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Abstract— In this paper we describe a slippery model for a 
mobile robot with multiple independently steered and passively 
driven wheels, moving on a slippery surface while being 
subjected to an external wrench. The model determines the 
vehicle's instantaneous response to the external wrench given the 
wheels’ configuration.   The model is verified and tested in a 
mobile robot that consists of an upper circular body and three 
identical semi-passive driving mechanisms. Each mechanism 
consists of a passive wheel that can freely roll, and a rotation 
actuator along the radial axes. Kinematic analysis provides tools 
for designing a motion path that steers the robot to the desired 
location, and determines the singular configurations. Due to the 
passive roll, there is no longitudinal slippage, and possible lateral 
slippage is determined by the dynamic model. This slippage can 
then be verified from kinematic and odometric models.) 
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I.  INTRODUCTION  
Wheel slippage is one of the dominant features that affect 

the efficiency, reliability, feasibility and stability of mobile 
robot motion.. The most common method for autonomous 
relative position estimate - odometry, is subject to unbounded 
errors due to slippage [1], and requires an additional 
positioning system (e.g. Map- Matching, GPS, Beacon-Based 
Triangulation). This problem becomes critical when no 
absolute positioning system is available (e.g. space, 
underground or indoor). Furthermore, additional tasks such as 
trajectory planning and obstacle avoidance cannot be reliably 
performed in the presence of uncontrolled slippage. Many 
researchers deal with robot-surface interaction, particularly on 
slippery terrains. Bidaud et. al. [2] deal with wheel-soil 
interaction. Iagnemma et. al. [3] describe terrain estimation and 
sensing methodology using visual, tactile and vibrational 
feedback. Ferretti et. al. [4] exploit high resolution encoders to 
compensate for non linear friction terms. Physics based motion 
control that involves a model of traction mechanics with the 
consideration of force   distribution among the wheels is 
discussed in [5]. In this approach the wheel-soil contact angle 
and the distribution of the load on each wheel are considered, 
and a control system maximizes traction between the vehicle 
and the terrain. Yoshida and Hammano [6] investigate the tire-
soil traction mechanics as well as the body-suspension-wheel 
dynamics of a mobile robot. 

In this paper we consider a mobile platform with several 
semi-passive wheels. Each wheel has steering mechanism 
around the vertical axis (ωi), and no rotation driving 
mechanism (around the ci axis), as shown in Fig. 1. For 
simplicity we assume that all mechanical components are 
perfectly rigid, and all wheels have the same radius. Since the 
wheels have no rotation mechanisms, we can assume that 
contacts between the wheels and the ground along the ai axis 
rolls with no slippage. Accordingly, the velocity of the contact 
point of each wheel with the ground in the longitudinal 
direction is equal to zero. We further assume that the platform 
weight is evenly distributed among all wheels such that the 
normal forces at all contact points are equal, and that the 
friction coefficients (both static and dynamic) between the 
wheels and the ground are the same at all contact points. The 
latter assumption could be relaxed in two different. First if the 
robot has only three wheels then the normal forces can be 
easily computed using the robot’s equilibrium equations. In the 
case where the robot has four or more wheels, the contact 
forces computation problem is statically indeterminate and 
could be solved using elasticity and compliance of the wheels' 
computation.  

The mobility of the platform is generated by an external 
wrench ℜ . This wrench can comprise of pulling/pushing 
force(s) extracted by external resources, a propulsion force 
generated by an on-board generator (e.g. propeller or air-
turbine engine) or by a gravitational force (applicable for 
motion on inclined surfaces).  

Given the system shown in Fig. 1, we consider the 
following problems: 

For a given wrench ℜ and wheels' 

configuration ( )T
nW ωωω ,..., 11= , where ωi is the ith wheel 

angle with response to the robot’s heading direction, what is 
the instantaneous response of the platform? 

For a given a wrench ℜ , what is the required wheels' 
configuration W for the platform to follow a given trajectory P? 



         

 
Figure 1.  The multi wheeled mobile platform.  

II. MODEL FORMULATION 
We start by defining the parameters used by the model (Fig. 

2): 

Nomenclature 

bd  : Position of the center of the platform 

bθ  : Platform orientation 

ip  : Position of the center of the ith wheel 

iω  : Rotation of the ith wheel along the normal to the 
platform, with respect to the body x axis. 

ir   : Unit vector from the center of the platform to the 
contact of the ith wheel with the ground, given in body frame. 

il  : The distance between the origin of the body frame 
and the contact point of the ith wheel with the ground 

ic  : Unit vector in the lateral direction of the ith wheel, 
given in body frame. 

iφ  : Rolling angle of the ith wheel.  

The position of the ith wheel is determined by 

 .iibbi rlRdp +=  (1) 

Assuming ir  is held constant the velocity is given by: 

.iibiibbbi rlRrlJRdp +−= θ  (2) 

Where 
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J  and Rb is the rotation matrix of the 

body frame with respect to the world frame. 

If there is no lateral slippage then we can write 

 0=i
T
i pc  for i=1,2,…n (3) 

where n is the number of wheels in the system. 

 
 

Figure 2.  Schematic diagram of the ith wheel.  

Next, we define the K(q) matrix: 
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where ( ) 3
21 ,......,,,, +ℜ∈= nT

nbbb yxq ωωωθ  is the configuration 
space of the platform. 

We also define the V(q) matrix to be: 
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In general the no lateral slippage condition (3) can be 
expressed as: 
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In case the robot has only three wheels, the robot's 
Jacobean matrix can be defined as  

 ( ) ( ) ( ) 331 ×− ℜ∈= qVqKqJ  (7) 

In this particular case the central body’s velocities can be 
computed explicitly based on (6),  
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Let us define lines along the axes of the three robot's wheels 
as follows:   

 iiibibi ctrRldm ++=  for i=1,2,..n          (9) 
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where ti is a length parameter along mi line (Fig. 3). For any 
random combination (a,b,c) of three wheels we construct the 
K*(q) matrix: 

 33*)(* ×ℜ∈
















=

cb
T
cc

T
c

bb
T
bb

T
b

ab
T
aa

T
a

rJRclc
rJRclc
rJRclc

qK       (10) 

where ),,(* cbaq = is a triplet which is a subset of the n 
wheels set for a given wheels' configuration.  

Theorem 1:  Matrix K*(q*) is of full rank if, and only if, 
the three lines ma,mb, and mc do not intersect at a single point or 
are not parallel to each other (in this case the intersection point 
is in the infinity).  

The proof of this theorem is based on the solution of the 
three lines (Eq. 9) for ti (deterring the values of ta, tb, and tc) and 
comparing it to the singularity conditions of K*(q*). The 
detailed proof of the theorem is beyond the scope of this paper. 

Theorem 1 provides an effective formulation for 
determining singularity configurations. These configurations 
occur when the lateral direction of all wheels are either parallel 
to each other or intersect at a single point. The following 
Corollary asserts a sufficient and effective condition for the 
matrix K(q) to be of full rank. 

Corollary 1: If the matrix K*(1,2,x) is of full rank for x=3 
to n, then the matrix K(q) is of full rank. 

Proof: In order for K(q) to be of full rank lines mi for 
i=1,..,n must not intersect at a single point or be mutually 
parallel. Therefore it is sufficient to check whether all lines mi 
for i=3,..,n pass through the intersection point of m1 and m2. 
Moreover, in case of  m1 parallel to m2 it is also sufficient to 
check that all other lines are parallel to these lines. 

Finally, we define the Non-Singularity Index (NSI) which 
is the number of triplets q* that construct a non singular matrix 
K*(q*) for a given wheels configuration.  

 

 
Figure 3.  Schematic a subset consists of three wheels 

III. MODEL SOLUTION 
In the previous section we discussed the conditions for 

singularity of the wheels’ configuration which determines if the 
lateral directions of all the wheels are mutually parallel or 
intersect at a single point. Returning to the original scenario 
shown in Fig. 1, we can now determine the instantaneous 
response of the platform while a given wrench ℜ is applied to 
the robot. We classify two possible wheels' configuration types 
according to NSI: 

NSI>0: In this configuration there is at least one subset of 
q* that is not singular. As a result, the platform is considered to 
be at a limited force closure configuration. In this 
configuration the wheels are capable of balancing the external 
wrench ℜ by applying a reaction forces c

if  at the contact 
points (pi) of the wheels with the ground such that  

 0),...,,,..,( 2121 =Θ+ℜ c
n

cc
n fffppp  (11) 

where Θ maps each reaction force to the resulting wrench 
on the platform frame. Note that (11) is the six dimensional 
equilibrium equations. The limit on the force closure 
configuration is due to the limits on the lateral static friction 
between the wheels and the surface.  It is important to mention 
here that (11) consists of the following: Three equations which 
state that the sum of the forces is zero, and three equations 
which state that the sum of the torques is zero. For the case of 
three wheeled robot equation, we have six unknowns: normal 
force and lateral friction force for each wheel. Therefore for a 
three wheeled robot we can easily compute the contact forces 
using six equilibrium equations with six unknowns. However 
for robot with a higher number of wheels we need to exploit 
elasticity and compliance in order to solve the statically 
indeterminate problem. 

NSI=0: In this configuration all subsets of q* are singular, 
so lateral directions of all the wheels intersect at a single point, 
as shown in Fig. 4. We call this configuration limited 
rotational configuration. For a given external wrench ℜ and 
friction constraints, the platform can rotate around this 
intersection point. The following sections discuss the two types 
of configurations with more details. 

 

Figure 4.  NSI=0 – all lateral directions intersect at a single point 
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IV. LIMITED FORCE CLOSURE CONFIGURATION 
As discussed in the previous section, the wheels are capable 

of balancing the external wrench ℜ in the limited force closure 
configuration according to Eq.11, subject to the friction 
constraints, given by  

 is
c

i Nf µ≤  for  i=1 to n       (12) 

where sµ is the static friction coefficient at the contact of 

the ith wheel and the ground, and iN is the normal force applied 
by the ith wheel.  

If all lateral forces are within the friction constraints, the 
platform is at force closure configuration and there is no 
slippage. In case NSI>0 the platform will remain static. If the 
lateral force on one wheel reaches the friction constraint, the 
platform may remain in force closure, but now Eq. (11) is 
applied on n-1 wheels with two wrenches: the original external 
wrench ℜ , and an additional wrench *ℜ  applied by the 
friction force.  
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Equation (9) is now updated to  
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The process can now be repeated for the n-1 wheels. If two 
or more reaction forces remain within the friction constraints, 
and if their respective K*(q*) is of full rank, then the platform is 
at force closure. If only one reaction force remains within the 
friction constraints, the platform will start rotating around the 
intersection point of their respective lines mi, or about the 
contact point of the remaining wheel. At this stage the other 
wheels will start a combined rolling and lateral slippage 
motion. When the last wheel reaches the friction constraint, the 
platform moves according the external wrench, the dynamic 
friction forces, and the dynamics of the robot. To verify our 
model we developed a three wheeled prototype platform shown 
in Figure 5 and 6.   

  
Figure 5.  Design model of our three wheeled robot. 

 
Figure 6.  Design model of the wheel mechanism 

Figure 7(a) shows a snapshot from our simulator that 
describes a specific wheel configuration of the platform.  In this 
configuration the wheels are directed at 30o, 0o, and 90o. This 
configuration is a limited force closure, as the lateral wheels’ 
directions do not intersect at a single point and are not mutually 
parallel. The external wrench is generated by a force applied on 
the platform in the X+ direction. Figure 7b shows the lateral 
reaction forces as a function of increasing external force. The 
limit of the static friction forces (combined with a constant 
normal force) for the given experiment is 500N. In this case 
wheel #3 is the first to reach the friction constraint when the 
magnitude of the external forces is 667N. The reaction forces 
on wheels #1 and #2 are 333N and 289N respectively. If the 
external force continues to increase, the reaction force on wheel 
#3 remains at 500N and the other reactions forces increase as 
shown in Fig. 7c. In this case the robot will rotate around the 
intersection point of m1 and m2. After further increase of the 
external force to 752N the reaction force on wheel #1 reaches 
the friction constraint. Further increase in the external force 
eventually cause wheel #2 to also reach its static friction 
constraint, and start lateral slippage.    
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(b)     (c) 

Figure 7.  Wheels' configuration (a) and reaction forces (b and c) 
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V. LIMITD ROTATIONAL CONFIGURATION 
We now consider the case of NSI=0, when the lateral 

directions of all wheels intersect at a single point – O (Fig. 8). 
We define the radius of curvature R as the distance between the 
intersection point O and the center of mass of the body C. We 
then divide the force F to its tangential (Ft) and radial (Fr) 
components. The tangential force Ft causes the platform to 
rotate around O, while the radial force Fr causes lateral reaction 
forces at the wheels’ contacts with the ground. These reaction 
forces are also a result of the centripetal acceleration due to the 
rotational movement. As long as the lateral reaction forces are 
within the friction constraints, the platform continues its 
rotational motion. When the lateral reaction forces reach 
friction constraints, lateral slippage occurs, combined with the 
rotational motion. The robot starts a circular motion around O 
at an initial speed Vi, and, when it reaches critical speed Vc, it 
starts a combined rolling circular motion and lateral slippage 
motion. The critical speed can be determined by  
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where  f
iF is the lateral friction force applied on wheel i, 

and R is a unit vector in the radial direction. This combined 
rolling and lateral slippage motion results in a slip angle (the 
angle between a wheel's actual direction of travel and the 
longitudinal rolling direction). The slip angle is defined by the 
angle of the vector sum of a wheel's longitudinal velocity 
Vlongitudinal and the lateral velocity Vlatweral 
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This slip angle results in a force, perpendicular to the 
wheel's direction of travel known as the cornering force. This 
cornering force increases approximately linearly for the first 
few degrees of slip angle, and then increases non-linearly to a 
maximum before beginning to decrease. The actual cornering 
force is a function of the wheel’s material and shape, terrain 
condition and the normal force at the contact point. The ratio 
between the slip angles of the front and back wheels determines 
the platform's behavior. If the ratio is larger than 1, then the 
platform is understeered. If the ratio is less than 1 the platform 
is oversteered.  

 
Figure 8.  Limited Rotational Configuration 

 
(a)     (b) 

Figure 9.  The effect of oversteer (a) and (b) understeer on the platform  

During understeered motion the platform moves at a larger 
radius than the one determined by the distance between the 
intersection of all lateral wheels’ directions and the platform’s 
center. In oversteered motion, on the other hand, the rear 
wheels slide out toward the outside of the curve, and bring the 
platform into a spin. Figure 9 shows the effect of oversteered 
(Fig. 9a) and understeered (Fig. 9b) motion on the platform 
shown in Fig. 8. 

VI. EXPERIMENTAL RESULTS 
To verify our slippage models we performed several 

experiments using our Glider Prototype Robot (Fig. 10).  In the 
first experiment, the robot was traveling downhill on a flat 
surface with wheels #1 and #3 in front and #2 at the back (Fig 
11a).  At the beginning of the experiment, all wheels point to 
the front ( 0

31 0== θθ ).  During the 20 second experiment, 
wheels #1 and #3 symmetrically and linearly rotate inwards, 
while wheel #2 is subjected to random rotation in the range of 
±5o, as shown in Fig. 11(b). As a result of the changing rotation 
angle of wheels #1 and #3, lateral slippage occurs affecting the 
roll speed of each wheel, as shown in Fig. 11(c), until the robot 
stops.  As expected, lateral slippage increases as the rotation 
angle increases, similar to the models shown in Shiller and 
Gwo [8]. These results are consistent with our previously 
developed kinematic and odometric models [9]. 

 
Figure 10.  The Glider Prototype Robot 
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11(a) – Configuration of the robot during the experiment 
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11(b) - Changes in rotation angle 11(c)- Changes in rolling speeds  

Figure 11.  Experimental results of linear motion 

In the next experiment the robot is at a singular 
configuration such that the lines li's intersect at a single point.  
In this case the robot is constrained to move along an arc 
shaped path.  The center of the arc is in the intersection point of 
the l1,l2 and l3 lines.  Since the robot is an Euler-Lagrange 
system and there is friction in the wheels’ bearings, then the 
system is passive and governed by gravitational potential 
energy. According to Koditschek [10] the configuration in 
which the system's potential energy is minimal is an 
asymptotical stable equilibrium point of the system.  According 
to this observation, we find the radius and center of curvatures 
at each point of the desired motion path.  Then we continuously 
set the li's intersection point at the center of curvature of the 
desired path by changing the robot's configuration. This way, 
the robot passively glides along the desired path (Fig. 12).    

 
Figure 12.  Experimental results of linear motion 

VII. CONCLUSIONS 
In this paper we present a model for motion of a semi-passive 
mobile robot subject to external wrench. The robot consists of a 
base platform and multiple semi passive wheels.  Each wheel 
can actively rotate around the normal to the central base and 
passively roll along the longitudinal direction. The model 
analyzes the reaction forces and possible lateral slippage of the 
wheels. Based on this analysis the model determines the 
boundaries of the external wrench that maintain the robot in a 
force-closure configuration. The model also determines the 
singular configurations in which the robot performs linear and 
circular motion, as well as the limitations for non-slippage 
motion. Field experiments, using a three wheeled platform 
robot have been conducted to verify our model. These 
experiments can be found in our website: 
http://www.ariel.ac.il/iem/pf/shoval/index_files/Shraga%20Sho
val,%20Publications.htm. 
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