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Abstract

In this paper, we study the problem of nonnegative graph
embedding, originally investigated in [14] for reaping the
benefits from both nonnegative data factorization and the
specific purpose characterized by the intrinsic and penalty
graphs [13]. Our contributions are two-fold. On the one
hand, we present a multiplicative iterative procedure for
nonnegative graph embedding, which significantly reduces
the computational cost compared with the iterative pro-
cedure in [14] involving the matrix inverse calculation of
an M -matrix. On the other hand, the nonnegative graph
embedding framework is expressed in a more general way
by encoding each datum as a tensor of arbitrary order,
which brings a group of byproducts, e.g., nonnegative dis-
criminative tensor factorization algorithm, with admissi-
ble time and memory cost. Extensive experiments com-
pared with the state-of-the-art algorithms on nonnegative
data factorization, graph embedding, and tensor represen-
tation demonstrate the algorithmic properties in computa-
tion speed, sparsity, discriminating power, and robustness
to realistic image occlusions.

1. Introduction

Motivated by the psychological and physiological evi-
dence on parts-based representations in human vision sys-
tem [2][5], recently techniques for nonnegative representa-
tions have been extensively studied for finding sparse non-
negative bases, such that an image could be formed from
these nonnegative bases in a non-subtractive way. Nonneg-
ative matrix factorization (NMF) [5] is the pioneering work
for such a purpose, and by following NMF, many algorithms
have been proposed for nonnegative data factorization and
classification. Li et al. [6] imposed extra constraints to rein-
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force the basis sparsity of NMF; also matrix-based NMF has
been extended to nonnegative tensor factorization (NTF)
[3][9] for handling the data encoded as general high-order
tensors. Wang et al. proposed the Fisher-NMF [11], which
was further studied by Kotsia et al. [7], by adding an extra
term of scatter difference to the objective function of NMF.
Tao et al. [10] proposed to employ local rectangle binary
features for image reconstruction.

Beyond the initiative single purpose of nonnegative data
factorization, Yang et al. [14] proposed a unified formu-
lation, called nonnegative graph embedding (NGE), for ob-
taining customized nonnegative data factorization by simul-
taneously realizing the specific purpose characterized by the
intrinsic and penalty graphs, which can be used to instan-
tiate certain dimensionality reduction algorithm [13]. De-
spite of the mathematic soundness of NGE, it has two limi-
tations: 1) the time complexity of NGE is very high due to
the matrix inverse calculation for the so-called M -matrix in
each iteration, and will be prohibitively high when the sam-
ple number is too large; and 2) NGE is formulated based
on data with vector representations, and its general formu-
lation with tensor representations, coinciding with the gen-
eral graph embedding framework proposed in [13], however
was not investigated. Therefore, a natural question to ask
is whether we can obtain such a generalized nonnegative
graph embedding framework with the following three char-
acteristics: 1) the derived solution is nonnegative; 2) the
procedure to obtain the solution is efficient, ideally again
based on the elegant multiplicative iterative procedure as in
NMF [5]; and 3) the formulation is general and applicable
for data encoded as tensors of arbitrary order.

This work is dedicated to designing such a generalized
nonnegative graph embedding framework. First, we present
a generalized graph embedding formulation based on ten-
sor representation for reaping the benefits from both non-
negative data factorization and the specific purpose charac-
terized by the intrinsic and penalty graphs. Then, an effi-
cient iterative procedure is proposed to obtain the nonneg-
ative solution, where the basis matrices and coefficient ma-
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trix are updated in a multiplicative manner without matrix
inverse calculation. By inheriting the unification property
of the graph embedding framework [13], this new formula-
tion brings a group of novel nonnegative data factorization
algorithms, e.g., the nonnegative discriminative tensor fac-
torization algorithm (NDTF) which performs nonnegative
data factorization based on tensor data and with the purpose
of high discriminating power.

2. Formulation for Generalized Nonnegative
Graph Embedding

In this section, we introduce the math formulation for
the generalized nonnegative graph embedding by encoding
each datum as a tensor of arbitrary order instead of a vec-
tor. Let the training data A = [X1, ...,XN ] be an n-th order
tensor, where each datum Xi ∈ R

d1×d2×···×dn−1 is repre-
sented as an (n-1)th order tensor, and N is the total number
of training samples. For a general classification problem,
the datum Xi is labeled as ci ∈ {1, ..., Nc}, where Nc is the
class number. Denote the sample number of the cth class as
nc. Note that we utilize in this work the following rule to
facilitate presentation: for any matrix A, its corresponding
lowercase version ai means the ith column vector of A, and
Aij denotes the element of A at the ith row and jth column.

2.1. Objective for Nonnegative Data Factorization

For tensor data, the nonnegative tensor factorization [3]
of A can be represented as the sum of k rank-1 tensors
A =

∑k
m=1(u

b
m⊗)n−1

b=1 vm. The corresponding objective
function to optimize is,

min
Ub,V :1≤b≤n−1

‖A −
k∑

m=1

(ub
m⊗)n−1

b=1 vm‖2

s.t. U b, V ≥ 0, 1 ≤ b ≤ n− 1, (1)

where ⊗ is the outer product operator. U b = [ub
1, ..., u

b
k] ∈

R
db×k, ∀1 ≤ b ≤ n − 1, and V = [v1, ..., vk]. The re-

lationship between the n-th order data and the rank-1 ten-
sor factorization is captured by the set of rank-1 tensors
Tm = u1

m(⊗ub
m)n−1

b=2 such that each datum Xt is repre-
sented by a superposition of T1, ..., Tk with the reconstruc-
tion coefficients taken from v1, ..., vk.

Usually, k < min(
∏n−1

b=1 db, N), and thus we could con-
sider V as the low-dimensional representations for the train-
ing data A with the objective of best reconstruction under
nonnegative constrains. However, the coefficient matrix de-
rived based on the best reconstruction is unnecessarily good
at discriminating power, since no label information is lever-
aged in nonnegative tensor factorization.

2.2. Objective for Purpose of Graph Embedding

In order to reinforce the certain purpose of graph embed-
ding [13], e.g., the separability of the labeled data, without

the loss of data reconstruction capability, we divide the data
reconstruction representations V into two parts, namely,

V = [V 1, V 2], (2)
where V 1 = [v1

1 , v1
2 , ..., v1

q ] ∈ R
N×q (q < k), which

serves for the certain purpose of graph embedding, and
V 2 = [v2

1 , v2
2 , ..., v2

k−q] ∈ R
N×(k−q), which contains the

additional information together with V 1 for data reconstruc-
tion. Note that V 1 is expected to be good for the purpose
for graph embedding, while the whole V is used for data
reconstruction purpose, and hence the targets of data re-
construction and the purpose of graph embedding coexist
harmoniously, and do not mutually compromise as in con-
ventional formulations with two objectives. Similarly, the
basis matrix {U b}n−1

b=1 is also divided into two parts,

U b = [U b1
, U b2

], (3)

where U b1 ∈ R
db×q and U b2 ∈ R

db×(k−q).
There exist varieties of formulations for dimensionality

reduction, and Yan et al. [13] claimed that most of them can
be explained within a unified framework, call graph embed-
ding. Let G = {A, S} be an undirected weighted graph
with vertex set A and similarity matrix S ∈ R

N×N . Each
element of the real symmetric matrix S measures for a pair
of vertices the similarity, which is assumed to be nonneg-
ative in this work. The diagonal matrix D and Laplacian
matrix L of a graph are defined as,

L = D − S, Dii =
∑
j �=i

Sij , ∀ i. (4)

Graph embedding generally involves an intrinsic graph G,
which characterizes the favorite relationship among the
data, and a penalty graph Gp = {A, Sp}, which charac-
terizes the unfavorable relationship among the data, with
Lp = Dp−Sp, where Dp is the diagonal matrix as defined
in Eqn. (4). Thus two targets of graph-preserving are given
as follows, {

maxV 1
∑

i�=j ‖V 1
i − V 1

j ‖2S
p
ij ,

minV 1
∑

i�=j ‖V 1
i − V 1

j ‖2Sij ,
(5)

where V 1
i is the ith rows of V 1. As aforementioned, U b2

is

considered as the complementary space of U b1
, and thus the

first objective in Eqn. (5) can be approximately transformed
into,

min
V 2

∑
i�=j

‖V 2
i − V 2

j ‖2Sp
ij . (6)

2.3. Unified Formulation

To achieve the above two objectives required for gener-
alized nonnegative graph embedding, we can have a unified
objective function as,

min
Ub,V :1≤b≤n−1

‖A −
k∑

m=1

(ub
m⊗)n−1

b=1 vm‖2

+αTr(V 1T
LV 1) + αTr(V 2T

LpV 2),
s.t. U b, V ≥ 0, 1 ≤ b ≤ n− 1, (7)
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where α is a positive parameter for balancing the aforemen-
tioned two objectives.

Note that the above formulation is ill-posed, and the ob-
jective has the trend to drive the V 1 to be zero. This issue is
also suffered by the formulation for Fisher-NMF [11]. As
aforementioned, U b is the basis matrix and hence it is natu-
ral to require that the column vectors of U b are normalized,
namely,

‖ub
i‖ = 1, i = 1, 2, · · · , k. (8)

This extra constraint makes the optimization problem more
complicated, and we compensate the norms of the bases into
the coefficient matrix V and get the final object function for
generalized nonnegative graph embedding as,

min
Ub,V :1≤b≤n−1

‖A −
k∑

m=1

(ub
m⊗)n−1

b=1 vm‖2F

+αTr(Q1V 1T
LV 1Q1T

) + αTr(Q2V 2T
LpV 2Q2T

),
s.t. U b, V ≥ 0, 1 ≤ b ≤ n− 1, (9)

where Q1 and Q2 are given by Q1 =
∏n−1

b=1 Q1
b and Q2 =∏n−1

b=1 Q2
b , where

Q1
b = diag{‖ub

1‖, ..., ‖ub
q‖},

Q2
b = diag{‖ub

q+1‖, ..., ‖ub
k‖}. (10)

Note that as the matrices S and Sp are symmetric, thus
the matrices L and Lp are also symmetric. This objective
function is biquadratic, and generally there does not exist a
closed-form solution. We present in the next section an ef-
ficient multiplicative iterative procedure for computing the
nonnegative solution, which is much faster than the itera-
tive procedure presented in [14] involving the matrix inverse
calculation for the so-called M -matrix in each iteration.

3. Multiplicative Iterative Procedure

Most iterative procedures for solving high-order opti-
mization problems transform the original intractable prob-
lem into a set of tractable sub-problems, and finally obtain
the convergence to a local optimum. Our proposed itera-
tive procedure also follows this philosophy and optimizes
{U b}n−1

b=1 and V alternately.

3.1. Preliminaries

Before formally describing the iterative procedure for
generalized nonnegative graph embedding, we first intro-
duce the concept of auxiliary function, and the lemma
which shall be used for the algorithmic deduction.

Definition 1 Function G(A,A′) is an auxiliary function
for function F (A) if the conditions

G(A,A′) ≥ F (A), G(A,A) = F (A), (11)

are satisfied.

From the above definition, we have the following lemma
with proofs omitted.

Lemma 1 If G is an auxiliary function, then F is non-
increasing under the update

At+1 = arg min
A

G(A,At), (12)

where t means the tth iteration.

3.2. Optimize Ub for Given V and {Up}n−1
p=1,p �=b

For fixed V and {Up}n−1
p=1,p �=b, the objective function in

Eqn. (9) with respect to U b can be written as

F (U b) = ‖A −
k∑

m=1

(ub
m⊗)n−1

b=1 vm‖2F

+ αTr(Q1V 1T
LV 1Q1T

)

+ αTr(Q2V 2T
LpV 2Q2T

)

= ‖A(b) −
k∑

m=1

ub
m[(⊗n−1

p=b+1u
p
m)⊗ vm(⊗b−1

p=1u
p
m)]T ‖2F

+ αTr(Q1V 1T
LV 1Q1T

)

+ αTr(Q2V 2T
LpV 2Q2T

)

= ‖A(b) − U bZT
u ‖2F + Tr(U bYuU bT

), (13)

where [ · ] in this equation represents to transform a tensor
to a vector. A(b) ∈ R

db×(db+1×...×dn×d1×...×db−1), which
results from flattening the tensorA. Zu is a matrix, in which
the mth column is [(⊗n−1

p=b+1u
p
m) ⊗ vm(⊗b−1

p=1u
p
m)]. Yu is

given as

Yu = α

[
(
∏

p�=b Q1
p)V

1T
LV 1(

∏
p�=b Q1

p)
T 0

0 (
∏

p�=b Q2
p)V

2T
LpV 2(

∏
p�=b Q2

p)
T

]
· I

= Yu+ − Yu−,

with the matrices Yu+ and Yu− defined as,

Yu+ = α

[
(
∏

p�=b Q1
p)V

1T
DV 1(

∏
p�=b Q1

p)
T 0

0 (
∏

p�=b Q2
p)V

2T
DpV 2(

∏
p�=b Q2

p)
T

]
· I,

Yu− = α

[
(
∏

p�=b Q1
p)V

1T
SV 1(

∏
p�=b Q1

p)
T 0

0 (
∏

p�=b Q2
p)V

2T
SpV 2(

∏
p�=b Q2

p)
T

]
· I.

Note the operator · means that each element of the output
matrix is the multiplication of the corresponding elements
of two input matrices.

To integrate the nonnegative constraints into the objec-
tive function, we set (Φu)ij as the Lagrange multiplier for
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constraint U b
ij ≥ 0, and the matrix Φu = [(Φu)ij ]. Then the

Lagrange L(U b) with respect to U b is defined as,

Lb = ‖A(b) − U bZT
u ‖2F + Tr(U bYuU bT

) + Tr(ΦuU bT
)

= Tr(A(b)A
T
(b))− 2Tr(A(b)ZuU bT

) +

Tr(U bZT
u ZuU bT

) + Tr(U bYuU bT
) + Tr(ΦuU bT

).

By setting the partial derivation of Lb with respect to U b

as zero, namely,

∂Lb

∂U b
= −2A(b)Zu + 2U bZT

u Zu + 2U bYu + Φu = 0,

and then along with the Karush-Kuhn-Tucker (KKT) con-
dition [8] of (Φu)ijU

b
ij = 0, we have

−(A(b)Zu)ijU
b
ij + (U bZT

u Zu)ijU
b
ij + (U bYu)ijU

b
ij

= −(A(b)Zu)ijU
b
ij + (U bZT

u Zu)ijU
b
ij

+(U bYu+)ijU
b
ij − (U bYu−)ijU

b
ij = 0 (14)

Then for the final solution, the following relation should
be satisfied,

U b
ij ← U b

ij

(A(b)Zu + U bYu−)ij

(U bZT
u Zu + U bYu+)ij

. (15)

We shall prove afterward that the above updating rule
could result in a convergent iterative procedure to obtain a
local optimum of the solution. Obviously this updating rule
is multiplicative and the non-negativity of the solution is
guaranteed.

3.3. Convergence of the Update Rule for Ub

Here, we denote Fij as the part of F (U b) in Eqn. (13)
relevant to Uij , and then we have

F ′
ij = (−2A(b)Zu + 2U bZT

u Zu + 2U bYu)ij , (16)

F ′′
ij = (2ZT

u Zu + 2Yu)jj . (17)

Then the auxiliary function of Fij is designed as

G(U b
ij , U

b
ij

(t)
) = Fij(U b

ij

(t)
) + F ′

ij(U
b
ij

(t)
)(U b

ij − U b
ij

(t)
)

+
(U b(t)

ZT
u Zu)ij + (U b(t)

Yu+)ij

U b
ij

(t)
(U b

ij − U b
ij

(t)
)2. (18)

Lemma 2 Eqn. (18) is an auxiliary function for Fij .
Proof: Since G(U b

ij , U
b
ij) = Fij(U b

ij) is obvious, we

need only show that G(U b
ij , U

b
ij

(t)) ≥ Fij(U b
ij). To do this,

we compare the Taylor series expansion of Fij(U b
ij),

Fij(U b
ij) = Fij(U b

ij

(t)
) + F ′

ij(U
b
ij

(t)
)(U b

ij − U b
ij

(t)
)

+
1
2
F ′′

ij(U
b
ij − U b

ij

(t)
)2, (19)

with Eqn. (18). We can see that G(U b
ij , U

b
ij

(t)) ≥ Fij(U b
ij)

is equivalent to

(U b(t)
ZT

u Zu)ij + (U b(t)
Yu+)ij

U b
ij

(t)
≥ (ZT

u Zu)jj + (Yu)jj . (20)

It is easy to verify that

(U b(t)
ZT

u Zu)ij =
k∑

m=1

U b
im

(t)
(ZT

u Zu)mj ≥ U b
ij

(t)
(ZT

u Zu)jj ,

and

(U b(t)
Yu+)ij =

k∑
m=1

U b
im

(t)
(Yu+)mj

≥ U b
ij

(t)
(Yu+)jj

≥ U b
ij

(t)
(Yu+ − Yu−)jj

= U b
ij

(t)
(Yu)jj . (21)

Thus, Eqn. (20) holds and G(U b
ij , U

b
ij

(t)) ≥ Fij(U b
ij). �

Lemma 3 Eqn. (15) could be obtained by minimizing

the auxiliary function G(U b
ij , U

b
ij

(t)), where U b
ij

(t)
is the it-

erative solution at the t-th step.
Proof: To obtain the minimum, we only need set the

partial derivative
∂G(Ub

ij ,Ub
ij

(t)
)

∂Ub
ij

= 0, and have

∂G(U b
ij , U

b
ij

(t))
∂U b

ij

= F ′
ij(U

b
ij

(t)
)

+
2(U b(t)

ZT
u Zu + U b(t)

Yu+)ij

U b
ij

(t)
(U b

ij − U b
ij

(t)
) = 0. (22)

Then we can obtain the iterative updating rule for U b as,

U b(t+1)

ij ← U b(t)

ij

(A(b)Zu + U b(t)
Yu−)ij

(U b(t)
ZT

u Zu + U b(t)
Yu+)ij

, (23)

and the lemma is proved. �

3.4. Optimize V for Given {Ub}n−1
b=1

After updating the matrices {U b}n−1
b=1 , we normalize the

column vectors of them and consequently convey the norm
to the coefficient matrix V , namely,

vm ← vm

n−1∏
b=1

‖ub
m‖,∀m, (24)

ub
m ← ub

m/‖ub
m‖,∀m, b. (25)

Then based on the normalized {U b}n−1
b=1 in Eqn. (25), the

objective function in Eqn. (9) with respect to V is then sim-
plified to be,
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F (V ) = ‖A −
k∑

m=1

(ub
m⊗)n−1

b=1 vm‖2F

+αTr(V 1T
LV 1) + αTr(V 2T

LpV 2)

= ‖A(n) −
k∑

m=1

vm[u1
m(⊗ub

m)n−1
b=2 ]T ‖2F

+αTr(V 1T
LV 1) + αTr(V 2T

LpV 2)

= ‖A(n) − V ZT
v ‖2F + Tr(V 1T

Y 1
v V 1)

+Tr(V 2T
Y 2

v V 2), (26)

where [ · ] in this equation represents to transform a ten-
sor to a vector. Zv is a matrix, where the mth column is
[u1

m(⊗ub
m)n−1

b=2 ]. Y 1
v and Y 2

v are given as,
Y 1

v = αL = Y 1
v+ − Y 1

v−,

Y 2
v = αLp = Y 2

v+ − Y 2
v−,

with the matrices defined as,
Y 1

v+ = αD, Y 2
v+ = αDp,

Y 1
v− = αS, Y 2

v− = αSp.

To integrate the nonnegative constraints into the objec-
tive function, we set (Φv)ij as the Lagrange multiplier for
constraint Vij ≥ 0, and the matrix Φv = [(Φv)ij ]. Then the
Lagrange Lv with respect to V is defined as,

Lv = ‖A(n) − V ZT
v ‖2F + Tr(V 1T

Y 1
v V 1)

+Tr(V 2T
Y 2

v V 2) + Tr(ΦvV T )
= Tr(A(n)A

T
(n))− 2Tr(A(n)ZvV

T )

+Tr(V ZT
v ZvV

T ) + Tr(V 1T
Y 1

v V 1)

+Tr(V 2T
Y 2

v V 2) + Tr(ΦvV T ). (27)

By setting the partial derivation of Lv with respect to V
as zero,

∂Lv

∂V
= −2A(n)Zv + 2V ZT

v Zv

+ 2[Y 1
v V 1, Y 2

v V 2] + Φv = 0,

along with the Karush-Kuhn-Tucker (KKT) condition [8] of
(Φv)ijVij = 0, we can have

−(A(n)Zv)ijVij + (V ZT
v Zv)ijVij

+ [Y 1
v V 1, Y 2

v V 2]ijVij

= −(A(n)Zv)ijVij + (V ZT
v Zv)ijVij

+ [Y 1
v+V 1, Y 2

v+V 2]ijVij − [Y 1
v−V 1, Y 2

v−V 2]ijVij

= 0.

Then the final relation on the solution should be satisfied,

Vij ← Vij

(A(n)Zv + [Y 1
v−V 1, Y 2

v−V 2])ij

(V ZT
v Zv + [Y 1

v+V 1, Y 2
v+V 2])ij

, (28)

which offers an updating rule for a convergent iterative pro-
cedure to obtain a local optimum solution for V .

3.5. Convergence of the Update Rule for V

Here, we denote Fij as the part of F (V ) in Eqn. (26)
relevant to Vij , and then we have,
F ′

ij = (−2A(n)Zv + 2V ZT
v Zv + 2[Y 1

v V 1, Y 2
v V 2])ij ,

F ′′
ij =

{
2(ZT

v Zv)jj + 2(Y 1
v )ii

2(ZT
v Zv)jj + 2(Y 2

v )ii

if j ≤ q;
otherwise.

Then the auxiliary function of Fij is designed as
G(Vij , V

t
ij) = Fij(V t

ij) + F ′
ij(V

t
ij)(Vij − V t

ij)

+
(V tZT

v Zv)ij + [Y 1
v+V 1t

, Y 2
v+V 2t]ij

V t
ij

(Vij − V t
ij)

2. (29)

Lemma 4 Eqn. (29) is an auxiliary function for Fij .
Proof: Since G(Vij , Vij) = Fij(Vij) is obvious, we

need only show that G(Vij , V
t
ij) ≥ Fij(Vij). To do this,

we compare the Taylor series expansion of Fij(Vij),
Fij(Vij) = Fij(V t

ij) + F ′
ij(V

t
ij)(Vij − V t

ij)

+
1
2
F ′′

ij(Vij − V t
ij)

2, (30)

with Eqn. (29), and then G(Vij , V
t
ij) ≥ Fij(Vij) is equiva-

lent to
(V tZT

v Zv)ij + [Y 1
v+V 1t

, Y 2
v+V 2t]ij

V t
ij

≥
{

(ZT
v Zv)jj + (Y 1

v )ii

(ZT
v Zv)jj + (Y 2

v )ii

if j ≤ q;
otherwise.

(31)

It is easy to verify that

(V tZT
v Zv)ij =

k∑
m=1

V t
im(ZT

v Zv)mj ≥ V t
ij(Z

T
v Zv)jj , (32)

and [Y 1
v+V 1t

, Y 2
v+V 2t

]ij

=

{ ∑dn

m=1 (Y 1
v+)imV t

mj∑dn

m=1 (Y 2
v+)imV t

mj

if j ≤ q;
otherwise.

≥
{

(Y 1
v+)iiV

t
ij

(Y 2
v+)iiV

t
ij

if j ≤ q;
otherwise.

≥
{

(Y 1
v+ − Y 1

v−)iiV
t
ij

(Y 2
v+ − Y 2

v−)iiV
t
ij

if j ≤ q;
otherwise.

=
{

(Y 1
v )iiV

t
ij

(Y 2
v )iiV

t
ij

if j ≤ q;
otherwise.

(33)

Thus, Eqn. (31) holds and G(Vij , V
t
ij) ≥ Fij(Vij). �

Lemma 5 Eqn. (28) could be obtained by minimizing
the auxiliary function G(Vij , V

t
ij).

Proof: To obtain the minimum, we only need set the

partial derivative
∂G(Vij ,V t

ij)

∂Vij
= 0, and have

∂G(Vij , V
t
ij)

∂Vij
= F ′

ij(V
t
ij)

+
2(V tZT

v Zv + [Y 1
v+V 1t

, Y 2
v+V 2t])ij

V t
ij

(Vij − V t
ij) = 0. (34)
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Then we can obtain the iterative updating rule for V as,

V t+1
ij ← V t

ij

(A(n)Zv + [Y 1
v−V 1t

, Y 2
v−V 2t])ij

(V ZT
v Zv + [Y 1

v+V 1t, Y 2
v+V 2t])ij

, (35)

and the lemma is proved. �

4. Experiments

In this section, we take the intrinsic and penalty graphs
from the marginal fisher analysis [13] algorithm to instanti-
ate the proposed generalized nonnegative graph embedding
framework, and the corresponding algorithm is called non-
negative discriminative tensor factorization (NDTF). We
systematically evaluate its effectiveness in terms of compu-
tation speed, basis sparsity, discriminating power, and ro-
bustness to realistic image occlusions by comparing with
the state-of-the-art algorithms on nonnegative data factor-
ization, graph embedding, and tensor representation.

4.1. Experiment Setup

Several popular subspace learning and nonnegative
learning algorithms are evaluated for comparison purpose:
four unsupervised ones including principal component anal-
ysis (PCA) [4], nonnegative matrix factorization (NMF)
[5], localized nonnegative matrix factorization (LNMF) [6],
and nonnegative tensor factorization (NTF) [3], two su-
pervised ones including linear discriminant analysis (LDA)
[1] and marginal fisher analysis (MFA) [13], three non-
negative graph embedding methods, including M -matrix
based nonnegative graph embedding (NGE) [14], the pro-
posed 2D nonnegative discriminative tensor factorization
(2D-NDTF), and the proposed 3D nonnegative discrimina-
tive tensor factorization (3D-NDTF). In this work, among
the above nine algorithms, NTF and 3D-NDTF consider an
image as a matrix, while the other ones consider an image as
a vector. The matrix versions of other supervised algorithms
are not further evaluated in this work due to their inherent
convergency issue and the comparable performances with
their vector versions as shown in [15].

For the NDTF algorithms, the intrinsic graph and penalty
graph are set the same as those for MFA, where the num-
ber of nearest neighbors of each sample is fixed to be
min(nc − 1, 3) and the number of shortest pairs from dif-
ferent classes is set as 20 for each class in this work. For
nonnegative data factorization related algorithms, the re-
construction coefficients for a new datum is computed as
in [6].

Three benchmark face database1, i.e. ORL, FERET, and
CMU PIE, are used. All images are aligned by fixing the
locations of two eyes. The ORL database contains 40 per-
sons, each with 10 images. For the FERET database, we
use 70 people with six images for each person. The CMU

1http://www.face-rec.org/databases/

Table 1. The time cost per iteration on average (seconds) for NGE
[14] and 2D-NDTF on ORL, FERERT, and PIE databases.

Algorithm ORL FERET PIE
NGE [14] 16.90 15.71 62.97
2D-NDTF 0.35 0.22 0.16
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Figure 1. Comparison objective function value vs. iteration num-
ber for NGE and 2D-NDTF on the ORL database.

PIE (Pose, Illumination, and Expression) database contains
more than 40,000 facial images of 68 people. In our exper-
iment, a subset of five near frontal poses (C27, C05, C29,
C09, and C07) and illuminations indexed as 08 and 11 is
used, and therefore each person has ten images. For the
ORL database, the images are normalized to 64-by-64 pix-
els; for the FERET database, the images are normalized to
56-by-46 pixels; and for the PIE database, the images are
normalized to 32-by-32 pixels. For all databases, half of the
images for each person are randomly selected as training
data, and the other half for testing. The reported accuracy is
averaged over five random splits of all data.

4.2. Computation Speed

As aforementioned, the M -matrix based nonnegative
graph embedding algorithm (NGE) proposed in [14] suf-
fers from high time complexity caused by the matrix inverse
calculation for the M -matrix in each iteration, and will be
prohibitively high when the sample number is too large.

The proposed NDTF is a multiplicative nonnegative
graph embedding algorithm as shown in Eqn. (15) and (28).
It is obvious that the multiplicative update rule is much
more efficient than the M -matrix based update rule. The
time cost per iteration on average for NGE and 2D-NDTF
is listed in Table 1. The two algorithms used the same ini-
tialization matrices, and they were implemented using Mat-
lab 2008a on a computer with Intel (R)Core (TM) 2 Duo
2.66GHz CPU and 4GB of RAM. From Table 1 we can
see that the speed of 2D-NDTF is overwhelmingly faster
than NGE. More specifically, 2D-NDTF is about 47 times
on ORL, 70 times on FERET, and 393 times on PIE faster
than NGE. The slow speed of NGE algorithm is caused by
the computation of k times of the matrix inverse calculation
for the M -matrix in each iteration, where k is the number
of bases introduced in Eqn. (7). We also compared the con-
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Figure 2. Basis matrix visualization of the algorithms PCA (1st
row), NMF (2nd row), 2D-NDTF (3nd row), and 3D-NDTF (4th
row, based on Tm as described in Section 2.1) based on the training
data of the ORL database.

vergency speed of these two algorithms. Figure 1 shows the
objective function value decreases with the iterations on the
ORL database. We can observe that 2D-NDTF is a little
better than NGE on algorithmic convergency when the it-
eration number is small. As the cost functions of NGE and
2D-NDTF are the same, we will only show the performance
of 2D-NDTF afterwards.

4.3. Sparsity Analysis

In this subsection, we examine the sparsity property of
the NDTF related algorithms. The basis matrices of 2D-
NDTF and 3D-NDTF compared with those from PCA and
NMF on the ORL database are depicted in Figure 2, from
which we can observe that: 1) the bases of 2D-NDTF,
3D-NDTF and NMF are much sparser than those of PCA,
and 2) 3D-NDTF is also sparser than 2D-NDTF. On the
one hand, by leveraging the labeled and unlabeled data,
2D-NDTF and 3D-NDTF may have superior discrimina-
tive capability over those unsupervised nonnegative algo-
rithms such as NMF and LNMF; on the other hand, the spar-
sity property of 2D-NDTF and 3D-NDTF algorithms makes
them potentially more robust to image occlusions than PCA
and other related algorithms. We will validate these points
in the next subsections.

4.4. Classification Capability

In this subsection, we evaluate the discriminating power
of the 2D-NDTF and 3D-NDTF algorithms by compar-
ing them with three popular subspace learning algorithms:
PCA, LDA, and MFA, as well as three nonnegative data
factorization algorithms: NMF, LNMF, and NTF. For LDA
and MFA, we first reduce the data to the dimension of N -
Nc using PCA, where N is the number of training data and
Nc is the number of classes, for avoiding the singular value
issue as conventionally. To be fair, all other algorithms also
use the same PCA preprocessing. For all nonnegative algo-
rithms, the parameter k is set as N × m/(N + m) in all
the experiment settings, where m is the feature dimension

Table 2. Face recognition accuracies (%) of different algorithms
on three databases. Notice that the values in parentheses are the
standard deviations of five rounds.

Algorithm ORL FERET PIE

PCA 87.10 (±2.46) 79.81 (±3.73) 80.89 (±1.64)
NMF 86.90 (±3.78) 69.43 (±3.85) 80.57 (±2.99)

LNMF 87.00 (±1.50) 84.19 (±2.85) 85.84 (±3.02)
NTF 88.10 (±2.38) 82.67 (±2.51) 80.44 (±2.79)

LDA 94.30 (±1.15) 89.91 (±4.42) 95.11 (±1.20)
MFA 95.30 (±1.15) 89.33 (±4.36) 95.30 (±1.18)

2D-NDTF 95.10 (±1.34) 89.81 (±2.75) 96.00 (±0.66)
3D-NDTF 95.30 (±1.60) 89.81 (±3.46) 96.57 (±1.20)

of the vector representation of an image. q is simply set to
be Nc for NDTF related algorithms. The parameter α in
2D-NDTF and 3D-NDTF is selected from [10, 100, 1000].
We report the best results by exploring all possible feature
dimensions for all algorithms as conventionally [13].

The comparison results of different algorithms on the
ORL, FERET, and PIE databases are listed in Table 2, from
which we could draw the following conclusions. First,
the performances of nonnegative algorithms NMF, LNMF,
and NTF are much worse than supervised algorithms LDA,
MFA, 2D-NDTF, and 3D-NDTF, which shows that without
considering the labeled data, nonnegative algorithms could
not guarantee good discriminating power. Second, the per-
formances of NDTF related algorithms slightly outperform
MFA and LDA on average, since they all fully utilize the
label information, and the nonnegative property is limited
in bringing much greater classification power. However, as
shown in the next subsection, due to the sparsity property,
NDTF related algorithms are more robust than MFA and
LDA to image occlusions.

Figure 3. Sample images from the ORL database with occlusion
patch sizes as 0-by-0, 16-by-16, 20-by-20, 24-by-24, and 28-by-28
pixels respectively. The original occlusion objects are also listed.
Different occlusion types from top row to bottom row are: 1) piggy
bank, 2) strawberry, and 3) pop can.

4.5. Robustness to Realistic Image Occlusions

As aforementioned, the bases from NDTF algorithms
are sparse, localized, and discriminative, which indicates
that NDTF related algorithms are potentially more robust
to image occlusions compared with other subspace learn-
ing algorithms. To verify this point, we randomly add re-
alistic image occlusions of different sizes to the testing im-
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Figure 4. Face recognition accuracy vs. occlusion patch size on the ORL face database (top row) and FERET face database (bottom row).
For better viewing, please see the color pdf file.

ages. Several different objects are used as occlusions, i.e.
1) “piggy bank”, 2) “strawberry”, and 3) “pop can”. Sev-
eral example faces with occlusions of different sizes and
different types are depicted in Figure 3. Figure 4 presents
the face recognition accuracies in the cases with occlusion
on ORL and FERET databases. From these results, we can
have the following observations: 1) the performances of un-
supervised algorithms are much lower than supervised al-
gorithms when occlusion size is small; 2) the gap between
unsupervised algorithms and supervised algorithms is be-
coming smaller when the occlusion size is increasing, since
the larger occlusion could weaken the effect of supervised
learning; 3) the superiority of NDTF algorithms over LDA
and MFA becomes more and more clear with the increase
of occlusion size, which shows that NDTF algorithms are
more robust to image occlusions compared with other sub-
space learning algorithms such as LDA and MFA; and 4)
3D-NDTF outperforms 2D-NDTF on average. It should be
noted that due to the space limitation, we have omitted the
occlusion results on the PIE database, which are consistent
with the above observations.

5. Conclusions and Future Works

In this paper, we studied the generalized framework of
nonnegative graph embedding, the vector version of which
was initially studied in [14]. We presented a multiplica-
tive update rule for solving this general problem, and also
generalized the framework to the cases with data encoded
as tensors of arbitrary order. This generalized framework
is a tool and can be used to design new nonnegative data
factorization algorithms for specific purpose, such as the
nonnegative discriminative tensor factorization algorithm
(NDTF) discussed in the experimental section. We are plan-
ning to further explore this generalized nonnegative graph
embedding framework from three aspects: 1) to design

semi-supervised nonnegative data factorization algorithm
based on this framework for harnessing the unlabeled data
in model learning stage, 2) to explore solution for online
learning [12], and 3) to explore other ways to harmoniously
achieve the two objectives, i.e., good reconstruction capa-
bility and good discriminating power.
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