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Abstract—Manipulating  flexible payloads are being
extensively studied because of the potential applications. So far,
the modeling method isn’t perfect and there are few studies about
the trajectory tracking of them. In this paper the modeling and
trajectory tracking of manipulating flexible payloads by robot
manipulators are studied. The finite element method (FEM) is
used to approximate the vibration of flexible payload. In order to
restrain the disturbance of vibration to trajectory tracking the
adaptive sliding mode control law is designed. The stability of the
system is proven by stability theory. Simulation results validate
the modeling method and control law.
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1. INTRODUCTION

Because of the potential applications of manipulating
flexible payload in industry, such as in automobile industry and
shipbuilding, it stirs a great deal of interest. A flexible beam
which one end is fixed manipulated by robot manipulator was
studied by T. Yukawa, J.Q. Wu[l],[2]. In industry some
assembly tasks, such as inserting a flexible part into a hole,
require to consider the flexibility of objects and these can found
in [3],[4],[5]. During the production of printed wiring
boards(PWB), a large number of elastic sheets need to be
assembled to form a book[6],[7]and the trajectory planning was
studied in them. J.K. Mills[8],[9]firstly proposed the rigid
control method and studied the robotic fixtureless assembly of
sheet metal by this method. Sun and Liu[10],[11],[12] who
used the rigid control method have done a great deal of work in
manipulating flexible payload by multiple robot manipulators
which advanced the studies of manipulating flexible payload.

At present, most of work about manipulating flexible
payload only considered the position control which moves a
flexible payload from an original position/orientation to
prearranged position/orientation. In[13] the trajectory tracking
of two manipulators manipulating flexible payload was studied
using sliding mode control and a fixed estimated item replaced
all the elements except the rigid elements. In this paper the
trajectory tracking will be studied and the adaptive sliding
mode control law will be used. Compared to the assumed mode
method, the finite element method (FEM) has some advantages
that every coordinate in FEM has its physical meaning and the
numbers of coordinate can be chosen according to the precision
so the FEM is used to approximate the vibration dynamics here
and the configuration of pinned-pinned is used. The model of
the system is got in task space because compared to the joint
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space and end-effector space, it doesn’t require to plan the
trajectory of single robot manipulator in the task space so it can
reduce the calculation. Because of the choice of system
coordinates the definition of vibration coordinates will have
some difficulty and it’s solved properly in this paper. In the
trajectory tracking of manipulating flexible payload the
disturbance of vibration can’t be neglected. In order to restrain
the effect of vibration the adaptive sliding control law is
designed. Compared to [14] the regressor matrix doesn't require
to be calculated and the chatering when the control law
traverses the sliding surface will reduce. The stability of the
system is proven by stability theory and simulation results
validate the modeling method and control law.

The organization of the paper is as follows. Section 2 the
model of the system is derived and the decomposition of it is
done. Section 3 the adaptive sliding control law is designed and
the stability of the system is proven. The simulation results are
shown in section 4. The conclusions are given at last.

II. MODEL
A. Model of the system

In [16], Sun indicated that besides the ‘clamped-free’
model, the other model can be also used if the rigid body of the
flexible payload can be determined. In this paper the pinned-
pinned model will be used. The virtual link is defined as the dot
line as in Fig.1 and it is also the rigid body of the flexible
payload. In the process of motion the manipulators and virtual
link form a closed-loop as cooperating rigid payload.

Two assumptions are made.

1) There is no deformation in the process of motion so
the virtual link and the last link of manipulators will keep
parallel;

2)

The position and velocity of any point in flexible payload
are as follows
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The model of the flexible payload is
Ap+Bp+G,p=f ®)

P =[x,%0,6.41

f only acts to x,, y,,60 . Because the two ends of flexible
payload are fixed, the g,,qs are 0. Dividing the model of

flexible payload into two parts: rigid motion and vibration, the
following equations are got

The equations of rigid motion

Fig.1 Configuration of cooperative manipulating Alljé + Alzé + Bllx + Blzq = f (9)

It can be seen that the expressions of are different and it The equations of vibration

will be explained later. The expressions of is . . ) .
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R is the displacement of some point of the payload
corresponding to Cartesian coordinates, is the position of the
payload’s origin in Cartesian coordinate, x,, y, is the angle of
payload corresponding to Cartesian coordinates, the subscript
l,r express left and right of the payload’s origin, / is the JIM ()5 +(IC(6,0)J, +I M, (0)J)i+JI]G,
length of single element, i is ith element from the origin, T is
the Jacobian matrix between object coordinate and Cartesian — JiT T, — JiT JiT(g) 1
coordinate, x;,y; are local coordinates.

In (11) the 6, is expressed by x and each side of (11) is

left-multiplied by J; . The dynamic model of manipulator in
task space is as follows

— . 5. = T
. . =u.—J: . 1
The kinetic energy of the flexible payload is = Mix+ GGy =u =S (D) (13)

The relations between the f; are as follows
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The potential of it is
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The f; can be divided into two parts moving force f mi

and internal force f;. The sum of internal forces is 0, so we
can get

fi=fwt e 20T =0 (15)
Form (9), (13), (14)and(15)the model of system is as

follows
Mﬁ+Cp+G:{Z;4)”’}

It can be shown that the dynamics of the system derived
using Euler-Lagrange formulation has the following properties.

(16)

1)M is symmetrical and positive definite and the sub-items
made up of M are also symmetrical and positive definite;

2) pT (M =2C)p =0 if we choose C properly;
3) K is symmetrical and positive definite.

B.  The decomposition of model

From the previous derivations the rigid coordinates and
vibration are in coupling. In this section model of rigid motion
will be decomposed.

From the equation (10) we can get

G =4y (Ay 5+ Byyi+ K pq) (17)
Apq+Kpq=—4,X—B;x (13)

From (16) and (18) the following equation will be got
Mi+Cx+G +Mi+Ci+ f(q,§)=u (19)

f(q.4) =BG — A Ap K g

In (19) the first three items are made up of rigid coordinates
and the latter three items is made up of rigid and vibration

coordinates. The relations x” (]l7 —2C)x =0 is still satisfied
from the derivations.

Theorem1. From (18) and given the x,x,X being bounded,
the states of vibration will be bounded.

Proof. We can see the X,X,X are bounded because the

inputs are bounded. The X can be expressed by trigonometric
function from the transition of Fourier. Assuming the Xx has
the simple expression as follows

x =mnsin(ax) (20)
So the right side of (18) can be expressed as 7’ sin(ax + o)
and it is bounded.
From [15] the following equations will be got
q =1, sin(@yt +0,) +n, sin(ax +¢)
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The dimensions of vibration are more than one so the (21)
is analytic expression. 77, sin(@,t + o) is related to original
value and physical characteristic of the material.
n, sin(ax +¢) is compulsive vibration because of x . Because
Ay, Ky
x,x,X are bounded the q are bounded and it can be got that

are symmetrical and positive definition and

q,q are bounded similarly. From the proof the f(g,q) will be
bounded.

From [14] there are b,b,,b, that are satisfied with the
following relation.

|-z + G+ req. ) =[]

<o + 1]+ o] (22)

III. TRAJECTORY TRACKINGY

In order to track a planning trajectory and avoid the
disturbance of vibration the adaptive sliding mode control law
is designed. This control law needn’t compute the regressor
matrix and the chatering will reduce.

Let us define the state error and sliding surface as follows
r=x;—Ae s=x-r

e=x—x,; and A is positive diagonal matrix.

Let us assume I;O,I;I

50 =b, _1;0 agl =b _1;1

fixed we get ZO = —Z;O,Z?I = —l;l ,ljz = —152 .

,132 are the estimations of b,b;,b, .
,52 =b, —52. Because b,b,,b, are

Theorem 2. The system is stable if the control law is
following
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K , A is positive diagonal matrix. k,k, .k, are positive.
& isthe accurate range.
Proof. We start by defining the nonnegative function
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When ||S||>8 and from (22) and (23) the following

equation is satisfied
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Itused s”s=[s|> here.

P < =" Ks 4| + Bl + o)

+ kol;o;o + kll;lgl + k25252
From (23) we get

V<—sTKs<0 (24)

The proof is over and so the system is stable.
In the paper the amount of manipulators is two so

i=12. It should be seen from the previous derivation that in

the process of controller designing the u is provided by two
manipulators so the force/ torque provided by single
manipulator is as following

u; = (M, +1A11 —lAleizlAzl)r'+E,~r+C_?,~
2 2
1 1 )
t—il, +—u+JL () f;
2 2 2 3 i ( )f11
Here we assume the force/ torque offering to the flexible
payload is provided by two manipulators averagely.

It’s defined J/ (x)f,; = F,. From (13), (16) and (25) the
internal force can be described as following
1 _ . .
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It has been proven all the states on the right side of (26) are
bounded[17] so the internal is bounded.

IV. SIMULATION

To verify the modeling method and control law the
simulation was done on two identical three DOF planar
manipulators (Fig.1). The parameters of the robot
manipulators and the payload are that the masses of three links

are m; =m, =8kg and m, = 4kg ; the length of three links
are L, =0.7m, L, =0.6mand L; =0.2m ; the centers of links
are Ly, =0.4m,L,, =0.35m , L3, =0.1m . The length of

payload is 2kg

L=0.5m and the density is p = - The
parameters of control low are £/ =100, £=0.1,C, =0.1,
K=200,A=50,k0=kl=k2=10.

The trajectory is as follows

x, =[0.2sin(27),0.75+0.2sin(27),0.2 sin(27)] "

%, =[0.47 cos(27),0.47 cos(27),0.47 cos(2mt)]"
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From the simulation results it can be seen that the trajectory
tracks the planning trajectory quickly. Firstly, the main
influence to vibration is the physical characteristic of the
flexible payload. At about t=0.5s the original vibration because
of the physical characteristic disappears and then the vibration
is compelled by the rigid motion. From the simulation results
of internal force it can be seen the effect of vibration to internal
is more distinct than to rigid position and this can be explained
by the physical characteristic. The frequency of vibration is
similar to the frequency of rigid motion. The simulation results
prove the Theorem.1.

V. CONCLUSIONS

The modeling and trajectory tracking of manipulating
flexible payloads by robot manipulators are studied in this
paper. The finite element method (FEM) is used to approximate
the vibration of flexible payload. Comparing the three spaces
the system model is got in task space. In order to restrain the
disturbance of vibration to trajectory tracking the adaptive
sliding mode control law is designed. It is proven that the
modeling method is accurate and the control law is valid
through the simulation results. We didn’t propose a direct
control method in this paper that can guarantee the vibration
converging zero and we will do this work next.
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