optical
center. These two light paths also have an angle dispar-
ity θs, which depends on the relative refractive index
n of the plate, the plate thickness d, the incident angle
θi, and the object distance Do. A 2D ξ-υ coordinate
system is set with its origin at the intersection of the
direct light path and the exit-side half-mirror. The fol-
lowing equation can be derived by projecting the object
distance Do + Di + Dc along the direct image and the
internal reflected image light paths to ξ-axis.

Do+Di+Dc = d

3 sin(θi − θs)√
n2 − sin2(θi − θs)

− sin θi√
n2 − sin2 θi

sin θs

cos(θi − θs)

+d

(
cos θi +

sin2 θi√
n2 − sin2 θi

)
(2)

2.3. Object Range

Reflection stereo with a parallel planar plate requires
not only a lens focal length in CCD pixel units of f/δ as
a parameter, but also the following parameters, which
are equivalent to extrinsic parameters in stereo vision.

• surface normal nm of the plate,

• surface position Dco from the optical center along
the lens optical axis,
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Figure 3. Constraint line on the image plane.

• plate thickness d, and

• relative refraction index n.

With these five extrinsic parameters, the object
range is obtainable using Eq. (1) or Eq. (2) with a
displacement in a complex image.

Figure 3 depicts the camera coordinate system, with
its origin at the optical center. We assume that a cor-
respondence position for the image position A(a) =
[a1, a2, f/δ]� is located at a relative distance ∆ [pixel]
from A along the constraint line. The angle disparity
θs is obtainable as

θs = cos−1

(
a · (a + e(a)∆)
‖a‖‖a + e(a)∆‖

)
, (3)

where e(a) =
c − a
‖c− a‖ denotes a unit vector of the

constraint line at the position a to c = f/δ[n1, n2, 1]�.
The incident angle of the position a to the plate is

obtainable as the following.

θi = cos−1

(
a · nm

‖a‖‖nm‖
)

(4)

The complex image can be considered as a signal
that consists of two identical signals with a shift along
the constraint line. The autocorrelation function of the
signal generally has three peaks at the origin, and at
the plus and minus shifts. This allows estimation of
the displacement in the complex image without any
feature points or edges if the object has some texture.
In the transmission-type configuration, the two images
in a complex image have different intensities. Corre-
spondence indices, including the peak curvature, help
to ascertain the displacement [13].

3. Non-Parallel and Non-Planar Plate

3.1. Piecewise Planar Model

Any transparent plate or half-mirror plate has im-
perceptible surface shape faultiness. The plates are
non-parallel and non-planar.
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Figure 4. Extrinsic parameters for a non-parallel and piece-
wise planar model.

The proposed method assumes that the plate is non-
parallel but piecewise planar, as illustrated in Fig. 4.
In other words, the method assumes that the extrin-
sic parameters are constant in a small region to form
a complex image around an interest position. The ex-
tended extrinsic parameters include the normal vectors
for each side of the plate, as follows.

• surface normals nR and nS of the plate,

• surface position Dco from the optical center along
the lens optical axis,

• plate thickness d, and

• relative refraction index n.

These seven extrinsic parameters pe(a) = {nR(a),
nS(a), Dco(a), d(a), n(a)} are positionally variant.

In our experiments, the complex image is observed
from about a 45× 40 [mm2] area in a plate. The small
region that is assumed to have a constant extrinsic pa-
rameters is about 1.4 × 2.5 [mm2], with the situation
that the image size is 640 × 480 [pixel], the small re-
gion size is 20× 20 [pixel], and the displacement in the
complex image is 20 [pixel]. The first-order shape ap-
proximation for such a small area is sufficient to obtain
accurate constraint and range estimation.

3.2. Object Range

The object range is obtainable with the displace-
ment in the complex image and the extrinsic parame-
ters pe(a) using the ray tracing algorithm.

3.2.1 Reflection-Type Configuration

Figure 5(a) shows that an object in a surface reflection
image at an image position A(a) = [ua, va, f/δ]� exists
in the following line LS with parameter tS :

LS(tS) = qS + vStS (5)
qS = q(o, a,mS, n̂S)
vS = r(a, n̂S)



where MS(mS) and n̂S respectively denote a position
and the unit normal vector of the plate surface. Point
O(o) represents the origin.

Similarly, a detected relative displacement d =
d∗

p(a) + e∗(a)∆ of a rear-surface reflection image from
a surface reflection image position a shows that the
object in the rear-surface image exists in the following
line LR with parameter tR.

LR(tR) = qR + vRtR (6)
qR = q(q1, v1, mS, n̂S)
vR = t(v1,−n̂S, 1/n)
q1 = q(q0, v0, mR, n̂R)
v1 = r(v0, n̂R)
q0 = q(o, a + d, mS, n̂S)
v0 = t(a + d, n̂S, n)

Therein, MR(mR) and n̂R respectively denote a posi-
tion and the unit normal vector of the rear surface of
the plate, as shown in Fig. 5(b). In addition, d∗

p(a)
and e∗(a) denote the displacement of the rear-surface
reflection image for an object at infinite distance and a
unit vector of the constraint line at the image position
a (refer to 3.3.).

The intersection position of lines LS and LR repre-
sents the 3D position PO(p̂O) of the object. In real
situations, the object position PO(p̂O) is determined
using the following equation, which minimizes the dis-
tance between the two lines.

p̂O =
1
2

[(qS + vStS) + (qR + vRtR)] (7)[
tS
tR

]
=

[
qS · vS −qS · vR

qR · vS −qR · vR

]−1

[
qS · qR − ‖qS‖2

‖qR‖2 − qS · qR

]

3.2.2 Transmission-Type Configuration

Figure 6(a) shows that an object in a direct image at
an image position A(a) exists in the following line LD
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Figure 6. Direct and internal reflection images.

with parameter tD:

LD(tD) = qD + vDtD (8)
qD = q(q(o,a,me, n̂e), t(a, n̂e, n),m, n̂i)
vD = t(t(a, n̂e, n), n̂i, 1/n),

where Mi(mi) and Me(me) respectively represent po-
sitions on the incident and exit-side half-mirror sur-
faces; in addition, n̂i and n̂e respectively denote the
unit normal vector of incident and exit-side half-mirror
surfaces.

Similarly, the corresponding object in an internal
reflection image at a relative displacement d = d∗

p(a)+
e∗(a)∆ from a direct image position a exists in the
following line LI1 with parameter tI1, as shown in Fig.
6(b).

LI1(tI1) = qI1 + vI1tI1 (9)
qI1 = q(q2, v2, mi, n̂i)
vI1 = t(v2, n̂i, 1/n)
q2 = q(q1, v1, me, n̂e)
v2 = r(v1,−n̂e)
q1 = q(q0, v0, mi, n̂i)
v1 = r(v0, n̂i)
q0 = q(o, a + d, me, n̂e)
v0 = t(a + d, n̂e, n)

The intersection position of lines LD and LI1 repre-
sents the 3D position p̂O of the object.

p̂O =
1
2

[(qD + vDtD) + (qI1 + vI1tI1)] (10)[
tD
tI1

]
=

[
qD · vD −qD · vI1

qI1 · vD −qI1 · vI1

]−1

[
qD · qI1 − ‖qD‖2

‖qI1‖2 − qD · qI1

]

For the process described above, we use the following
relations presented in Fig. 7. We use ray tracing [14] to
describe the light paths to estimate the object distance.
(1) Intersection of a ray from a point.

q(p, v, s, n̂) = p + v
(s− p) · n̂

v · n̂ (11)
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Figure 7. A ray and a normal vector of the plate.

(2) Reflection vector on a surface.
r(v, n̂) = v − 2n̂‖v · n̂‖ (12)

(3) Refraction vector.

t(v, n̂, n) = kf

(
v

‖v · n̂‖ − n̂
)

+ n̂ (13)

kf =
1√

n2

∥∥∥∥ v
‖v · n̂‖

∥∥∥∥
2

−
∥∥∥∥ v
‖v · n̂‖ − n̂

∥∥∥∥
2

3.3. Constraint in Reflection Stereo

The relative displacement d∗
p(a) of the rear-surface

reflection image from the surface reflection image for
an object at infinite distance and the unit vector e∗(a)
of the constraint line for an image position a are ob-
tainable from extrinsic parameters.

An object range along the lens optical axis (Z-axis)
p̂Oz (a,d|pe(a)) is obtainable from extrinsic parame-
ters pe(a) and a relative displacement d in the com-
plex image. Using this relation, the displacement d
is obtainable for a known object distance pOz using a
one-parameter optimization problem.

The displacement d∗
p(a) is a convergence vector ob-

tained by increasing the known distance. The unit vec-
tor of the constraint line e∗(a) can be estimated from
multiple displacements for known distances. Obtaining
these constraint parameters in the transmission-type
configuration is done in the same way.

4. Calibration

The extrinsic parameters can be estimated from M
sets of the object distance Dz and its corresponding
displacement d for position a in a complex image, as
follows.

p̂e(a) = arg min
pe(a)

E(a) (14)

E(a) =
M∑

i=1

‖Dzi − p̂Oz (a,di|pe(a))‖2

+α ‖p̃e − pe(a)‖2

It is analogous to the calibration method for stereo
vision [15]. The second term in the objective function

E(a) is a stabilization term that prevents the estimated
parameters from deviating markedly from design (cata-
logue) values p̃e. The weight α is set empirically to the
minimum value. We have used the conjugate gradient
method to minimize the nonlinear objective function
with initial parameters of the design values.

The displacement d in a complex image can be de-
tected as the second peak location of the autocorrela-
tion function of the complex image without any knowl-
edge of the constraint if the image contains a rich and
dense texture. The seven components in the extrin-
sic parameters can be estimated from M ≥ 4 sets of
observations.

The estimated parameters are considered as contin-
uous and their changes are small with respect to the
image position, as is clear from observations of real
acrylic plates. The following parametric expression
with a 2D cubic function with respect to the image
position a = (u, v) is used for range estimation.

p̄e(a) = Φ1 + Φ2u + Φ3v + Φ4uv + Φ5u
2 + Φ6v

2

+Φ7u
2v + Φ8uv2 + Φ9u

3 + Φ10v
3 (15)

In that expression, Φj(j = 1, 2, .., 10) denotes coeffi-
cient vectors corresponding to the seven components of
the extrinsic parameters. These vectors are obtainable
using least-squares estimation, with estimated extrin-
sic parameters p̂e(al) at image positions al, as follows.

Φj = arg min
Φj

∑
l

‖p̄e(al) − p̂e(al)‖2 (16)

Fourier series expansion can also be used for the
expression for the extrinsic parameters instead of the
2D cubic approximation. But, we can read directly
from Eq. (15) the estimated typical plate thickness and
refractive index of the plate in Φ1 along with their first
order derivation with respect to horizontal and vertical
directions in Φ2 and Φ3. The third order coefficients
take very small values; the residuals in Eq. (16) are
sufficiently small.

The constraint line direction and the infinite object
position with respect to the image position are also
obtained in advance, as described in 3.3., and are pa-
rameterized similarly as the extrinsic parameters for
range estimation.

The object range is directly obtainable with the dis-
placement in the complex image and these total 10
parametric expressions with 10 coefficients in each ex-
pression for a given image position.

5. Rectification

The correspondence search in a rectified stereo im-
age pair [1] is much faster than that in an untouched



image pair because of the elimination of image inter-
polation.

In the reflection stereo, the correspondence search is
done along the constraint line in a single complex image
for a point of interest. In real computation, a small re-
gion with its center on the interest point and the same
size region with its center on the constraint line are
compared to obtain the correspondence position. Im-
age interpolation could be done more efficiently if the
constraint line were parallel to v-axis in the complex
image by an image transformation.

As shown in 3.3., the relative displacement d∗
p(a)

for an object at infinite distance, and the unit vector
e∗(a) of the constraint line for an image position a is
obtainable from extrinsic parameters. The constraint
line for arbitrary image position a = (u, v) can become
parallel to v-axis using the displacement and vector as
 ur = u +

∫ v

C

{
e∗(d∗−1

p (a))
}

u
dv ≡ u + R(a)

vr = v
,

(17)

where ar = (ur , vr) and a = (u, v) respectively denote
the rectified and pre-rectified image positions. Further-
more, C is a constant, and d∗−1

p (a) is a function that
returns a′, satisfying a′ + d∗

p(a′) = a. Also, {}u repre-
sents the u component in a vector.

The transformation reduces or stretches the complex
image horizontally, although no transformation is seen
at line v = C. The constant C can be given to minimize
the sum of transformation quantity

∑
l

|R(al)| for many

image positions. In the experiment, C = 0 is used
because the sum will take a minimum value at around
C = 0 in real situations.

The transformation, which includes an inverse func-
tion and a definite integral, can not be described an-
alytically. The following parametric expression is ob-
tainable, in the same manner as the extrinsic parame-
ters, from computational results of Eq. (17) at many
locations in the image.

R(a) = r1 + r2u + r3v + r4uv + r5u
2 + r6v

2

+r7u
2v + r8uv2 + r9u

3 + r10v
3 (18)

These coefficients rj(j = 1, 2, .., 10) are used as the rec-
tification parameter. The parametric expression con-
verts a position in the pre-rectified image to a position
in the rectified image.

On the other hand, the inverse function of Eq. (17)

u = ur − R′(ar) (19)

converts the image position in the rectified image to a
position in the pre-rectified image. The inverse func-
tion is indispensable to obtain the rectified image. It
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Figure 8. Complex image rectification.

is an inverse function of a cubic function; the exact
solution is obtainable using Cardano’s solution to the
cubic. However, Newton’s method with an initial value
of ur gives a solution with sufficient precision after only
a few iterations.

Figure 8(a) portrays a complex image with con-
straint lines in many positions. The white circles repre-
sent the interest positions; the small black circles and
lines respectively represent the relative displacement
for an object at infinite distance and the constraint
lines. Figure 8(b) shows an example of the rectified
complex image. The constraint lines are transformed
as parallel to the v-axis.

6. Experimental Results

The following experiments were conducted to
demonstrate the effectiveness of the proposed calibra-
tion and rectification methods in the reflection stereo.
The transmission-type configuration is used in 6.1.,
6.2. and 6.3.; the reflection-type is used in 6.4..

6.1. Experimental Configuration

The experimental system was constructed as shown
in Fig. 9. The double-sided half-mirror plate with a
75% reflection ratio is set with an angle π/4 for the
optical axis. The system includes a black and white
camera (60 FPS, IEEE1394, Flea; Point Gray Research
Inc.). The design values of the plate are 12.0 [mm]
thickness with a relative refraction index of 1.49. The
measured distance from the lens optical center to the
plate along the optical axis is Dco = 66.2 [mm]. We
used a well-known camera calibration tool [2] for in-
trinsic parameter estimation. The calibrated parame-
ters are the focal length f/δ = 1255.7; the image size is



  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 9. Configuration of the experimental system.
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Figure 10. Setup of the calibration target.

640×480 [pixel]. Image distortion was alleviated using
the estimated lens distortion parameters.

6.2. Calibration

As presented in Fig. 10, the experimental configu-
ration is mounted on a one-directional moving stage.
The stage moves accurately at a distance of 50 [mm]
step to a frontal parallel target plane. The target plane
has a rich texture to aid detection of the second and
third peak in the autocorrelation function.

The displacements in the complex image are esti-
mated at 24 × 18 (= 432) positions. The region size is
35 × 35 [pixel]. In some image positions, the displace-
ments are not obtained because of the loss or bias of the
texture. The estimated displacements are compared
with those of the neighbors to check their validity. The
parametric expressions for the estimated 2D displace-
ments are obtained using the valid displacements; then
the extrinsic parameters are estimated using the para-
metric expressions.

The target positions are at Dzi = 350 + 50i +
De [mm] (i = 1, 2, .., 13) from the optical center in Z-
axis, where De is an unknown offset. To estimate De,
first the following sum of the residuals with three pre-
determined values (De = 0,±25) is obtained; then the
three sums of residuals are used to estimate the De for
the minimum sum by a parabola fitted over the three
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Figure 11. Range estimation results for the calibration plane
at known distances.

sums.

∑
l

13∑
i=1

‖(350 + 50i + De) − p̂Oz (al, di|pe(al))‖2

From the experiments, we have De = 14.4662 [mm].

6.3. Range to the Calibration Target

In these results, the target distance is measured
again using the estimated calibration parameters.

Figures 11(a) and 11(b) respectively portray the
range estimation linearity obtained using the conven-
tional method [12] and the proposed method. The
black circles and the range bars respectively repre-
sent the measured average and the standard deviation.
The estimated range obtained using the conventional
method has a bias error because uncalibrated system
parameters are used, although no bias error is observed,
as depicted in Fig. 11(b).

Figures 11(c) and 11(d) respectively show the es-
timated range maps obtained using the conventional
and the proposed method. Inaccurate constraints used
in the conventional method result in a widely varying
range estimation. In contrast to this, the proposed cal-
ibration helps to detect the true displacement along the
accurate constraint line in the complex image, resulting
in a smooth estimation range.

6.4. Object Shape Measurement

The reflection-type configuration is used in this ex-
periment. The design values of the plate are 12.0 [mm]
thickness, the relative refraction index of 1.49, and the
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Figure 12. Object shape measurement results obtained us-
ing conventional and proposed calibration methods.

measured distance from the lens optical center to the
plate along the optical axis of Dco = 26.2 [mm]. The
intrinsic camera parameters are identical to those used
in previous experiments.

Figure 12 shows the results. Figures 12(c) and 12(e)
depict the measured range map obtained using the con-
ventional method, whereas 12(d) and 12(f) depict the
map obtained using the proposed method. Some back-
ground regions are missed in the conventional method,
but the proposed method provides a stable and fine
result.

7. Conclusions

This paper has presented an extrinsic parameter cal-
ibration and image rectification method for a reflec-
tion stereo using multiple planar targets with random
texture at known distances. The calibrated extrinsic
parameters represent the normal vectors of the plate
surfaces, plate thickness, relative refraction index, and
the plate position. Experimental results demonstrate
the effectiveness of the proposed method.
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