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Abstract—This paper deals with resilient robust H.. fuzzy
control problem for a class of nonlinear time-delayed systems with
norm-bounded and time-varying uncertainties in the matrices of
state, delayed state and control gain via state feedback controllers.
Firstly, the nonlinear system is represented by Takagi-Sugeno (T-
S) fuzzy model. Sufficient conditions are derived for the existence
of resilient robust H.. fuzzy controllers in terms of linear matrix
inequalities (LMI), which can be solved by convex optimization
method. Finally, numerical example is presented to demonstrate
the effectiveness of the proposed controller design.

I. INTRODUCTION

During the past years, one of the most challenging problem
for many engineers is to design resilient controller, which is
also called non-fragile controller [1]-[4]. Fragility refers to
the performance debasement of the closed-loop system due to
small perturbations in the coefficients of the controller design.
Some examples in [1] had been presented to show that small
perturbations in the coefficients of the controller designed by
using robust Hy, H.., [} and [ approaches can destabilize the
closed-loop control system. The authors therein had suggested
taking into account both uncertainties in the controller structure
and in the system structure, so as to make a good trade-off
between fragility and optimality.

On the other hand, dynamical systems with time delays
are common and constitute basic mathematical models of real
phenomena, for instance in chemical processes, communica-
tion network, and mechanics. Since time delays frequently
cause serious deterioration of the performance and even sta-
bility of the system, there are many approaches to solve this
problem over the last decades [5]-[8]. Particularly, resilient
state feedback controller had been discussed in consideration
of implementation errors for linear system with time delays in
[8]. How ever, the efforts in [1]-[3] , [8] were mainly focused
on linear systems. Non-fragility of the controller for nonlinear
system was discussed in [4]. However, the method therein
needs positive-definite solution to a pair of coupled Hamilton-
Jacobi inequalities, which are much complicated and only have
solutions for a special kind of systems.

It has been shown in [9]-[11] that Takagi-Sugeno (T-S)
fuzzy model can act as a universal approximator of any smooth
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nonlinear systems having a first order that is differentiable. T-
S fuzzy logic controller design and parallel-distributed com-
pensation (PDC) scheme had been proposed and developed
in [12]. Fuzzy model-based controller can combine the merits
of both fuzzy controller and conventional linear theory, and
furthermore guarantee stability in the sense of Lyapunov
and control performance theoretically. Moreover, linear matrix
inequality (LMI) techniques [13] also make model-based fuzzy
controller design more convenient. Therefore, it is meaningful
to consider applying the fuzzy model to approximate the
nonlinear system with time delays. To stabilize the nonlinear
time-delayed system, some researchers considered T-S fuzzy
system with time delays [14], [15], which had studied the
designs of delay-independent and delay-dependent controller,
respectively.

The main contribution of this paper is to propose a resilient
robust H., fuzzy controller design for a class of nonlinear
systems with time delays and norm-bounded time-varying
uncertainties. First, the nonlinear system with time delays is
described by T-S fuzzy model. Then, the sufficient conditions
for resilient robust H.. fuzzy controller are presented through
PDC scheme. And the conditions are reduced to a set of
LMIs, which can nowadays resort to some popular commercial
software. Finally, numerical example is given to illustrate the
efficiency of the controller design.

The rest of this paper is organized as follows. T-S fuzzy
system with time delays is constructed in Section II. Resilient
robust H., fuzzy controller is proposed in Section III. In
Section IV, the proposed scheme is applied to a numerical
example. Some conclusions are collected in Section V.

II. Fuzzy SYSTEM WITH TIME DELAYS

A general T-S model employs an affine model with a
constant term in the consequent part of each rule, based on
a fuzzy partition of input space. In each fuzzy subspace a
linear input-output relation is formulated. The output of fuzzy
reasoning is given by the aggregation of the values inferred
by some implications that were applied to an input. This is
often referred to as an affine T-S model. However, what we
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are mostly interested in is another type of T-S fuzzy model,
in which the consequent part for each rule is represented by a
linear model (without a constant term). This type of T-S fuzzy
model is called a linear T-S model.

T-S fuzzy system can be used to approximate a class of
nonlinear time-delayed systems with norm-bounded parametric
uncertainties [11], which is constructed as follows

Plant Rule i : IF 6,(¢) is Ny, ---, and 6,(t) is N,

THEN (1) = (A; + AA)x(t) + (Agi + AAyy)
xx(t —d(t))+ (Bi+ AB;)u(t) 1)
+Boio(t),
z(t) = Cx(t),

X(l):(])([), te[—O'(), O]a l:1, 27 Tty

where 6(t) = {01(r), 02(r), ..., 04(t)} denote the variables
of premise part, A;, Ag; € R, B; € R"*", x(t) € R" denotes
state vector, u(t) € R™ denotes control input vector, and Ny
denotes fuzzy sets, the real-valued functional d(¢) is the time-
varying delay in the state and satisfies d(f) < o0y, a real
positive constant representing the upper bound of the time-
varying delay. It is further assumed that d(f) < < 1 and
B is a known constant. ¢(¢) are continuous vector-valued
initial functions, and r denotes the number of IF-THEN rules.
AA;, AAyi € R™M AB;(t) € R™*"are the system’s uncertainty
matrices and satisfy Assumption 1.

Assumption 1: Uncertainty matrices AA; and AB; in system
(1) take the following structures

r.

[ AA; AB; AAdl‘ ] :MiFi(t)[ Nii Ny Ny } 2

where M;, N;; and Njp are constant real matrices of appro-
priate dimensions, and F;(r) € R/ is unknown matrix-valued
functions with Lebesgue-measurable elements and satisfies

F (t)F() <I 3)

where [ is the identity matrix of appropriate dimensions.

By using the fuzzy inference method with a singleton
fuzzifier, product inference, and center average defuzzifiers,
the final output of the T-S fuzzy model is inferred as follows

#0)= 3 m(O0)I(Ai+A)x(0) + (Aat M)
x x(t —d(t)) + (Bi + AB;)u(t) + Byio(t)]
where
(@) =200 6)) = [TV (60)
S wi(6() =

and N;;(6(t)) denotes the degree of membership of z() on N;;.
It is assumed that the degree of membership satisfies

Wl(a(t))>07 Wi(t)207 121, 27 )

r
)
i=1
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Note that for all ¢, there exists

where h;(0(t)) can be taken as the weights of normalized IF-
THEN rules.

For PDC scheme, resilient robust H.. fuzzy controller
and the fuzzy model (1) possess the same premises. Then,
supposing that all the states are observable, the i-th controller
rule can be expressed by

Controller Rule i :
IF 6;(t) is Ni1, ---, and 6,(¢) is Ni,
THEN u(r) = (K; + AK)x(t), i=1,2, ---,

&)

r.

where u(r) is the actually implemented local controller, K;
is the local nominal gain, AK; represents drifting from the
nominal solution.

Remark 1: Generally speaking, there are two types of
structured gain uncertainties, i.e. additive and multiplicative
norm-bounded uncertainties. Haddad and Corrado [2] extended
the robust fixed-structure guaranteed cost controller synthe-
sis framework to synthesize resilient controllers for additive
controller gain variations and system parametric uncertainty.
Multiplicative controller gain variations were addressed in [4].
In this paper, only additive gain uncertainties are taken into
consideration. It is assumed that AK; = H;Fx;(t)Ek;, where H;,
Ek; are constant real matrices of appropriate dimensions.

At the consequent part, fuzzy control rules have linear state
feedback gain. It has been proved that the controller using the
PDC scheme (5) is an approximator for any nonlinear state
feedback controller [11]. The overall fuzzy controller can be
represented as follows

Zh

Applying the controller (6) to the system (4) will result in
the following closed-loop system

) (Ki + AK;)x(1) (6)

#() = 3 m(00){[(Ai+ A1)+ (Bi+ AB)
x (Ki+ AK;)|x(t) + (Agi + Agi) )
X x(t—d(1)) + By (1)}
x(1) = ¢(1), 1 €[00, O].
Next, we will introduce a definition for the closed-loop
system (7).

Definition 1: The closed-loop system (7) is asymptotically
stable with disturbance attenuation level y and stable, if the
following is fulfilled for all time delay and the uncertainties
therein satisfy (2) and (3):

1. The closed-loop system (7) is asymptotically stable;

2. The closed-loop system guarantees, under zero initial
conditions, |z(#)[l, < Y*||@(t)|l,, for all non-zero w(t) €
L, [07 °°)'

Then, the objective of this paper is to design a resilient
robust H.. controller in the presence of time-varying delays,




parameter uncertainties of system and additive uncertainty of
controller. Also the controller guarantees disturbance attenua-
tion of the closed-loop system from w(¢) to z(¢).

III. RESILIENT ROBUST H.. FUzzZY CONTROLLER DESIGN

In this section, we will present stability conditions for the
closed-loop fuzzy system (7). Some useful matrix inequalities
are introduced first, which will be used in the proof of our
main results.

Lemma 1: [7]

1. For any real vectors x, y and matrix P > 0 of compatible
dimensions,

2"y <x"P x4y Py ®)

2. Let A, D, E and F(t) be real matrices of appropriate
dimensions. Then we have

(a) For any scalar u > 0,

DFE + (DFE)" <u~'DD" + uE"E )

(b) For any real matrix P = P’ > 0, scalar p > 0, F satisfy-
ing FFT < 1. For any scalar p > 0 such that u/ — EPET >0,

(A+DFE)P(A+DFE)" < uDD" + APAT (10)
+APET (ul — EPET)'EPAT
(c) For any real matrix P = PT >0, and scalar u >0 such
that P — uDD” > 0,

(A+DFE)'P~'(A+DFE) < u'E'E

+AT(P—uDDT) 1A b

[13] Suppose that A = AT € RUFK*+H0) g

SEx

where C € R¥** is nonsingular, then A > 0 if and only if C >0
and A—BC~'BT > 0.

Now we are in a position to present the main result in this
paper. Firstly, stability conditions are presented for the systems
(7) without external disturbances.

Theorem 1: Consider the uncertain nonlinear systems with
time-varying delays (7) and suppose that the disturbance
input is zero for all the time. The closed-loop system (7) is
asymptotically stable if there exist positive definite matrix P,
and controller gains K; such that

Lemma 2:
partitioned as

A B
BT C

l:[1 *

[AZZ-P I } <0, (12)
I, s
[AglP—FA np rz] <0, (a3

where
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1) = PA; + PBK; +ATP+ K BT P+ (1 - B) 'Ry,
+ (e1:+ &3+ &) Bl P+ &, (E1i + E2iKi)T
x (E1;+ ExiK:) + &, EFExi,

M, = PA;+ PBiK; +A] P+ K| B] P+ PAj+ PB/K;.

+ATP+K/BIP+

2
= BR1+(81ij+82ij
X &+ &2ij)PBi(I — &, (ExiH;)" (ExiHj)) ™
x Bl P+ (&s;; - €6ij + €4ij + €4;)PD;D] P
+&4;PD;D P+ e} (Eyi+ ExiK;) (Ey;
+E2iK)) + &, Ex Exj + &51PB; (I — €
X (EzjH;)" (E2jH;)) ™' B} P+ &5, EiExi
+ &4 (E1j+E2jKi)" (E1j + EajK)),

A1 =&, 'ELEs — Ry,

1
1-B

—1 T —1 T
A =¢, EdiEdi+€4j EdjEdj_ Ry,

1 —
where 1 <i<j<r g (1<c<4), g;(1<d<6) are
arbitrary positive scalars, * denotes the transposed element
in the symmetric position, and [ is identity matrix with
appropriate dimension.

Define the following Lyapunov functional candidate for the
system (7) as follows

s)Rix(s)ds  (14)

1 - ﬁ t—d(t
where P is a time-invariant, symmetric positive definite matrix.
It is straightforward that V' (x(¢)) is positive definite and radially
unbounded.

Then, the time derivative of the Lyapunov candidate V (x(¢))
along the trajectory of (7) is given by

dV (x(1))
dt

= (t) +x" (1) Pi(r) + _1ﬁxT (1)
1

%B(OXT(I —d(t))Rix(t—d(t))

hi(0(1)h;(0()) (x (1) (P((Ai + AAy),

i (t)Px

X Rlx(t) —

1

+ (Bi+AB) (K +AK;)) + ((A] +44])
+ (K] +AK] ) (B +AB]))P)x(1) +x" (1)
X P(Agi+ M g)x(t —d(t)) +x" (1 —d(t))

_IBxT(t)Rlx(t)

xl(t—d(t))Rix(t —d (1))

X (Agi+AAG)Px(1))
1—-o0o()
-5

After some manipulations, the above formulae can be
rewritten as follows




dV(x(1))

= (P((Ar+84) + (B,

_th
+AB,~)(K,»+AK')+((A»T+AA»T>
+Zh

x (P(A; + AA; +(Bi+ABi)(Kj+AKj>)

+((AF +aAT +(K~T+AK-T)(B»T+AB?))
X P+P(Aj+AAj)+ (Bj+ ABj)(K; + AK;))
+ (AT +AAT) + (K] +AKT)(BT+ABT))
X P)x(t) +x" (1)P(Agi + AAgi)x(t —d(1))

(1)) (AL + AAT)Pr(r)) +

-B
%"g)f (t — (1) Rix(t —d (1))

Applying Lemma 1 to the above formulae results in

av(x(1) _ o
dt —

(KT + AKT)

x (BI +ABI))P 0(t))

—_

2 (1)

+x7(t -

X Ryx(t) —

1+527

5)

where

of (t)[PA; + PB;K; + AT P

Z
+ KTBTP—i— €1,PD:D! + &, (E1; + ExiK:)"
X (Ey; + E2iK:) + €2PBi(I — &' (EoiH;)"
x (EyiH;)) " 'BI P+ &5, - £,PD;D! P
+ & ELExi)x(t) +x" €4;PD;D} Px(t)
+e;' % (t—d(t)ELEqix(t —d(t)) +x" ()P
x Agix(t —d(t)) +x" (t —d(t))ALPx(t)

X" ()Rx(t) — Xl (t—d(1))

1
1-p

+A] P+ K] BP+;PB;(I — &5, (ExiH;)"

x (EyiH;)) " 'BI P+ &3 - £,PD;D! P

+&; ExExj+PAj+ PB;K;+A]P+K/ B P
+&4i;PDiD] P+ £} (E1j+ Ey;K)" (E\;

+ E;Ki) + €5 PB; (I — &g, (EaHi)" (EoH;)) ™
X B} P+ &sij- €6ijPD;D} P+ &5, Eg;Exi)x(1)

+ &4x” (t)PDiD] Px(t) + €4;PD ;D Px(t)

+ ;"X (1 —d(0)EjiEaix(t —d (1)) + &,,'x" (¢
—d(1))Eq;Eqjx(t —d(1)) +x" (1)PAgix(t — d(1))
+x(t —d(t)EJ;Eqjx" (t —d (1)) +x" (t —d(1))A];

x Px(t) +x" (1 —d(1))Ag;Px(t) + xT ()R x(t)

1-B
2 7
- Wx (t—d@))Ri1x(t—d(1)).
From the properties of quadratic form, the above formulae
will lead to

dV

th { E?_d@) T
x(1) }

x [ ] [x(t—d(t))
+ Y hi(0(0)hi(0(1) [ X" (1) xT(t—d(r)) ]

i<j
o I, PAgi+ PAg;
ALP+ALP Ty

X[ig)do»]'

So far, if inequalities (12) and (13) hold, there exists
% < 0. Therefore, the closed-loop system (7) will asymp-
totically stable.

Next, resilient robust H.., fuzzy controller will be presented
for the T-S fuzzy system (7) with external disturbances based
on Theorem 1.

Theorem 2: Consider uncertain nonlinear system with time
delays (7). (5) is resilient robust H.. fuzzy controller for the
system (7), if there exist matrices M;, symmetric positive
definite matrix N, U such that LMIs (16) and (17) holds, where

H1 PAg;
ALP T

U
Qi = AiN + B:M; + NAT + M Bl + —p +
+&3i- &+ &4)DiD] + exBi(I — &3i(ExiH;)"
x (EyH;))" BY

Qij = AN+ BiMj+NA] +M] B] +A;N + B;M;

(&1

2U
+NAT+ M/ Bl + —— +

1-p
+ s} - €6ij + €4ij + €4))DiD} + 84ijD,T
+sl,] (EviN + ExiM;)" (EiN + ExiM,)

+84l] (E11N+E21 ) (Ele+E2jMi)a

(€1ij + &2ij - &3ij

1<i<j<r & (1<c<4), g (1 <d<6) are arbitrary
positive scalars. Feedback gain K;s are obtained by

Ki=MN~', P=N"1 (18)

Proof: For our convenience, we introduce

A= (Ai+AA)x(t) + (Agi + AAg)x(t —
+ (Bi+ AB;) (K; + AK;)x(t),

d(1))

then we have
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i Qi,’ * *
U
NATZ R
B5; 0 -yl
E ;N + EyM; 0 0
ExiN 0 0
CN 0 0
I 0 EsN 0
i Q;; * * * *
N(Agi +A0le) —% * * *
B, +BJ; N *
E N+ E)yM 0 0 _81ij1 *
E\ ;N + E; iM; 0 0 0 — &4
ExjN 0 0 0 0
ExiN 0 0 0 0
EN 0 0 0 0
0 Es;N 0 0 0
L 0 EdjN 0 0 0
J= / 7o
0
°° dv(x(t
g/ ol (Do) + ZLED) 1y,
0 dt
_ {ZT _ YZCOT
0
r r
+22m 0(1))[AT Px(t) +x" (t)PA
i=1j
+ o (t)BLPx(t) + x" (t)PByw(t)] }dt
r
= [(IZmowm e (@:£0)
i<j
+Zhi2 EM (1)@ (1)]dr,
i=1
where

EN)=[ ") «T(t—d) o'()]"

[ H] * *
Wi=| ALP Ay = ,
| BLP 0 —VI
[ I, x  *
v, = | ALP+AY PoAr ok ,
_BmP+B%P 0 29
I, =11, +CTc,

L, =TI, +2CTC.

If there exist ¥; < 0 and W, < 0, then J < 0, which
implies that ||z(¢)|l, < yllo(t)||,, for any @(z) € L, [0, o).
Therefore, when ¥; <0 and ¥, < 0, the closed-loop system
is asymptotically stable with disturbance attenuation level y
according to definition 1 in section 2. Then, multiply the

* * * * ]
* * * *
* * * *
—el * * * <0 (16)
0 —&il  * *
0 0 —1I *
0 0 0 —&yul |
* * * * * ]
* * * * *
* * * * *
* * * * *
iil * * * * * <0 (17)
—&j1 * * * *
0 —&s;5l * * *
0 0 —0.51 * *
0 0 0 —&ql *
0 0 0 0 —&4;1 |

resulting inequalities W1 < 0 and W, < 0 by © = diag(P~',
P~1, I) both left and right side, respectively.

However, the conditions are not jointly convex in K;s and P
in Theorem 1. Therefore, Schur complement is applied to the
obtained matrix inequalities. Introduce new variables N = P
M; = K;P~! and U = NR|N. Then, the LMIs (16) and (17)
can be obtained. The search for the common matrix P and K;s
nowadays can resort to some efficient numerical methods [13]
in terms of LMIs. So far, LMIs are tractable and N, M; and U
can be determined.

| |

IV. NUMERICAL EXAMPLE

To demonstrate the use of our method, we consider a
nonlinear system with time delays approximated by using the
following IF-THEN fuzzy rules:

IF x;(¢) is P, THEN

X(t) = (A1 + A )x(t) + (Ag1 + A4 )x(t —d(2))
+ (B] +ABl)u(t) +321(u(t);
IF x;(¢) is N, THEN
X(t) = (A2 +AA2)x(t) + (Aga + Adg2)x(t — d(t))
+ (B2 +ABy)u(t) + Bno(t);
where the membership functions of ‘P’, ‘N’ are given as
follows
My () = 1— ——— (19)
A 1 +exp(—2x1)
My (x1(1)) = 1 =M, (x1 (7)) (20)

The uncertainties AA;, AA;; and AB; are assumed to have
the form of (2). Then, the relevant matrices in the T-S fuzzy
model are given as follows

e[5" %) ]

0.3
0

—-0.4
0

-1
0

0.4
-0.5
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[0
312_0'1_7 3212_1_7

—05 0 04 0
A2=1 05 1]’ Adz_[0.4 0.3}’

F o o
B = 05 | By = BE

[o1° 0.1
Dl:[o.z]’ DZZ[O.S}’

1

El =ET, = 0], Eq=E;p=1]01 0],
Ey =03, Ex»=0.2,

Fi(t)=F((t)=sin(t), H =H,=0.5,

Exi =Exx=1[05 05],

o(t)=[ et 0],
and d(¢) = hsinz. In Theorem 1, we choose the scalar coeffi-
cients €, = €4;; = 1,1 <c< 4,1 <d <6, y=1.5. By using

Matlab LMI Control Toolbox [16], positive definite matrices
P, R, and feedback gain K;s can be obtained as follows

p_ | 58361 2.6938
| 23181 2.6022 |’
R | 19767 11741
1= | 1.6807 2.4234 |’
K, = [ - 3.3698 - 4.5295],

Ky =[-2.4277 - 0.2184].
V. CONCLUSIONS

In this paper, resilient robust H. fuzzy controller design
has been addressed for a class of nonlinear systems with time
delays via fuzzy interpolation of a series of linear systems. The
fuzzy controller is reduced to the solution of a set of LMIs,
which make the design much more convenient. Furthermore,
an example has demonstrated the use of the proposed fuzzy
model-based controller.
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