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Abstract

Linear Discriminant Analysis (LDA) is a popular fea-
ture extraction method that has aroused considerable inter-
ests in computer vision and pattern recognition fields. The
projection vectors of LDA is usually achieved by maximiz-
ing the between-class scatter and simultaneously minimiz-
ing the within-class scatter of the data set. However, in
practice, there is usually a lack of sufficient labeled data,
which makes the estimated projection direction inaccurate.
To address the above limitations, in this paper, we propose
a novel semi-supervised discriminant analysis approach.
Unlike traditional graph based methods, our algorithm in-
corporates the geometric information revealed by both la-
beled and unlabeled data points in a semi-parametric way.
Specifically, the final projections of the data points will con-
tain two parts: a discriminant part learned by traditional
LDA (or KDA) on the labeled points and a geometrical part
learned by kernel PCA on the whole data set. Therefore we
call our algorithm Semi-parametric Semi-supervised Dis-
criminant Analysis (SSDA). Experimental results on face
recognition and image retrieval tasks are presented to show
the effectiveness of our method.

1. Introduction

Dimensionality reduction has been a key problem in
computer vision and pattern recognition fields, since (1)
the curse of high dimensionality is usually a major cause
of limitations of many practical technologies; (2) the large
quantities of features may degrade the performances of the
classifiers when the size of the training set is small com-
pared to the number of features [14]. In the past several
decades, many dimensionality reduction methods have been
proposed, in which Principal Component Analysis (PCA)
and Linear Discriminant Analysis (LDA) are among the
most well-known ones.

∗The work is partially supported by NSF grants IIS-0546280, DMS-
0844513 and CCF-0830659.

PCA [15] is an unsupervised dimensionality reduction
method which aims at extracting a linear subspace in which
the variance of the projected data is maximized (or, equiva-
lently, the reconstruction error is minimized). If the data set
is indeed embedded in a linear subspace, then PCA is guar-
anteed to discover such a subspace and produces a compact
representation. Otherwise, we can apply some other tech-
niques (e.g.,the kernel trick [19]) to generalize traditional
PCA to the nonlinear case.

LDA [10] is a supervised dimensionality reduction tech-
nique which aims to find a projection subspace on which
the data from the same class will be pushed close while the
data from different classes will be pulled far away. When
sufficient label information are available, e.g. for the fully
supervised classification task, LDA is shown to be capable
of achieving significant better performances than PCA [1].
However, in practice, there is usually a lack of sufficient la-
beled data, which makes the estimated projection direction
inaccurate and thus degrades the final performance of LDA.

To solve the problem, some semi-supervised learning
methods, which aims to to learn from both labeled and un-
labeled data, have been proposed [6], among which graph
based approaches [23] are one of the most active research
areas. The main theme behind those techniques is to model
the whole data set (including both labeled and unlabeled
data points) as a graph and then use such geometric infor-
mation as a prior to guide the final decision process [2].
Recently, Cai et al. [5] incorporated such idea into discrim-
inant analysis and proposed Semi-supervised Discriminant
Analysis (SDA), which finds a projection respecting the dis-
criminant structure inferred from the labeled data, as well
as the intrinsic geometric structure from all the data points.

In this paper, we propose a novel Semi-parametric Semi-
supervised Discriminant Analysis (SSDA) technique. Un-
like SDA, our method exploits the geometric information of
the data set in a different way. In SSDA, we first formu-
late discriminant analysis as a regression problem, in which
the regression function is a semi-parametric one that can be
decomposed into two parts: the non-parametric part is ob-
tained via performing traditional discriminant analysis al-
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gorithms (i.e., LDA or Kernel Discriminant Analysis (KDA)
[17]) on the labeled data, and the parametric part is achieved
by performing Kernel PCA on both labeled and unlabeled
data points (which will be made clear in the later sections).
As a result, SSDA is able to learn the data projections by in-
tegrating the power of LDA and KPCA. From another point
of view, we use the geometrical information learned from
KPCA to “correct” the projection directions learned only on
the labeled data by LDA to make it more “accurate”.

It is worthwhile to highlight several aspects of the pro-
posed approach here:

1. The proposed SSDA approach is based on semi-
parametric regression, unlike traditional LDA which is
based on generalized eigenvalue decomposition.

2. We derive a new way to exploit the geometrical in-
formation contained in the data set, which is different
from traditional graph based approaches.

3. SSDA is computationally efficient and achieves good
empirical results in our experiments.

4. The core idea of SSDA can be easily generalized to
other classification and regression problems.

The rest of this paper is organized as follows: In Section
2 we will briefly review some works that is closely related
to this paper. The detailed algorithm of SSDA will be in-
troduced in Section 3. Section 4 will show the experimental
results on applying SSDA to the problem of face recognition
from a single training image and image retrieval, followed
by the conclusions and discussions in Section 5.

2. Related Works

In this section we briefly review some previous works
that are closely related to this paper. Generally, given a la-
beled data set X = {x1,x2, · · · ,xl} coming from C dif-
ferent classes, LDA finds the optimal projection direction by
[10]

w∗ = arg max
w

wT Sbw
wT Sww

(1)

where

Sb =
∑C

c=1
nc(mc − m)(mc − m)T (2)

Sw =
∑C

c=1

(∑
xi∈πc

(xi − mc)(xi − mc)T
)

(3)

are the between-class and within-class scatter matrices re-
spectively. mc is the mean of the c-th vector, m is the mean
of the whole data set, πc denotes the c-th class with size nc.

If we define the total scatter matrix of X as

St =
∑l

i=1
(xi − m)(xi − m)T = Sb + Sw, (4)

then the objective of LDA is equivalent to

w∗ = arg max
w

wT Sbw
wT Stw

. (5)

The optimal w’s can be obtained by the following general-
ized eigenvalue-decomposition problem

Sbw = λStw

If we first subtract the mean from the data set, i.e., centralize
the data, then the between-class scatter matrix becomes

Sb =
C∑

c=1

ncmcmT
c =

C∑
c=1

X̄(c)G(c)(X̄(c))T (6)

where X̄(c) = [x̄(c)
1 , x̄(c)

2 , · · · , x̄(c)
nc ] denotes the centralized

data matrix of the c-th class, and G(c) is an nc×nc constant
matrix with all its elements equal to 1/nc.

If we rearrange the data order and define the centralized
data matrix as X̄ = [X̄(1), X̄(2), · · · , X̄(C)], and define a
block-diagonal matrix G ∈ R

l×l as

G =

⎡
⎢⎢⎢⎣

G(1) 0 · · · 0
0 G(2) · · · 0
...

...
. . .

...
0 0 · · · G(C)

⎤
⎥⎥⎥⎦ (7)

where we use 0 to denotes the zero matrix with appropriate
size. Thus we have Sb = X̄GX̄T , and St = X̄X̄T . Then
the objective function in Eq.(1) can be rewritten as

w∗ = arg max
w

wT X̄GX̄T w
wT X̄X̄T w

(8)

Recently, Cai et al. [5] pointed out that when there is no
sufficient labeled training samples (which is a common case
in practice [6]), the data covariance matrices of each class
may not be accurately estimated, which will make the fi-
nal projection direction w inaccurately estimated. To solve
such a problem, they proposed to first construct a data de-
pendent regularizer

J(w) = wT X̄LX̄w (9)

and solve for the optimal w by

w∗ = arg max
w

wT X̄GX̄T w
wT X̄X̄T w + J(w)

(10)

where L = D − S ∈ R
l×l is the combinatorial graph

Laplacian [9], S ∈ R
l×l is the data similarity matrix with

its (i, j)-th entry representing the similarity between xi and
xj , D ∈ R

l×l is a diagonal data degree matrix with the i-th
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Table 1. Spectral Regression LDA

Inputs: Training data set X from C classes
Outputs: C − 1 projection directions w1, · · · ,wc−1

Procedure:
1. Centralize X
2. Generate the C − 1 response vectors {ȳi}C−1

i=1 by the
Gram-Schmidt method as introduced in [4]

3. Solving the regularized least square problem (13).

element on its diagonal line D(i, i) =
∑

j Sij . To see its
physical meaning, we can further expand J(w) by

J(w) =
∑l

i=1
Sij(wT x̄i − wT x̄j)2 (11)

which measures the smoothness of the data set after projec-
tion. Therefore, the criterion shown in Eq.(10) just aims to
learn a discriminative function which is as smooth as possi-
ble on the data manifold.

3. Semi-parametric Semi-supervised Discrimi-
nant Analysis (SSDA)

In this section, we introduce our Semi-parametric Semi-
supervised Discriminant Analysis (SSDA) algorithm in de-
tail. Since our method is based on the regression interpre-
tation of the traditional LDA algorithm, we first introduce
how to formulate LDA as a regression problem.

3.1. Spectral Regression LDA

Cai et al. [4] recently proposed a unified spectral re-
gression framework for subspace learning. We can also
adapt LDA into such framework by two steps: (1) solve the
eigen-problem Gȳ = λȳ to get ȳ; (2) find w by solving
X̄T w = ȳ. Since in practice such a w may not exist, we
can solve the following regression problem to obtain an ap-
proximate w

w∗ = arg min
w

∑l

i=1
(wT x̄i − ȳi)2 (12)

In situations where the number of samples is smaller than
the number of features (in which case we can get infinite
number solutions for X̄T w = ȳ), we can solve the follow-
ing regularized form of Eq.(12) to obtain the optimal w

w∗ = arg min
w

(∑l

i=1
(wT x̄i − ȳi)2 + δ‖w‖2

)
(13)

Following the parlance in [4], we call this algorithm Spec-
tral Regression LDA (SRLDA), and the main procedure of
which is summarized in Table 1.

3.2. SSDA: The Algorithm

One major problem for SRLDA is that when there is no
sufficient labeled data, w may be inaccurately estimated.

However, in practice, the unlabeled data are usually much
easier to obtain. Therefore it is natural to incorporate
those unlabeled points into the estimation of w. One most
straightforward way is to follow the idea in [2], i.e., we con-
struct a graph based regularizer as in Eq.(9) using the whole
data set (both labeled and unlabeled data) and then solve the
following optimization problem.

w∗ = arg min
w

(
l∑

i=1

(wT x̄i − ȳi)2 + δ‖w‖2 + ρwT X̄LX̄w

)

In such a way, the learned w will not only contain discrim-
inative information, but also the geometrical information
contained in the data set.

In the following, we introduce a novel method, called
Semi-parametric Semi-supervised Discriminant Analysis
(SSDA), to realize semi-supervised LDA. First we review
the basics of semi-parametric regression [18].

3.2.1 Semi-parametric Regression

The standard definition of semi-parametric regression is

Definition 1 (Semi-parametric Regression). Semi-
parametric regression refers to the regression models in
which the predictor contains both parametric and non-
parametric components.

For example, suppose we want to construct a predictor f̃
from n input-output pairs {(x1, y1), · · · , (xn, yn)} by

f̃∗ = arg min
f̃

n∑
i=1

L(yi, f̃(xi)) (14)

where L(·, ·) is some loss function. Then for parametric
regression, f̃(x) can be written as an explicit function of x
which is dependent on some parameters w (e.g., linear re-
gression); for non-parametric regression, f̃(x) cannot be
estimated via an explicit parametric function, i.e., it can
only be estimated from the data (e.g., k-nearest neighbor
classifier); for semi-parametric regression, f̃ can be decom-
posed into two parts as f̃ = f + h, where f is a non-
parametric predictor which can be estimated from the data
set, h ∈ span{ψp} is a parametric estimator, with {ψp} a
family of parametric functions.

The semi-parametric model can be useful in many cases
[19], for example, if one has some additional knowl-
edge that the major properties of the data set are de-
scribed by a small set of independent basis functions
{ψ1(·), ψ2(·), · · · , ψm(·)}, or one may want to correct the
data from some (e.g. linear) trends. From another point
of view, the semi-parametric way can also make the model
more understandable without sacrificing the accuracy (the
non-parametric component usually makes the model accu-
rate since it is estimated from the data, while the paramet-
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ric component can make the model more easily understood
since it can be written in an explicit form).

Since discriminant analysis can be formulated as a re-
gression problem as we have introduced in Section 3.1, we
can also construct a semi-parametric model for discriminant
analysis. Specifically, the semi-parametric model consists
of two parts: one part (the non-parametric part) is learned
from the labeled data which contains some discriminant in-
formation, the other part (the parametric part) is learned
from both labeled and unlabeled data to incorporate the ge-
ometrical information contained in the data set. In other
words, in the case when there is no sufficient labeled data,
then the discriminative information contained in the data set
(the non-parametric part) may not be accurately estimated,
therefore we apply a parametric estimator to “correct” the
original predictor to make it more accurate.

Before we go into the details of our SSDA algorithm, first
we introduce two preliminary theorems [19].

Theorem 1 (Semiparametric Representor Theorem).
Suppose we are given a nonempty set X , a positive def-
inite real-valued kernel k on X × X , a training set
(x1, y1), (x2, y2), · · · , (xl, yl) ∈ X × R, a strictly mono-
tonically increasing real-valued function Ω on [0,∞], an
arbitrary cost function L : (X × R

2)l → R
⋃{∞}, and a

class of functions

F =
{
f ∈ R

X
∣∣∣f(·) =

∑∞
i=1

γik(·, zi), ‖f‖k <∞
}

where γi ∈ R, zi ∈ X , and ‖ · ‖ is the norm in the Repro-
ducing Kernel Hilbert Space (RKHS) Hk associated with k,
i.e., for any zi ∈ X , γi ∈ R,∥∥∥∑∞

i=1
γik(·, zi)

∥∥∥2

=
∑∞

i,j=1
γiγjk(zi, zj).

Moreover, we are also given a set ofm real-valued functions
{ψp}m

p=1 on X , with the property that the l × m matrix

(ψp(xi))ip has rank m. Then any f̃ = f + h, with f ∈ F
and h ∈ span{ψp}, minimizing the regularized risk

c((x1, y1, f̃(x1)), · · · , (xl, yl, f̃(xl))) + Ω(‖f‖k)

admits a representation of the form

f̃(·) =
∑l

i=1
αik(xi, ·) +

∑m

p=1
γpψp(·) (15)

with αi, γp ∈ R for all p = 1, 2, · · · ,m.

In theorem 1, the parametric functions {ψp}m
p=1 can be

any functions, e.g., in standard SVM, m = 1 and ψ1(x) = 1
[19]. Therefore, in the semi-parametric setting, the function
f̃∗ minimizing the following structural loss

J =
∑l

i=1
L(xi, yi, f̃(xi)) + ‖f‖2

k (16)

would have the form of Eq.(15). Note that in the above loss,
the parametric functions {ψp}m

p=1 do not contribute to the
regularization term ‖f‖2

k. [19] pointed out that this needs
not to be a major concern when m is sufficiently small than
l. Returning to the SRLDA problem Eq.(13), we can easily
find that it is just a spacial case of Eq.(16) with L being the
square loss and f̃ begin a linear function without parametric
components.

3.2.2 Incorporating the Geometrical Information

Now the only problem remained is how to fit semi-
supervised regression into the semi-supervised setting, i.e.,
how to incorporate the geometrical information contained
in the data set into the learning process. A natural choice
would be to construct some proper parametric functions
which carry those geometrical information.

More concretely, in our SSDA algorithm, we use only
one parametric function, i.e., m = 1, which is learned from
both labeled and unlabeled data via Kernel PCA (KPCA)
[19]. The goal of KPCA is to find the principal axes which
carry the largest variance in the features. Mathematically,
let {Φ(x1),Φ(x2), · · · ,Φ(xn)} be the data set in the
feature space, which has been centralized. Then KPCA
aims to find the principal axis by solving Cv = λv, where
C =

∑n
i=1 Φ(xi)Φ(xi)T /n is the data covariance matrix

in the feature space. Since the eigenvector v lies in the
space spanned by {Φ(x1),Φ(x2), · · · ,Φ(xn)}, then v can
be expanded by v =

∑n
i=1 μiΦ(xi), where μi ∈ R are the

expansion coefficients. Combining all things together, we
can derive that nλμ = Kμ, where μ = [μ1, μ2, · · · , μn]T .
Then we have the following theorem [7].

Theorem 2. The continuous solutions for the discrete
cluster membership indicator vectors in Kernel K-means
clustering for X are just the eigenvectors of K correspond-
ing to its largest C − 1 eigenvalues.

Theorem 2 tells us that the eigenvectors of K in fact
carry some distribution information contained in the data
set. For a new test point Φ(x), its projection on the c-th
kernel principal component vc is just

P c(x) = 〈Φ(x),vc〉 =
∑n

i=1
k(x,xi)μc

i (17)

where μc
i denotes the i-th component of μc. According to

theorem 2 and the previous analysis, what P c(x) measures
is just the similarity between x and the c-th cluster.

Therefore, returning back to our SSDA algorithm, we can
set the parametric function for f

ψ(x) = P (x) (18)

which incorporates the geometrical information contained
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in the data set1. In this way, combining Eq.(15) and Eq.(18),
we can rewrite the regression function as

f̃(x) =
∑l

i=1
αik(xi,x) + γψ(x) (19)

Note that the first term of f̃ only relates to the labeled data
points, while the second term of f relates to both labeled
and unlabeled data points. In the following subsection we
will derive a concrete algorithm on how to get an optimal f̃ .

3.2.3 A Concrete Algorithm

In this section, we introduce a concrete SSDA algorithm,
where the regression loss takes a quadratic form as in
SRLDA. Then the optimal f̃ can be obtained by minimiz-
ing

J =
∑l

i=1
(ȳi − f̃(xi))2 + δ‖f‖2

k (20)

where ȳi is the real label of the i-th data point, and δ is the
regularization parameter. Combining Eq.(20) and Eq.(19),
we can get that

J =
l∑

i=1

⎛
⎝ȳi −

l∑
j=1

αjk(xj ,xi) − γψ(xi)

⎞
⎠

2

+ δ‖f‖2
k,

Written in its matrix form, J is equal to

J = (ȳ−Klα−γψ)T (ȳ−Klα−γψ)+δαT Klα (21)

where Kl is the l × l kernel matrix constructed by the la-
beled points, ψ = [ψ(x1), · · · , ψ(xl)]T . For multi-class
problems, we need to solve C − 1 projection functions as
in SRLDA. Therefore we can solve them by minimizing the
following criterion.

J = tr
(
(Ȳ − KlA − ΨΓ)T (Ȳ − KlA − ΨΓ)

)
+δtr

(
AT KlA

)
(22)

where Ȳ = [ȳ1, · · · , ȳC−1], and ȳc can be obtained by the
same manner as in SRLDA in table 1. A = [α1, · · · ,αC−1]
with αc being the expansion coefficients for f̃ c. Ψ =
[ψ1, · · · ,ψC−1] with its (i, j)-th element Ψij = ψj

i =
P j(xi), where P j(xi) is defined in Eq.(17). Γ is a diagonal
matrix with the i-th element on its diagonal line Γii = γi.
Since the derivatives of J with respect to A and γ

∂J
∂A

= 2
(
KlKlA + KlΨΓ − KlȲ + δKlA

)
(23)

∂J
∂Γ

= 2
(
ΨT KlA + ΨT ΨΓ − ΨT Ȳ

)
(24)

1In the multi-class discriminant analysis, we will pursue C − 1 projec-
tion directions, which means that we will regress C − 1 projection func-
tions f̃1, f̃2, · · · , f̃C−1, such that fc(xi) returns the embedding of xi

on the c-th direction. The parametric part of f̃c is P c.

Table 2. Semi-parametric Semi-supervised Discriminant Analysis

Inputs:
Data set X = XL

⋃XU , XL is the labeled set,
XU is the unlabeled set; Kernel parameters.

Outputs:
Estimated function {f̃ c}C−1

c=1

Procedure:
1. Choose the kernel K and do KPCA on the whole

data set X , get ψc(·) = P c(·) as in Eq.(17).
2. Choose the kernel Kl on XL, and solve the linear

equation system Eq.(23) and Eq.(24).
3. Output f̃c(x) =

∑l
i=1 α

c
ik(xi,x) + γψc(x).

will vanish at its minimum, thus we can solve the optimal
(A,Γ) by solving the linear equation system ∂J /∂A =
0, ∂J /∂Γ = 0, from which we can derive that

αc∗ =
(
δI − ψc(ψc)T Kl

ψc(ψc)T
+ Kl

)−1(
I − ψc(ψc)T

(ψc)Tψc

)
ȳc

γc∗ =
(ψc)T ȳc − (ψc)T Klαc∗

(ψc)Tψc

The main procedure of SSDA is summarized in Table 2.

The Linear Case: We can also linearize SSDA to make it
more efficient in practice. Specifically, linear SSDA aims to
solve the C − 1 projection functions in the following form

f̃c(x) = (wc)T x + γψc(x), (25)

where wc is the c-th projection direction, ψc is the paramet-
ric part of f̃c which has the same meaning as in Eq.(18).

Similar to SSDA, we can solve for the optimal wc by
minimizing

J̄ = tr
(
(Ȳ − XT

LW − ΨΓ)T (Ȳ − XT
LW − ΨΓ)

)
+δtr

(
WT W

)
, (26)

where W = [w1, · · · ,wC−1], XL ∈ R
d×l is composed of

all the labeled data points, Ȳ,Ψ,Γ have the same meaning
as in Eq.(22). Then we have

∂J̄
∂W

= 2(XLXT
LW + XLΨΓ − XLȲ + δW)(27)

∂J̄
∂Γ

= 2(ΨT XT
LW + ΨT ΨΓ − ΨT Ȳ) (28)
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Table 3. Linear SSDA

Inputs:
Data set X = XL

⋃XU , XL is the labeled set,
XU is the unlabeled set; Kernel parameters.

Outputs:
Estimated function {f̃ c}C−1

c=1

Procedure:
1. Choose the kernel K and do KPCA on the whole

data set X , get ψc(·) = P c(·) as in Eq.(17).
2. Solve the linear equation system Eq.(27) and Eq.(28).
3. Output f̃c(x) = (wc)T x + γψc(x).

By setting ∂J̄ /∂W = 0, ∂J̄ /∂Γ = 0, we can get that2

wc∗ =
(
XLXT

L + δI − XLψ
c(ψc)T XT

L

(ψc)Tψc

)−1

·
(
XL − XLψ

c(ψc)T ȳc

(ψc)Tψc

)
(29)

γc∗ =
(ψc)T ȳc − (ψc)T XT

Lwc∗

(ψc)Tψc (30)

The main procedure of Linear Semi-parametric Semi-
supervised Discriminant Analysis (LSSDA) is summarized
in Table 3.

3.3. Complexity Analysis

In the last subsection we have introduced our SSDA al-
gorithm and its linear counterpart in detail. From the algo-
rithm flowchart in Table 2 we can see that the main compu-
tational cost of SSDA lies in two parts: (1) perform KPCA
on the whole data set X ; (2) solve the linear equation sys-
tem. Conventionally, the first part will cost O(n3) time,
where n = l + u is the total number of data points, and the
second part will cost O(l3) time, where l is the number of
labeled points. In practice, we can apply some sophisticated
methods to make our algorithm efficient, e.g., the Nyström
[8] or block quantized [25] approximation for KPCA, and
the iterative methods for solving linear equation systems
[12].

3.4. Relationship with Manifold Regularization

Semi-supervised learning has aroused considerable in-
terests in machine learning and computer vision fields in re-
cent years [6], among which graph based semi-supervised
learning is one of the most active research topic. Belkin
et al. [2] proposed a manifold regularization framework

2Note that using Eq.(29) to get the optimal wc needs to compute
the inverse of a d × d matrix. It would be very time consuming
when d � l. A trick is to apply the Woodbury formula [12] such
that wc =

(
I − XL(δI + BXT

LXL)−1BXT
L

)
/δ, where B = I −

(ψc(ψc)T /(ψc)Tψc). In this way we only need to compute a matrix of
size l × l.

for semi-supervised learning, which explores the geometric
structure of the marginal distribution of the data set. Specif-
ically, for a classification function f , they considered the
following regularization term3

‖f‖2
I = fT Lf =

∑
ij

(fi − fj)2Sij

where Sij is the similarity between xi and xj , fi =
f(xi), f = [f1, · · · , fn]T , and L is the combinatorial
graph Laplacian as we have defined in Eq.(9). By incor-
porating ‖f‖2

I , the manifold regularization method aims to
obtain an optimal f by

f∗ = arg min
f

l∑
i=1

L(xi, yi, fi) + γA‖f‖2
k + γI‖f‖2

I (31)

Based on this criterion, f should satisfy the following two
properties: (1) Label Consistency: The predictions of f on
labeled points will be sufficiently close to their initial labels;
(2) The predictions of f on the whole data set should be
sufficiently smooth with respect to the intrinsic data graph.

Although the label smoothness property seems intuitive
and straightforward, it cannot fit all the cases. For exam-
ple, it is suitable for the data from the same class, while
unsuitable for the data in different classes. However, in our
SSDA method, we incorporate the geometrical information
of the data set by KPCA, which carries the underlying clus-
ter information of the data set. Thus we may expect that the
resulting f should have more discriminative power.

In another paper Sindhwani et al. [21] pointed out that
what manifold regularization does is to warp the original
functional space (which is a Reproducing Kernel Hilbert
Space (RKHS)) towards the data distributions and define
a different data dependent function norm. For our SSDA
method, we warp the RKHS in a different way. We extend
the original RKHS by incorporating a parametric part such
that the learned function can reflect the data distributions
without changing its norm.

4. Experiments

In this section, we investigate the performance of our
proposed SSDA methods on face recognition from a single
training image [3], and image retrieval tasks.

4.1. Face Recognition from a Single Training Image

The databases we used in this part of experiments are

3Note that when we relax the constraint that the return values of f
should be discrete, then the classification problem can also be regarded as
a regression problem as discriminant analysis. The only difference is that
in classification, the desired target value yi is the initial label of xi, while
in discriminant analysis, the desired target vale yi is the ideal embedding
of xi.
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Table 4. Recognition accuracies on ORL (mean±std-dev%)
Transduction acc Induction acc

PCA [22] 54.4 ± 2.1 53.5 ± 1.9

Kernel PCA [19] 59.9 ± 2.0 59.4 ± 2.5

Consistency [26] 68.4 ± 2.3 —
LapSVM [2] 69.3 ± 1.8 68.7 ± 1.7

LapRLS [2] 68.6 ± 1.9 67.9 ± 2.0

SDA [5] 68.9 ± 2.0 68.3 ± 1.8

LSSDA 69.1 ± 2.1 68.7 ± 1.9

SSDA 72.1 ± 1.9 71.3 ± 2.2

1. The ORL face dataset4. There are ten images for each
of the 40 human subjects. The original images (with
256 gray levels) have size 92× 112, which are resized
to 32 × 32 for efficiency;

2. The UMIST face database [11] consists of 564 gray-
level images from 20 persons. The original pre-
cropped images are of size 112 × 92. In our experi-
ment, the images were also resized to 32 × 32;

3. The CMU PIE face dataset [20]. It contains 68 indi-
viduals with 41,368 face images as a whole. In our
experiments, we choose the frontal pose (C27) with
varying lighting and illumination which leaves us 43
images for each individual, and all the images were
also resized to 32 × 32.

In out experiments, we first split each data set into a
training set and a testing set, then the training set is fur-
ther split into a labeled set (which contains one images per
person) and an unlabeled set 5. The algorithms will first
be applied on the training set to learn a subspace (for PCA,
KPCA, SDA, LSSDA and SSDA) or a classifier (for Coonsis-
tency, LapSVM and LapRLS, then the nearest neighbor clas-
sifier will be performed in the learned subspace. The final
performances of those approaches will be evaluated via two
ways, the classification accuracy on the training unlabeled
set (transduction accuracy) and the testing set (induction
accuracy). For our SSDA and LSSDA method, the kernels
used to perform KPCA and construct projection functions
are all Gaussian kernels with their variances setting by 5-
fold cross validation. The parameters in other approaches
are set by standard ways as in their respective references.

The experimental results are reported in Table 4, 5 and 6,
where all the values are summarized from 50 independent
runs. From the tables we can clearly observe the superiori-
ties of our methods.

4http://www.uk.research.att.com/facedatabase.html
5For ORL data set, we randomly select 7 images per person to construct

the training set; for the UMIST data set, we randomly select 20 images per
person to construct the training set; for the PIE data set, we randomly select
30 images per person to construct the training set.

Table 5. Recognition accuracies on UMIST (mean±std-dev%)
Transduction acc Induction acc

PCA [22] 51.3 ± 2.3 50.8 ± 2.1

Kernel PCA [19] 55.2 ± 1.9 53.8 ± 2.0

Consistency [26] 59.4 ± 2.2 —
LapSVM [2] 59.8 ± 2.0 58.9 ± 1.6

LapRLS [2] 58.6 ± 1.8 57.4 ± 2.0

SDA [5] 60.0 ± 1.5 59.2 ± 1.8

LSSDA 60.4 ± 2.2 58.9 ± 1.8

SSDA 63.1 ± 1.9 62.6 ± 1.8

Table 6. Recognition accuracies on PIE (mean±std-dev%)
Transduction acc Induction acc

PCA [22] 35.8 ± 1.7 35.6 ± 1.6

Kernel PCA [19] 39.2 ± 2.0 38.9 ± 1.5

Consistency [26] 52.0 ± 1.8 —
LapSVM [2] 56.5 ± 1.7 55.9 ± 2.0

LapRLS [2] 57.2 ± 2.0 56.8 ± 1.8

SDA [5] 59.2 ± 1.6 58.9 ± 1.9

LSSDA 60.0 ± 2.3 59.1 ± 1.8

SSDA 62.4 ± 2.0 61.9 ± 1.6

4.2. Relevance Feedback for Image Retrieval

Relevance feedback is an effective framework for nar-
rowing down the gap between low-level visual features and
high-level semantic concepts in Content-Based Image Re-
trieval (CBIR) [5]. Due to the high dimensionality of the
feature space, we hope to find a subspace such that the se-
mantic relationship between images can be better revealed.
Clearly the relevance feedback setting is a semi-supervised
setting, with a large number of unlabeled data (images in
the database) and a small number of labeled data (feedbacks
provided by the user).

In our experiments, we use a subset of the COREL data
set containing 7900 images from 79 categories. We use the
same type of features combining the 64-dimensional color
histogram and 64-dimensional color texture moment to rep-
resent the images as in [5], and we also plot the precision-
scope curves to evaluate the performances of the algorithms.

In our experiments, we divide the whole data set into
five folds and use one fold as image queries, the other four
folds as are used for retrieval, and we report the averaged
precision-scope curves as 5-fold cross-validation. We also
apply the same automatic feedback scheme as in [5] to
model the retrieval process. For each submitted query, our
algorithm retrieves and ranks the images in the database.
The top 10 ranked images were selected as the feedback
images, and their label information (relevant or irrelevant)
is used for re-ranking. The images which have been selected
at previous iterations are excluded from later selections. For
each query, the automatic relevance feedback mechanism is
performed for four iterations.

Figure 1 shows the average precision-scope curves of
the different algorithms for the 2nd and 4th feedback iter-
ations. The baseline curve corresponds the initial retrieval
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Figure 1. Image retrieval with user feedback.

result without feedback information. Specifically, at the be-
ginning of retrieval, the Euclidean distances in the origi-
nal 128-dimensional space are used to rank the images in
the database. After the user provides relevance feedbacks,
the Locality Preserving Projections (LPP) [13], Augmented
Relation Embedding (ARE) [16], Semantic Subspace Pro-
jection (SSP) [24], Semi-supervised Discriminant Analy-
sis (SDA) [5] and our SSDA algorithms are then applied to
rerank the images in the database. From Fig.1 we can see
that our SSDA algorithm outperforms the other three algo-
rithms on the entire scope.

5. Conclusions and Discussions

This paper presents a novel semi-supervised discrimi-
nant method based on semi-parametric regression other than
graph regularization. Our method can easily be generalized
to out-of-sample data and the core idea can also be extended
to other regression approaches. Finally the experiments on
single training image face recognition and image retrieval
show the effectiveness of our method.
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