
978-1-4244-1674-5/08 /$25.00 ©2008 IEEE                              CIS 2008 

The Discrete Fuzzy Numbers on a Fixed Set With 
Finite Support Set* 

Guixiang Wang 
Institute of Operational Research and Cybernetics 

Hangzhou Dianzi University 
Hangzhou, 310018, China 

g.x.wang@hdu.edu.cn 

Qing Zhanga, Xianjun Cuib 

aDepartment of Computer Science, bDepartment of Math 
Handan  College 

Handan, 056002, China 
zhangcby@eyou.com

 
 

Abstract—It is known that to deep systematically study the 
theory in relation to general discrete fuzzy numbers always will 
encounter some difficulties since the metric and the difference of 
two general discrete fuzzy numbers cannot reasonably be 
defined. In this paper, we define a special sort discrete fuzzy 
numbers—discrete fuzzy number on a fixed set with finite 
support set, on which we can study the problems of metric and 
difference (we will study the problems in relation to metric and 
difference in afterwards papers). And then we obtain a 
representation theorem of such discrete fuzzy numbers, study the 
operations of scalar product, addition and multiplication, and 
obtain some results. 
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I.  INTRODUCTION 
In 1972, Chang and Zadeh [2] introduced the conception of 

fuzzy numbers with the consideration of the properties of 
probability functions. Since then a lot of mathematicians have 
been studying on fuzzy number, and have obtained many 
results (for example, see [1,3,4,5,8,10]). 

In 2001, Voxman [6] introduced the conception of discrete 
fuzzy numbers, which is useful in some applications; for 
example, discrete fuzzy number can be used to represent the 
pixel value in the center point of a window (see [9]). And in 
[6], Voxman gave out the Canonical representations of discrete 
fuzzy numbers. In [9] we discussed the representation of cut-set 
form of discrete fuzzy numbers, and using the representation, 
we shown that the usual addition of two discrete fuzzy numbers 
does not keep the closeness of the operation (at this point, 
discrete fuzzy numbers are not like non-discrete fuzzy numbers 
since non-discrete fuzzy numbers keep the closeness of usual 
addition (see [10])), and define a new addition for two discrete 
fuzzy numbers, which keeps the closeness of the operation. 
And we point out that when the usual addition of two discrete 
fuzzy numbers is still a discrete fuzzy number, the two 
additions are identical. In [7] we also discuss the 
representations and operations of scalar product, addition and 
multiplication for a special kind of discrete fuzzy numbers----
fuzzy integers. 

In recently, basing [9], we went on discussing the 
operations of addition and multiplication for discrete fuzzy 
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numbers in [11,12]. Using representations (obtained in [7]) of 
discrete fuzzy numbers, we defined two new kinds of 
operations of addition and multiplication for discrete fuzzy 
numbers, and show that the new addition and multiplication 
keep the closeness of the operation. In addition, we also 
pointed out that when the usual addition of two discrete fuzzy 
numbers is still a discrete fuzzy number, the usual addition and 
the two new additions are identical, and the usual 
multiplication and the two new multiplications are identical. 

However, for general discrete fuzzy numbers, we cannot 
reasonably define metric and the operation of difference, thus, 
the application is confined in some ways. In this paper, we 
define a special sort discrete fuzzy numbers—discrete fuzzy 
number on a fixed set, on which we can conveniently study the 
problems of metric and difference (we will study the problems 
relating with metric and difference in afterwards papers). We 
give the representation of such discrete fuzzy numbers. And 
then we study the operations of scalar product, addition and 
multiplication, discuss the properties of these operations, and 
obtain some results. 

II. PRELIMINARIES 
Let R  be the real number field. For any RBA ⊂,  and 
Rk ∈ , we define the addition and the multiplication of A  and 

B , and the scalar product of k  and A , respectively, by: 
},:{ BbAabaBA ∈∈+=+ , },:{ BbAaabAB ∈∈=  and 

}:{ AakakB ∈= . 

A fuzzy subset (in short, a fuzzy set) of R  is a function 
]1,0[ : →Ru . For each fuzzy set u , we denote 

})(  :{][ rxuRxu r ≥∈=  for any ]1,0(∈r , its −r level set. 
By supp u , we denote the support of u , i.e. the set 

}0)(  :{ >∈ xuRx . By 0][u  we denote the closure of supp u , 
i.e., }0)(  :{][ 0 >∈= xuRxu . 

Let vu,  are two fuzzy set of R . It is known that vu =  if 
and only if rr vu ][][ =  for all ]1,0[∈r . 

For any fuzzy sets u , v  and real number k , we define the 
addition and the multiplication of u  and v , and the scalar 
product of k  and u  via the following: 
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Definition 2.1[6].  A fuzzy set ]1.0[: →Ru  is a discrete 
fuzzy number if the support of u is finite, i.e. there exist 

Rxxx n ∈,,, 21  with nxxx <<< 21  such that 
},,,{][ 21

0
nxxxu = , and there exist natural numbers ts,  

with nts ≤≤≤1  such that  
(1) 1)( =ixu  for any natural number i  with tis ≤≤ ; 
(2) )()( ji xuxu ≤  for any natural numbers ji,  with 

sji ≤≤≤1 , )()( ji xuxu ≥  for any natural numbers ji,  with 
njit ≤≤≤ . 

We denote the collection of all discrete fuzzy numbers by DF . 

About the contents of the representation, additions, the 
multiplications and the scalar product of discrete fuzzy 
numbers, we can see [7,9,11,12]. 

Definition 2.2[7].  Let DFu ∈ . If there exist Its ∈00 ,  with 

00 ts ≤ , such that }:{][ 00
0 txsIxu ≤≤∈= , then we call u  a 

fuzzy integer, and denote the collection of all fuzzy integers by 
IF , where I  is the collection of all integers. 

III. MAIN RESULTS 
Let C  be a countable (including finite) subset of real 

number field R . 

In the following, we define a special kind of discrete fuzzy 
numbers--discrete fuzzy numbers on the countable set R  so 
that we can study their operation of addition, the multiplication 
and the scalar product, but also can study their difference and 
metric. 

Definition 3.1. Let C  be a countable (including finite) 
subset of real number field R . A fuzzy set ]1.0[: →Ru  is a 
discrete fuzzy number on C  if it satisfies the following 
conditions: 

(1) Cu ⊂0][  and is finite; 
(2) there exists Cx ∈0  such that 1)( 0 =xu ; 
(3) )()( ts xuxu ≤  for any Cxx ts ∈,  with 0xxx ts ≤≤ ; 
(4) )()( ts xuxu ≥ for any Cxx ts ∈,  with ts xxx ≤≤0 . 

And we denote the collection of all discrete fuzzy numbers by 
DCF . 

It is obvious that the following Theorem 3.1 holds. 

Theorem 3.1. Let C  be a countable (including finite) 
subset of real number field R . Then 

DDCI FFF ⊂⊂ . 

Let C  be a countable (including finite) subset of real 
number field R . For any Ryx ∈00 , , we denote Cyx ],[ 00  

}:{ 00 yxxCx ≤≤∈= . In the following, we give out a cut-sets 
form representation of discrete fuzzy numbers on C  . 

Theorem 3.2. Let C  be a countable (including finite) 
subset of real number field R , and DCFu ∈ . Then 

(1) for any ]1,0[∈r , there exist Cyx rr ∈,  with rr yx ≤  
such that Crr

r yxu ],[][ = , and Cyx ],[ 00 is finite; 
(2) 12 ][][ rr uu ⊂  for any ]1,0[, 21 ∈rr  with 10 21 ≤≤≤ rr ; 
(3) for any ]1,0(0 ∈r , there exists real number 0r′  with 

000 rr <′<  such that 00 ][][ rr uu =′  (i.e. 0][][ rr uu =  for any 
],[ 00 rrr ′∈ ). 

Conversely, if for any ]1,0[∈r , there exists RAr ⊂  
satisfying 

(i) there exist Cyx rr ∈,  with rr yx ≤  such that 

Crrr yxA ],[= ,  and Cyx ],[ 00  is finite; 

(ii) 
12 rr AA ⊂  for any ]1,0[, 21 ∈rr  with 10 21 ≤≤≤ rr ; 

(iii) for any ]1,0(0 ∈r , there exists real number 0r′  with 

000 rr <′<  such that 
00 rr AA =′  (i.e. 

0rr AA =  for any 
],[ 00 rrr ′∈ ). 

Then there exists a unique DCFu ∈  such that r
r Au =][  for 

any ]1,0[∈r . 

Proof.  At first, we show that DCFu ∈  implies the 
conclusions (1)-(3) of the theorem hold. 

By the definition of ru][ , we can easily see that the 
conclusion (2) holds. Therefore, for any ]1,0[∈r , we have 

0][][ uu r ⊂ , so we see that ru][  is finite for any ]1,0[∈r  by 
the condition (1) in the definition of discrete fuzzy numbers on 
C .  Let r

r ux ]min[=  and r
r uy ]max[=  for any ]1,0[∈r . In 

order to show that the conclusion (1) holds, we only show 
Cyr

r xxu ],[][ = . Let ]1,0[∈r  and rux ][∈ . By 

Cuu r ⊂⊂ 0][][ , we know Cx ∈ . In addition, by the 
definitions of rx  and ry , we know rr yxx ≤≤ , so obtain 

Crr yxx ],[∈ . Thus we have proved Cyr
r xxu ],[][ ⊂ . On the 

other hand, let Crr yxx ],[∈ . By the definition of Crr yx ],[ , we 
know rr yxx ≤≤  and Cx ∈ . By the condition (2) in the 
definition of discrete fuzzy numbers on C , we know that there 
exists Cx ∈0  such that 1)( 0 =xu . From ruux ][][ 1

0 ⊂∈  and 

Cyr
r xxu ],[][ ⊂ , we see Crr yxx ],[0 ∈ , so rr yxx ≤≤ 0 . If 

0xxxr ≤≤ , by the condition (3) in the definition of discrete 



         

fuzzy numbers on C , we obtain rxuxu r ≥≥ )()( , so we have 
rux ][∈ . Similarly, when ryxx ≤≤0 , we can also obtain 

Crr yxx ],[0 ∈  from the condition (4) in the definition of 
discrete fuzzy numbers on C . Therefore, we have shown 

r
Cyr uxx ][],[ ⊂ , so we have Cyr

r xxu ],[][ = , i.e., the 
conclusion (1) of the theorem holds. 

Since Cu ⊂0][  is finite, there exist Cxxx n ∈,,, 21  such 
that },,,{][ 21

0
nxxxu = . No losing generality, we can 

suppose nxxx <<< 21 , and denote )( ii xur = , ni ,,2,1= . 
Then we know that there exist natural numbers s  and t  with 

nts ≤≤≤1  such that tsss rrrrrr ====≤≤≤≤< +− 1121 10   
01 1 >≥≥≥= + nt rr  from the conditions (2), (3) and (4) in 

the definition of discrete fuzzy numbers on C . Suppose that 
there are only 0n  ( nn ≤≤ 01 ) real numbers 

0
,,, 21 nrrr ′′′ that are 

not equal to each other in the real numbers nrrr ,,, 21  and 
satisfying 1

021 =′<<′<′ nrrr . Let ]1,0(0 ∈r . If 10 rr ′≤ , then 

there exists a real number 0r′  such that 1000 rrr ′≤<′< , so that 

we have 0][][][ 0 uuu rr ==  for any ],[ 00 rrr ′∈ . If 00 rr ′> , then 
there exists a natural number 0i  with 001 ni ≤<  such that 

10 00 +≤< ii rrr . Therefore, there exists a real number 0r′  such 

that 100 00 +≤<′< ii rrrr , and so for any ],[ 00 rrr ′∈ , we have 
100 ][][][ +== rrr uuu . This proves conclusion (3) of the 

theorem. Thus, we have completed the proof of the first section 
of the theorem. 

In the following, we show the second section of the 
theorem. 

Let rA  satisfy the conditions (i)--(iii) of the theorem for 
any ]1,0[∈r . Let 
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We first show r
r Au =][  for any ]1,0[∈r . Let 

]1,0[0 ∈r . If 
0r

Ax ∈ , then }:]1,0[{0 rAxrr ∈∈∈ . Hence, 

0}:]1,0[sup{)( rAxrxu r ≥∈∈= , i.e., 0][ rux ∈ . Therefore, we 

obtain 0

0
][ r

r uA ⊂  for any ]1,0[∈r . 

Conversely, if ]1,0(0 ∈r  and 0][ rux ∈ , then 0)( 0 >≥ rxu , 
i.e., 0}:]1,0[sup{ rAxr r ≥∈∈ . By using the condition (iii), 
we know that there exists ),0( 00 rr ∈′  such that 

00 rr AA =′ . 

Observe that 00}:]1,0[sup{ rrAxr r ′>≥∈∈  and by the 
definition of supremum, we know that there exists 

}:]1,0[sup{0 rAxrr ∈∈∈′′  such that 00 rr ′>′′ , i.e., there exists 
]1,0[0 ∈′′r  such that 

0rAx ′′∈  and 00 rr ′>′′ , so 
00 rr AAx =∈ ′ . In 

addition, if 0][ux ∈ , then we have 0)( >xu , and so there exists 
a real number xr such that )(0 0 xur << , so 

0][ AAux
x

x
r

r ⊂=∈ . Therefore, we have known that 

0

0][ r
r Au =  for any ]1,0[0 ∈r . 

Secondly, we prove DCFu ∈ . From 0
0][ Au =  and the 

condition (i) of the theorem, we see that Cu ⊂0][  and is finite, 
i.e., the condition (1) in the definition of discrete fuzzy 
numbers on C  holds. In addition, the condition (i) of the 
theorem also implies φ≠1A , i.e.,  φ≠1][u , so there exists 

1
0 ][ux ∈ , i.e., 1)( 0 =xu . Thus, we know that u  satisfies the 

condition (2) in the definition of discrete fuzzy numbers on C . 
And then, in the following, we show that u  satisfies the 
condition (3) in the definition of discrete fuzzy numbers on C . 
If the condition (3) is not satisfied, then there exist Cxx ts ∈

00
,  

with 000
xxx ts ≤≤  (where 1)( 0 =xu ) such that )()(

00 ts xuxu > . 

Denote )(
00 sxuh = , then ]1,0(0 ∈h  and 0)(

0
hxu t < , i.e., 

0

0

0
][ h

h
t Aux =∉ . By the condition (i) of the theorem, we know 

that there exist Cyx hh ∈
00

,  with 
00 hh yx ≤  such that 

0000
],[ hChht Ayxx =∉ . On the other hand, from )(

00 sxuh = , we 

see that Chhh
h

s yxAux ],[][
000

0

0
==∈ , so ChhCs yxxx ],[],[

000 0 ⊂  

(note 1)( 0 =xu ). Therefore, we know ChhCst yxxxx ],[],[
0000 0 ⊂∈  

from Cxx ts ∈
00

, and 000
xxx ts ≤≤ , which contradicts to 

Chht yxx ],[
000

∉ . This shows that condition (3) in the definition 
of discrete fuzzy numbers on C  holds. Similarly, we can prove 
that condition (4) in the definition of discrete fuzzy numbers on 
C  also holds. Therefore, we have DCFu ∈ .  

Thus we completed the proof of the theorem. 

By Theorem 3.1 and Theorem 3.1 in [9], we can directly 
obtain the following Theorem 3.3. 

Theorem 3.3. Let C  be a countable (including finite) 
subset of real number field R , and DCFvu ∈, , Rk ∈ . Then for 
any ]1,0[∈r , 

(1) rrr vuvu ][][][ +=+ ; 

(2) rr ukku ][][ = ; 

(3) rrr vuuv ][][][ = . 

Theorem 3.4. Let C  be a countable subset of real number 
field R . If DCFvu ∈, , Rk ∈ . Then  

(1) DCFku ∈  if  C  satisfies Ckx∈  for any Cx ∈ ; 

(2) DCFvu ∈+  if  C  preserve the closeness of the 
operations of addition and difference. 



         

Proof.  In order to show DCFuvvuku ∈+   ,  , , we only need 
to show rr vuku ][  ,][ +  and ruv][  satisfy conditions (i), (ii) and 
(iii) of Theorem 3.2. From rr ukku ][][ = , we can easily see that 

rku][  satisfies conditions (i), (ii) and (iii) of Theorem 3.2 since 
ru][  satisfies these conditions and Ckx∈  for any Cx ∈ . 

 In the following, we show that rvu ][ + , i.e. rr vu ][][ +  (by 
(1) of Theorem 3.3) satisfies conditions (i), (ii) and (iii) of 
Theorem 3.2. For any ]1,0[∈r , from DCFvu ∈, , we know that 
exist Cyxyx rvrvruru ∈,,,, ,,,  with ruru yx ,, ≤  and rvrv yx ,, ≤  such that 

Cruru
r yxu ],[][ ,,= , Crvrv

r yxv ],[][ ,,= , and Cuu yx ],[ 0,0, , 

Cvv yx ],[ 0,0,  are finite. Let CrvrvCruru yxyxx ],[],[ ,,,, +∈ . Then 
there exist Cruru yxy ],[ ,,∈  and Crvrv yxz ],[ ,,∈  such that 

zyx += . From Cyxyxyx rvrvruru ∈,,,, ,,,,, , ruru yyx ,, ≤≤  
and rvrv yzx ,, ≤≤ , we see Cyyxxx rvrurvru ∈++ ,,,,   ,  ,  
and rvrurvru yyxxx ,,,, +≤≤+ , so Crvrurvru yyxxx ]  ,[ ,,,, ++∈ . 
Hence we obtain Crvrurvru

rr yyxxvu ],[][][ ,,,, ++⊂+ . 
Conversely, if Crvrurvru yyxxx ],[ ,,,, ++∈ , then we have 

Cyyxxx rvrurvru ∈++ ,,,,   ,  ,  and rvrurvru yyxxx ,,,, +≤≤+ . If 

rurvrvru yxyx ,,,, +≥+ , then rvrurvru yxxxx ,,,, +≤≤+  
or rvrururv yyxyx ,,,, +≤≤+ , i.e., Crvrvru yxxx ],[ ,,, ∈−  
or Crvrvru yxyx ],[ ,,, ∈− , so rr

ruru vuxxxx ][][)( ,, +∈−+=  
or rr

ruru vuyxyx ][][)( ,, +∈−+= . Similarly, when 

rurvrvru yxyx ,,,, +≥+ , we can also obtain rr vux ][][ +∈ . Hence 
we have that Crvrurvru

rr yyxxvu ],[][][ ,,,, ++⊃+ , so 

Crvrurvru
rr yyxxvu ],[][][ ,,,, ++=+ , i.e., the conditions (i) of 

Theorem 3.2 holds. For any ]1,0[, 21 ∈rr  with 10 21 ≤≤≤ rr , 
from 12 ][][ rr uu ⊂  and 12 ][][ rr uu ⊂ , we see that 

111222 ][][][][][][ rrrrrr vuvuvuvu +=+⊂+=+ , i.e., the 
conditions (ii) of Theorem 3.2 holds. Since DCFu ∈ , for any 

]1,0(0 ∈r , there exists real number ur  with 00 rru <<  such 
that 

0rr AA
u

=  (i.e. 
0rr AA =  for any ],[ 0rrr u∈ ). Similarly, 

there exists real number vr  with 00 rrv <<  such that 
0rr AA

v
=  

(i.e. 
0rr AA =  for any ],[ 0rrr v∈ ). Let ),min(0 vu rrr =′ , then we 

have that 000 rr <′<  and 
00 rr AA =′  (i.e. 

0rr AA =  for any 
],[ 00 rrr ′∈ ), i.e., the conditions (iii) of Theorem 3.2 holds. 

Therefore, we completed the proof of the theorem. 

Remark 3.1.  Although, on the surface, we can also obtain 
the similar result ( DCFvu ∈,  and C  preserves the closeness of 
the operations of multiplication and division ⇒  DCFuv ∈ ) 
with (2) of Theorem 3.4 for the operation of multiplication, it 
has any meaning because there no exists countable (including 
finite) subset (of R ) which not only preserves the closeness of 

the operations of multiplication and division but also exist 
DCFu ∈  such that Cu ⊂0][  and is finite. 

Remark 3.2. Generally speaking, the condition in (1) of 
Theorem 3.4: “C  satisfies Ckx∈  for any Cx ∈ ” and the 
condition in (2) of Theorem 3.4: “ C  preserve the closeness of 
the operations of addition and difference” can not be omitted 
(see the following Example 3.1). 

Example 3.1. Let }16,12,10,8,6,5,4,3,2,1{=C , and 
]1,0[: →Ru  and ]1,0[: →Rv  be defined respectively by  
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then DCFvu ∈, , but from Theorem 4.3, we see that  

}9.8,7,6,5{][][ 2
1

2
1

=+ vu ,  so Cvu ⊄+ 2
1

2
1

][][ . Hence by 
Theorem 4.2, we know DCFvu ∉+ . This shows that the 
condition in (2) of Theorem 3.4: “C  preserve the closeness of 
the operations of addition and difference” cannot be omitted. 
Similarly, we can also set up an example to show that the 
condition in (1) of Theorem 3.4: “C  satisfies Ckx∈  for any 

Cx ∈ ” cannot be omitted. 

Remark 3.3. Generally speaking, directly using the 
definition of the operations of addition and multiplication to 
carry the concrete operations addition and multiplication of 
discrete fuzzy numbers on C  is not easy. Theorem 3.2 and 
Theorem 3.3 provide us a feasible method about the concrete 
operations addition of discrete fuzzy numbers on C . The 
following Example 3.2 shall show how to carry the concrete 
operations using Theorem 3.2 and Theorem 3.3. 

Example 3.2. Let },2,1,0:2{ ±±== kkC , and ]1,0[: →Ru  
and ]1,0[: →Rv  be defined respectively by  
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so DCFvu ∈,  and 
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Then we have that  
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For DCFu ∈ , we denote r
r uu ]min[=  and r

r uu ]max[= . 

Then by Theorem 3.2, we have Crr
r uuu ],[][ = . 

Definition 3.2. Let C  be a countable (including finite) 
subset of real number field R , and DCFvu ∈, , Rk ∈ . We 
define  
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

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<
≥

=
0]  ,[
0]  ,[

][
kifukuk
kifukuk

uk
Crr

Crrr  

Crrrr
rr vuvuvu ]  ,[][][ ++=⊕  

and 

Crrrr
rr vuvuvu ]  ,[][][ ⊗⊗=⊗  

where 

}  ,  ,  ,min{ rrrrrrrrrr vuvuvuvuvu ⋅⋅⋅⋅=⊗  

 And 

}  ,  ,  ,max{ rrrrrrrrrr vuvuvuvuvu ⋅⋅⋅⋅=⊗ . 

Theorem 3.5. Let C  be a countable subset of real number 
field R . If DCFvu ∈, , Rk ∈ . Then ruk ][ , rr vu ][][ ⊕  and 

rr vu ][][ ⊗  ( ]1,0[∈r ) satisfy the conditions conditions (i), (ii) 
and (iii) of Theorem 3.2. 

Definition 3.2.  Let C  be a countable subset of real 
number field R . If DCFvu ∈, , Rk ∈ . By Theorem 3.5 and 3.2, 
we know that ruk ][ , rr vu ][][ ⊕  and rr vu ][][ ⊗  ( ]1,0[∈r ) 
determine, respectively, unique discrete fuzzy number on C . 
We define, respectively, the unique discrete fuzzy numbers on 
C  are uk , vu ⊕  and vu ⊗ . 

Therefore we have the following result. 

Theorem 3.6. Let C  be a countable subset of real number 
field R . If DCFvu ∈, , Rk ∈ . Then uk , vu ⊕  and 

DCFvu ∈⊗ , and 
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rrr vuvu +=⊕ )(
 

rrr vuvu +=⊕ )(  

}  ,  ,  ,min{)( rrrrrrrrr vuvuvuvuvu ⋅⋅⋅⋅=⊗
 

and 

}  ,  ,  ,max{)( rrrrrrrrr vuvuvuvuvu ⋅⋅⋅⋅=⊗
. 

IV. CONCLUSION 
In this paper, in order to overcome the defect that the metric 

and the difference of two general discrete fuzzy numbers 
cannot reasonably be defined, we introduce the concept of 
discrete fuzzy number on a fixed set, give a representation 
theorem of such discrete fuzzy numbers, and obtain some 
properties of the operations of scalar product, addition and 
multiplication for such discrete fuzzy numbers. We also point 
out the conditions that make the usual operations of scalar 
product, addition and multiplication keep the closeness, define 
a new kind of operations of scalar product, addition and 
multiplication, and set up the relationship of the usual 
operations and the new operations. This make us can study 
conveniently the problems in relation to metric and difference. 
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