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Abstract

Total internal reflection fluorescence (TIRF) microscopy
excites a thin evanescent field which theoretically decays
exponentially. Each TIRF image is actually the projection
of a 3-D volume and hence cannot alone produce an ac-
curate localization of structures in the z-dimension, how-
ever, it provides greatly improved axial resolution for bio-
logical samples. Multiple angle-TIRF microscopy allows
controlled variation of the incident angle of the illuminat-
ing laser beam, thus generating a set of images of different
penetration depths with the potential to reconstruct the 3-D
volume of the sample. With the ultimate goal to quantify im-
portant biological parameters of microtubules, we present
a method to reconstruct 3-D position and orientation of mi-
crotubules based on multi-angle TIRF data, as well as ex-
perimental calibration of the actual decay function of the
evanescent field at each angle after taking into considera-
tion the effect of point spread function, quantum efficiency
and photon collection efficiency.

1. Introduction

The study of biological processes of cells and micro-
tubules has been greatly aided by total internal reflec-
tion fluorescence (TIRF) microscopy. TIRFM exploits the
unique properties of an induced evanescent wave field in a
limited specimen region immediately adjacent to the inter-
face between two media having different refractive indices.
It can eliminate background fluorescence from outside the
focal plane, thus, dramatically improve the signal-to-noise
ratio, and consequently, the axial resolution of the features
or events of interest. While the lateral resolution of TIRFM
is about 150-200nm which is similar to confocal micro-
scope, its axial resolution can be as high as 30-50nm.

Illumination of 3-D structures with fluorophore distri-
bution C(x, y, z) by an exponentially decaying evanescent
field with decay constant 1/d will result in the intensity cap-

tured by the camera to be C(x, y, z) · exp(−z/d). The fi-
nal image detected by the objective lens will be an integral
along the axial direction depending on the parameter d. By
varying d, we are actually changing the angle of the incident
laser beam leading to different projection images generated
by the microscope.

The fluorophore distribution C(x,y,z) can be recon-
structed using inverse Laplace transform with an accuracy
of tens of nanometers. Ölveczky et al. [7] implemented it
for a simple geometry and top-hat distribution of fluoroh-
pore(either 0 or 1) to determine cell-substrate distances for
the whole x−y plane. More complex structures like spheres
were modelled by Rohrbach[8] to reconstruct the diameters
of isolated granules and the distance between vesicles in the
solution and the coverslip. Reconstructions of more compli-
cated 3-D structures have not been attempted to date.

A microtubule is a hollow cylinder, about 25nm in diam-
eter and can be quite long(tens of microns). It has a plus end
and a minus end, which make the microtubule dynamically
unstable. Microtubules may grow steadily(polymerization)
and shrink raplidly(depolymerization) at the plus end which
we called a catastrophe. Microtubules have biomedical im-
portance due to their functions as conveyer belts for vesicles
inside the cell and to regulate cell migration and division.

The analysis of the dynamics and motion patterns of mi-
crotubules is difficult because the biological and mechan-
ical mechanism that guides their behavior is still not very
well known. Studies have shown that microtubules tend to
bend when the tips touch a obstacle like a cell wall, or with
contractile beating of heart cells[3]. When the curvature of
the microtubule exceeds a certain threshold, it will break.
There also have been some research on the motor complex
that connects different microtubules. These motor proteins
move from one end to the other on microtubules and cause
crossing and twisting [5].

In this study we present a method based on a statisti-
cal framework to reconstruct 3-D curvilinear structures(e.g.
microtubules) using optimization techniques. Instumenta-
tion was constructed to calibrate the axial profile of the
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TIRF microscope thus taking into consideration factors that
make the profile deviate from theoretically predicted expo-
nential. A maximum a posteriori framework was devel-
oped to compute the 3-D position and orientation along
segmented microtubules. The method was validated us-
ing a computer generated phantom with known geometrical
structure and fluorophore distributions, so we can apply it to
multi-angle TIRF images of microtubules. (Fig.1) is an ex-
ample of multi-angle TIRF images of microtubules with the
penetration depths increase from top left to bottom right.

Figure 1. Multi-angle TIRF images. Top left: thinner penetration
depth. Bottom right: deeper penetration depth

2. Methods

2.1. TIRF Imaging theory

An evanescent field is produced when the incident light
beam traveling in a high refractive index medium (e.g. glass
coverslip) reaches the interface with another low refractive
index medium (e.g. oil, solution), if the incident angle is
greater than the crtical angle. The critical angle θc is a func-
tion of the refractive indices of both media:

θc = sin−1(ni/nt), where ni < nt (1)

Theoretically, the axial profile of the evanescent field be-
hind the interface can be precisely described as following an
exponential decay with a single parameter d, which refers to
the penetration depth:

I(z, θi) = I(0, θi) · e−z/d(θi) (2)

The penetration depth d is associated with the incident
angle:

d(θi) = λ/4π · (n2
i · sin2 θi − n2

t )
−1/2 (3)

where n is the refractive index and θi is the incident angle.
The intensity beyond the interface is represented as

I(x, y, z, d) = I0(d) · e−z/d, where I0(d) = I(z =
0, d(θi)) is the intensity directly behind the glass interface,
which is given by Fresnel formulas[1]

I0(θi) =
4 cos2 θi(2 sin2 θi − (nt/ni)2)

(nt/ni)2 cos2 θi + sin2 θi − (nt/ni)2
(4)

The following formula describes how a TIRF image is
formed [8]:

I(x, y, d)

= φI0(x, y, d)
∫ ∞

0

[Q(z)PSF(z)] C(x, y, z)e−z/ddz

(5)

Here I represents the multi-angle TIRF images we record,
C is the actual fluorophore concentration in the volume, and
I0 is defined by (4). φ denotes the quantum efficiency of the
fluorophores and CCD camera, Q(z) and PSF (z) are the
collection efficiency and point spread function.

2.2. Challenges in Multi-angle TIRFM

Assuming a completely constant light source, the pho-
ton distribution over a set of bins of equal time is a Pois-
son probability distribution. Thus, the standard deviation
of the number of photon N collected by the CCD cam-
era is

√
N , therefore, the relative uncertainty is given by√

N/N = 1/
√

N (Fig.2). This is the major factor lead-
ing to falling signal-to-noise ratio along axial direction as
we increase the penetration depth to image a thicker part of
the sample. Another important factor comes from the back-
ground fluorophore floating in the solution which will also
be collected by the camera. Assuming an exponetial decay
of the axial profile, we calculate the signal-to-noise ratio as
a function of depth to be:

S/N ∝
[

N√
N

]
·
[

1∫∞
0

e−z/ddz

]

=
√

N · 1
d

∝ e−z/2d

d
(6)

where the two terms in the right hand side brackets cor-
respond to the shot noise(photon collecting process) and
background fluorescence respectively.

This characterizes a major difference between multi-
angle TIRF reconstruction from other reconstruction prob-
lems like tomography, where all images are projections of
the entire volume and signal-to-noise ratio is the same. With
multi-angle TIRFM, there will be a trade-off between the
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Figure 2. Shot noise/background fluorescence lead to decreasing
S/N

amount of information and the S/N ratio, i.e. as you probe
deeper into the sample with increasing penetration depth,
S/N ratio will drop rapidly. So while it will be a good idea to
use images with deep penetration depth as reference images
for segmentation purposes, it will be necessary to revisit
structures that also exist in low penetration depth images
due to better S/N ratio .

2.3. Axial Profile Calibration

Ideally, when the penetration depth is shallow, we can
assume the PSF to be constant[8]. However, in our multi-
angle TIRF setup, the penetration depth varies from 80nm
up to 700nm, which makes the actual profiles deviate con-
siderably from a simple exponential.

An Objective-type TIRFM setup was used in our ex-
periments to experimentally measure the actual decay pro-
file. Total internal reflection was generated at the inter-
face between the glass and the aqueous solution as a ring
of laser light passes through the objective. We calibrated
our TIRFM system by placing small beads (d=100nm) on
the surface of a cell. Relative z positions of the beads were
obtained by moving the microscope objective with 25nm
steps and measuring the amount of blur as a function of z.
By recording the position of the objective where the beads
are sharpest(in focus), we generate an example of intensity
decay curves: signal intensity as a function of z position of
a bead is shown in (Fig.3)

Now with the calibrated axial decay profile f(z, d), (5)
simplies into:

I(x, y, d) =
∫ ∞

0

C(x, y, z)f(z, d)dz (7)

Figure 3. Intensity decay curves, blue line(lower one): penetration
depth d=162 nm, red line(upper one): penetration depth d=245
nm. Stars-experimental points

2.4. MAP Framework with Neighbor Prior

To reconstruct microtubules of interest, we first segment
them by manually selecting microtubule tips and finding the
shortest path to cells or microtubule organizing centers[4].
We represent a microtubule centerline as z(s), where s is
the curve length. Let m be the number of points sampled
along the microtubule, and n be the number of different
angles we use to obtain TIRF images. We exclude points
where microtubules cross each other where intensity will
stack and cause confusion. Our goal now is to reconstruct
the actual positions [z1, z2, ..., zm] from a set of TIRF im-
ages [I1, I2, ..., In] corresponding to different penetration
depths with axial decay profiles [f1, f2, ..., fn].

z = arg max
z

p(z|I1, ..., In; f1, ..., fn)

= arg max
z

p(I1, ..., In|z; f1, ..., fn)p(z; f1, ..., fn)
p(I1, ..., In; f1, ..., fn)

= arg max
z

p(I1, ..., In|z; f1, ..., fn)p(z)

= arg max
z

⎛
⎝ n∏

j=1

p(Ij(z)|fj , z)

⎞
⎠ p(z)

= arg max
z

⎛
⎝ m∏

i=1

n∏
j=1

fj(zi)Ij(zi)e−fj(zi)

Ij(zi)!

⎞
⎠ p(z)

(8)

p(Ij(zi)|fj , zi) is the probability of getting projection
image Ij given the microtubule’s axial position zi and the
decay profile fj corresponding to the current penetration
depth dj . It follws a poisson distribution which is given
in (8). p(I1, ..., In|z; f1, ..., fn) is the joint density func-
tion of all sampled points along the segmented microtubule.
Breaking up the joint density function into products of
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p(Ij(zi)|fj , zi) is based on an assumption that assumes in-
dependence between projection images Ij correspondng to
different penetration depths, which arises from indepen-
dence between f ’s and z’s. The former is an obvious result
from the fact that f is solely dependent on the penetration
depth, which are selected randomly by varying the incident
angle. The independece of z’s can be rationalized by the
fact that the thickness of a reconstructed slice is much larger
than the axial resolution of the microscope. Although local
smoothness constraint applies to regulate neighboring z’s,
the dependence becomes much weaker when two points are
separated due to thick slices.

2.5. MRF Neighbor Priors

The markov random field(MRF) is a common choice for
prior models in image analysis when local smoothness con-
straint is applied[6] [2]. Markov random fields follow a
Gibbs distribution:

p(z) =
1
X

exp

{
−
∑
c∈C

Vc(zc)

}
(9)

X is the normalizing constant for the density known as the
partition function. C is the set of all cliques(a clique is a set
of points, c, which are all neighbors of each other. In the
case of microtubules, each pair of neighboring points is a
clique). Vc(zc) is the potential function of zc.

We choose the potential function to be |zs − zt|λ, where
λ ∈ (0, 2] is used to control the strength of the smoothness
prior. λ = 2 is used in our actual computation.

p(z) =
1
X

exp

⎧⎨
⎩−

∑
(s,t)∈C

(zs − zt)2

⎫⎬
⎭ (10)

2.6. Energy Function of the Model

Combining the MRF prior into the MAP framework and
take the logarithm, we can get the energy function of the
model:

E(z) = log

[(
m∏

i=1

n∏
j=1

fj(zi)Ij(zi)e−fj(zi)

Ij(zi)!

)
p(z)

]

∝ log
[( m∏

i=1

n∏
j=1

fj(zi)Ij(zi)e−fj(zi)

)

· exp
(
−
∑

(s,t)∈C
(zs − zt)2

)]

=
m∑

i=1

n∑
j=1

(Ij(zi) log(fj(zi)) − fj(zi))

−
∑

(s,t)∈C
(zs − zt)2 (11)

Applying a gradient descent optimization(with step size
α) to the energy function will lead to an iteration which will
converge to the global maximum of E(z).

zk+1 = zk + αk · ∇E(z)

= zk + αk ·

⎛
⎜⎜⎜⎜⎜⎝

∑
j

(
Ij(z1)
fj(z1)

− 1
)

f
′
j(z1)∑

j

(
Ij(z2)
fj(z2)

− 1
)

f
′
j(z2)

. . .∑
j

(
Ij(zm)
fj(zm) − 1

)
f

′
j(zm)

⎞
⎟⎟⎟⎟⎟⎠
(12)

3. Results

In our experiments we either generate TIRFM using a
classic objective-type setup using a beam of light that is fo-
cused to a point on the outer back focal plane of a high
numerical aperture (NA=1.495) oil-immersion lens (60X)
or using custom optics generating a ring of light on the
back focal plane of the objective. A ring of laser light
passes through the microscope objective and undergoes to-
tal internal reflection at the interface between the glass and
the aqueous solution. Totally internally reflected light pen-
etrates the aqueous medium and forms evanescent waves
which propagate parallel to the interface and exponentially
decay in the direction normal to the interface. Fluorescent
light excited by the evanescent waves is collected by the
same objective. We change the penetration depth of the
evanescent waves by changing the radius of the ring.

The typical penetration depth of a TIRF microscope
is between 50nm to 1000nm, which means anything
deeper than 2000nm virtually has no effect on a TIRF
projection image. To validate our method, we gener-
ated a computer simulated phantom data which is of size
20.48μm×20.48μm×2μm, the volume is divided into
128×128×40 voxels, meaning each voxel has a size of
160nm×160nm×50nm, which corresponds to the resolu-
tion of the TIRF microscope. We put curvilinear structures
in the volume and simulate the clustering and curving of
microtubules, specifically, the shape of 5 microtubules com-
ing out of an organizing center is constructed(white tubular
structures in (Fig.4)).

The simulation process consists of two steps. First, we
simulate the TIRF imaging process by projecting the vol-
ume into TIRF projection images using different decaying
profiles, which correspond to different penetrations depths.
Background noise is modeled as the ratio of fluorophore
concentration in solution and on the object of interest, both
are assumed to be uniform. Poisson distribution is used to
model the photon collecting process of the CCD camera
which generates a TIRF image. Both noise processes are
tuned within a large range to test the robustness of the al-
gorithm. Second, we use the set of projections images as
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input to our method, and try to reconstruct the tubular ob-
jects. The red structures in (Fig.4) are our reconstruction
results. Robustness is studied by plotting the graph of re-
construction error vs noise level(Fig.5) and reconstruction
error vs depth of object of interest(Fig.6).

After the reconstructed axial position of the microtubules
has been obtained, their orientation within the voxel can be
determined by separately calculating the lateral orientation
and axial tilting. Lateral orientation can be inferred from
the Hessian matrix of the pixel in projection images[9], and
axial tilting is the direct function of axial positions of neigh-
boring sampled points along the microtubules.

Figure 4. White: simulated phantom data, Red: reconstructed
tubular structures
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Figure 5. Reconstruction error vs background noise

4. Conclusion

The purpose of this study is to develop and val-
idate a method based on MAP framework and opti-
mization techniques to reconstruct 3-D structures from
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Figure 6. Reconstruction error vs depth of object of interest

a set of 2-D projection images generated using multi-
angle TIRF microscopy. Since the exact value of inci-
dent angle/penetration depth is not available directly from
objective-type TIRFM, we need to calibrate the multi-angle
TIRFM instrumentation by experimentally measuring the
axial decay profile of the evanescent field. The decay curves
we measured can be fitted to an exponential decay to find
the penetration depth. Our method takes the measured de-
cay curves and corresponding projection images as input,
and reconstructs the axial position of the objects of in-
terest. By varying the noise level to test the robustness
of the algorithm, we found that the reconstruction accu-
racy(represented by the standard deviation of the reconstuc-
tion error in pixels) is approximately linear versus the back-
ground noise level, which suggensts that our algorithm is
quite robust to noise, especially when the structures being
studied is close to the glass interface. While the structures
of interest get deeper into the evanescent field, we would
expect a linear deterioration of reconstruction accuracy. As
suggested by (Fig.5) and (Fig.6), we conclude that our al-
gorithm can correctly reconstruct 3-D structures, although
with decreased accruracy when the noise level is high and
the structures very deep.

The reconstruction method presented here will be useful
for quantifying useful parameters related to microtubules’
behavior(e.g. movement, growth, shrinking, etc.). The
experiments and analysis here constitutes the preliminary
stage of our ultimate goal to develop 3-D tracking algo-
rithm to model and quantify important biological parame-
ters, and we expect to obtain 3-4 multi-angle TIRF micro-
tubules dataset sequences of living cells next month for re-
construction and tracking purposes.
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