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Abstract—The paper studies a class of formation control
problem, i.e. the controllability for multi-agent systems. The
contribution includes several necessary and/or sufficient condi-
tions for the controllability under multiple leaders and switching
topology. The results are not only necessary and/or sufficient,
but also indicate to a certain degree how the controllability
be impacted by the evolvement of the corresponding dynamic
networks and the switched interconnection topologies.

Index Terms—Multi-agent systems, controllability, switched
systems, graph theory.

I. INTRODUCTION

Distributed coordination of networks of dynamic agents has
attracted a great deal of attention in recent years[1]-[10]. This
is partly due to broad applications of multi-agent systems
in, e.g. the cooperative control of unmanned aerial vehicles,
and technology improvements allowing smaller, more versatile
robots and other types of agents.

The controllability problem was put forward for the first
time for multi-agent systems by Tanner in [5], and then
developed in [6], [7], [8], [9], [10]. The problem is on how
the interconnected systems can be steered to specific positions
by regulating the motion of a single system that plays the
role of the group leader. This is what the so-called the
group can be controlled. This requires the characterization of
conditions under which the leaders can move the followers
into any desired position or configuration [6]. That is, to derive
conditions for a group of systems interconnected via nearest
neighbor rules, to be controllable by one of them acting as a
leader [5].

It is essentially a kind of formation control problem. The
problem is transformed to a classical notion of controllability
in [5] with respect to a fixed interconnection topology and a
switched controllability problem in [9], [10] with respect to a
switching topology. One of the features for the controllability
problem studied in [5], [9], [10] is that the leader is assumed
unidirectional, i.e. the leader’s neighbors still obey the inter-
connection nearest neighbor rules, but the leader is indifferent,
and is free to pick any agent. Accordingly the leader does not
participate in the typical configuration updates, and merely acts
as an external control signals. The leader is not affected by the
members whereas each member is influenced by the leader and
the other members.

Central to the investigation of formation control is the nature
of interconnection topologies. Some preliminary results on for-
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mation control were derived with respect to the fixed topology,
which is a necessary step toward the more realistic dynamic
setting. For example, in addition to [3], [7], the feasibility
problem of achieving a specified geometric formation of a
group of unicycles was investigated in [4], where necessary
and sufficient graphical conditions for the existence of local
information controller to assure the asymptotic convergence
of the closed system were derived. Our goal is to consider the
formation control, which is reformulated as the controllability
problem in this paper, where the dynamics are influenced
by switching topologies and leaders. The first result is an
algebraic characterization of controllability. The disadvantage
of the result is that it does not provide any insights on the
impact of dynamic/switching topologies to the controllability.
The second result then tries to make up for this shortfall, which
shows that the controllability of multi-agent systems comes
down to the constructively design of a dynamic evolvement
pattern for the topologies of the corresponding dynamic net-
works. The results are helpful to a further understanding of the
relationship between the formation control and the dynamic
evolution of interconnection networks.

II. GRAPH THEORY PRELIMINARIES

Some notions in graph theory are recalled in this section.

An undirected graph G consists of a vertex set V =
{1,2,--- ,N + 1} and an edge set & = {(4,7) : 1,7 € V},
where an edge is an unordered pair of distinct vertices of V.
Two vertices ¢ and j are neighbors if (i,j) € &, and the
neighboring relation is indicated with j ~ 4. In this case we
say that j is a neighbor of 7. The number of neighbors of each
vertex is its valency or degree. A path igi1 ---is is a finite
sequence of nodes such that i1 ~ i, k =1,---,s, and a
graph G is connected if there is a path between any pair of
distinct nodes. The adjacency matrix A(G) of G is an |V| x |V
matrix of whose ijth entry is 1 if (i,7) is one of G’s edges
and O if it is not. Any undirected graph can be represented
by its adjacency matrix, A(G), which is a symmetric matrix
with 0-1 elements. The valency matrix A(G) of a graph G is
a diagonal matrix with rows and columns indexed by V), in
which the (4, j)-entry is the valency of vertex i.

The incidence matrix In(G) of G is an |V| x |€] matrix,
with one row for each node and one column for each edge.
Suppose edge e = (i,7). Then column e of In(G) is zero
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except for the ¢-th and j-th entries, which are +1 and —1,
respectively. The Laplacian matrix L(G) of a graph G, where
G = (V,€) is an undirected, unweighted graph without graph
loops (i,%) or multiple edges from one node to another, is an
[V| x [V| symmetric matrix with one row and column for each
node defined by

d;, if i = j (number of incident edges)
L(G)i; =4 —1, ifi#j and 3 edge (i,5)
0, otherwise.

Given a graph G, its associated matrices In(G) and L(G) have
the following properties: (a) L(G) is always symmetric and
positive semidefinite; (b) zero is always a eigenvalue of L(G)
with 1,,, the vector of ones, being the associated eigenvector,
and the algebraic multiplicity of the zero eigenvalue is equal
to the number of connected components in the graph; (c)

In(G)(In(G))" = L(G), and L(G) = A(G) — A(9).

III. PROBLEM FORMULATION AND MAIN RESULTS

Consider a multi-agent system consisting of /N 4 n; agents
with simple, first order dynamics:

W:{xi_ui’ z:l,.:.,N )

EN+j = UN+j5 J=1...,m

where zxny; are leaders. The dimension of z; could be
arbitrary, as long as it is the same for all agents. For the
simplicity of presentation, we will analyze only for the one-
dimensional case. The analysis is valid for any dimension n,
with the difference being that expressions should be rewritten
in terms of Kronecker products. Once the linkages between
agents are known, an interconnection graph can be defined to
describe the interconnection network.

Definition 1. [5] The interconnection graph, G = {V,E}, is
being defined as an undirected graph consisting of :

e a set of nodes, V = {v1,...,ON,UN+1,---sUN+n; }s
indexed by the agents in the group, and

o a set of edges, £ = {(n;,n;) € V xV|n; ~ n;},
containing unordered pairs of nodes that correspond to

interconnected agents.

Interconnections come true through the input u;

Ui:—Z(Ii—CCj)7 Z:1a7N7J:1a7N+nl7
JEN;
(2

where N; = {j| v; ~ vj;j # i} is the set of indices of
the agents that are interconnected to v;, i.e., the neighboring
set of v;. Interconnections with the leader are now assumed
unidirectional: the leader’s neighbors still obey (2), but the
leader is indifferent, and is free to pick uny;,j = 1,...,m
arbitrarily. With x = (21, ,on4n,)” being the stack vector
of all the agent states, we will have

i = —Lu, 3

where L is the Laplacian matrix of the graph of intercon-
nections. Rename the agents and then the multi-agent system

reads
A .
m - Yi = X5, i=1,....,N
: A _
2§ =TN+j ]:1,...771[

with y being the stack vector of all y;, z the stack vector of
all z;, and u the stack vector of all uy;, 7 =1,...,n;, one
can write the system in the form:

M I IENE

where F' is the matrix obtained from L after deleting the last
n; rows and n; columns, and R is the N x n; submatrix
consisting of the first N elements of the deleted columns.
Then the dynamics of the followers that correspond to the y
component of the equation can be extracted as

y=—Fy— Rz 4

Remark 1. The selection of leaders xn1;,7 = 1,...,mny, is
indifferent, and it is free to pick any agents. The subsequent
analysis is effective for any selected leaders.

Definition 2. A follower subgraph G¢ of the interconnection
graph is the subgraph induced by the follower set V;. Simi-
larly, A leader subgraph Gy is the subgraph induced by the
leader set V.

Definition 3. The multi-agent system (1) is said to be control-
lable under leaders xn4j,5 = 1,...,ny, and fixed topology if
system (4) is controllable.

Since the interconnection graph G is time variant, the
dynamic (4) can be viewed more reasonably as a system in
switching networks, which can be written in the form

Y= —Fou)y — Ro)2, &)

where o(t) : Rt — ///é{l,2,~~~ , M} is the switching
signal/sequence to be designed. Given a switching signal
o(t) : [to,tf] — A, we refer to to,ti,--- ,ts—1 with
to < t1 < --- < ts—1 as the switching time sequence, and
o(to) = ig, o(t1) = i1, -+ ,0(ts—1) = is—1 as the switching
index sequence. Let h;=t;41 — t;, ¢ = 0,1,---,s — 1,
and tsétf. We denote by Wé{(io,h0)~~(is,l,hS,l)} a
switching signal. The length of 7 is s. Throughout the pa-
per, we denote by L(w) the length of w. To investigate the
controllability under switched dynamic networks and selected
leaders, we give the following definitions.

Definition 4. The multi-agent system (1) is said to be control-
lable under leaders xn1;,7 = 1,...,n; and switched topology
if system (5) is controllable.

The system (5) is controllable if for any nonzero state y €
RY | there exist a switching sequence 7 and input z such that
y(0) = y, and y(t5) = 0. We denote by C the controllable
state set of system (5).



Definition 5. {Fy,---,Fy} is said to be the switching
topology set of system (1).

Since a given o(t) represents an evolvement of the inter-
connection topology, we give the following definition.

Definition 6. A given switching signal o(t) is said to be a
dynamic evolvement pattern of the corresponding dynamic
networks of the multi-agent system (I1). A dynamic evolve-
ment pattern is said to be periodic, if there is a subset

{j1,"-* ,js} of A such that the switching index sequence
is {J1, " yJsyJ1, " s Js,c - }; otherwise it is said to be
aperiodic.

The interconnection topology is embodied in F;. The
switching topology set { 1, - - - , Fis } contains all the possible
topology structures. The switching signal o(t) describes the
dynamic behavior of networks. Naturally, the problem that
how controllability is impacted by the evolution of switching
dynamical networks deserves careful study. In particular, we
will denote ourselves to the study of how to determine o(t)
so that the interconnection system is controllable.

Definition 7. Assume Gi1,Gs are two subgraphs induced from
the original graph G. It is said that G, and G- are linked if
there is a path between one of the nodes of G1 and one of the
nodes of Go.

We denote by Gc,,..., G, , the v connected components
in the follower subgraph Gf. In subsequent arguments, the
following assumption is made.

Assumption 1. The leader subgraph G, is linked to each of the
connected components G, , ..., G, of the follower subgraph

Gy.

It is worth noting that the assumption does not require the
interconnection graph G be connected.Accordingly it is a less
conservative condition than connectedness.

Let L = (a;;) be the (N +n;) x (N +n;) Laplacian matrix
of G associated with multi-agent systems (1). Assume that
Lil;--<7in is such a submatrix obtained by deleting the i1th,. ..,
inth rows and i;th,..., iyth columns of L, 4q,...,4, €
{1,..., N + n;}. The following is required for investigation
of the controllability.

Lemma 1. Under Assumption I, L1, N4n, iS a positive
definite N x N matrix.

The proof of this lemma is omitted due to the space
limitation. The readers are referred to [16] for the detailed
proof of this result.

Given a matrix A € RV>*Y and a linear subspace W C

RN We denote (A|W) 2 SN AW Tt follows that (AA)
is a minimum A-invariant subspace that contains V. Given
B € RNXP let ImB denote the image space of B. For
notational simplicity, we denote by (A|B) the (A|ImB). For

system (5), consider the nested subspace sequence defined by

M M
Wl = Z<*Fk‘ *7"]@> ,WS+1 = Z<7Fk‘ws>,s = 1,2’...

k=1 k=1
(6)
The following result is on the controllability of system (5).

Lemma 2. System (5) is controllable if and only if Wyn =
RY,

Proof: The result is a direct consequence of Theorem 1
in [14], or the main result in [15] and [11]. |

Theorem 1. Consider an interconnected system with n; lead-
ers and switching networks described by (5). Denote R; =
[F1iy .- Tnyi)- Then z can control the dynamics of all the other
states if the following conditions are satisfied:

1) With respect to each F3;, the eigenvalues of F; are distinct
from each other, 1 =1,--- M.

2) With respect to each Fj;, the eigenvectors of F; are not
orthogonal to ry;; k=1,...,n;;i=1,--- M.

Proof: In order to facilitate the statement, we prove the
result only for the situation N = 3,n; = 2, and M = 2.
The general case can be proved in the same manner. In what
follows, Wy will be calculated at first.

Since F; is symmetric, it can be expressed as

—F; = —U;DiUT =UiDUT S Hy, i=1, M,

where ﬁié—Di, U; is an orthogonal matrix. Denote
(—Fi,—R;) = (H;, B;) , one has

N N
(H;|B;) =Y H!™'ImB; = U; Y D!"'ImB,,

j=1 j=1
B AT N2 7 7
where B, =U! B;. Set Di—dzag]{du,...,dm},
Ei = L/b\il,gi2j| , and /b\ik = [l;g,i), .. .,ng)} , it can be

seen that
(H;|B;) = ImI; (7
with
by diby dN=hY)
r A by dably dyy oY)
b5 bl AN
by dubly o AN

by daibly

A}v 5 ;N o _.AN
bz('Q) dNibz(Q) d%' 1b§2)

= U, U;] [ An A } [ =

0



where

Ao 1 C?u‘ e (ﬁ\i‘_l
wel ol e e
ik — .. PE=" . .
Y ; .
ik 1 dyi dNt
As a consequence,
W =Im0, ®)

where
A .
0, = [Ulv Ui, U, U2} dzag{Au, A2, Aoy, A22}
x diag{Z1,Z1, 52,2}
Next, we consider W,. By definition, it is given by
Wo = (Hy|Wh) + (H2|Wh)
= (Hy|By) + (Ha|By) + Hy (Hy|By) + HY (Hy|Bs)
+ H, (H\|B1) + H (Hy|B1). 9

A . .
Let U% =UrU,. Then U;; is an orthogonal matrix since
U;,U; are orthogonal matrices. To express W, further, the
following matrix O is introduced.

0,2 [U1, Uy Uy DU, Uy DyUL,, U DRUL U, DRUL,
Uz, Us, Uy DyUy, U Dy Uy, Uy DRUT,, U2 D3UT, |
x diag [A11, A1z, A11, A1z, Ar1, Ara, Aar, Aoz, Aoy,
Aoz, Aoy, Ao
x diag [21,E1,21, 51,21, E1, 22, E2, Ea, 22, Eg, 29|
It follows from (7),(8) and (9) that
W, = Im O,. (10)

Now we are in a position to compute YWy = Ws. By definition,
one has

Ws = (=F1[Ws) + (= F2[Wa) = (Hi1[Wa) + (H2[Wa)
=Wy + HiWs + Hi Wy + HoW, + HEW,
=Ws + HyHy (H,|By) + HiHj (H;|By)
+ H{Hy (H\|B1) + HY H (Hy|By)
+ HyHy (Hy|By) + HoH? (Hy|Bo) + H3Hy (Ho|Bs)
+ H3 H} (H2|Bs) . (11)
To proceed, the following two matrices are defined.
O3,1
2 (U, DyUL DyUss, Uy D1 UL DoUys, Uy Dy UL D20,
Uy DyU L, DUy, Uy DU L, DoUyy, Uy DU L, DoUys,
U, D2UL DUy, Uy DU, D3UL,
X diag {A11, A2, A11, A12, Avr, Aro, Agr, Ao}
x diag {Z1,21,21,21,51, 51,21, 21}
and

03,2

= [Ugf)gUngf)lel, Us DoUZ, D1 Usy, Us DoUL D2Us,
Uy DoUZ, DUy, , Uy D3US, Dy Uy, Uy DU, Dy Usy
Uz D3, D3Us1, U> D3UZ, D301 |
x diag {Aa1, Aoz, Ao1, Aoz, Ao1, Aoz, Ao1, oo}
x diag {Z2,Z22,Z2,E9, B9, 29,59, 20}
It can be seen from (7) that
ImO3 , =H, Hy (H,|By) + H Hs (H,|By)
+ H{Ho (H1|B1) + HiH3 (H1|B1)  (12)
and
ImO3 5 =HyH,y (Ho|Bs) + HoH} (Ho|Bs)
+ H3Hy (Ha|By) + H3 HY (Hs|Bs) (13)
Combining (10),(11),(12) with (13) yields
Ws =1Im [O2,031,03 2] .
Furthermore, by computation, one has
CE [©2,03.1,03 9]
=[U1, Uy ,Us DU}, Us DU, Us D3UL  Us D3UY,,
Uy, Us, Uy DU, Uy D UL, UL DU, Uy DU,
Uy D1UL DyUss, Uy DyUL DoUys, Uy Dy UL D2U, s,
Uy DU, D205, Uy D2UL, DylUy s, Uy D2UT, Dy,
Uy, D2UL D2U,o, Uy DU L, D3UL s, Us DUy D1 Usy,
Us DyUJ, D1Usy, Us DoUsy D3Us1, Uy DoUsy DUy,
Uy D2UJ, Dy Usy, Uy D3U Dy Usy, Uy D2UL D3Us,
U2 D3US, D30 |
X diag {A11,A12,A11,A12, A117A12, A217A22,A21,
Aao, Aor, AooAa1, Avo, Arry Avz, Avr, Ada, Aga, Ago,
Aa1, Moo, Aar, Moo, Aar, Ao, Aoy, Moo}
x diag {=1,21,21,21, 21,21, 22, 22, 2o, E2, Za, Eg,
=1, 51,51, 51, 51, 51, 51, By,
Eo, 59,52, 59, 52, B9, 22,50} .
It can be found that
© =[U1,Uy Uy, U, Uy, Uz, Uy, Uy, Uy, Uy, Uy, Uy, Uy, Uy,
Ui, Uy, Uy, Uy, Uy, Uy, Uz, Us, Uz, Us, Uz, Uz, Uz, U]
x diag {1, 1,Ds, Do, D2, D2, 1,1, D1, Dy, D2, D2,
Dy, Dy, Dy, Dy, D%, D? D3 D?, Dy, Dy, Do, Dy,
D3, D3, D3, D3}
x diag {I,1,Uy,, U3y, Uz, Usy, 1, 1UL, Uy, Uy,
Uty, Uty, U, Uty Uty, U, Ut
Uty, Uty Usy, Usy, Uz, Ugy, Uy, Uy Uz Uz

x diag {1, I,I,I,I,I,I,1,1,1,1,1,Ds,D,, D3 D3,



Dy, Dy, D3, D3, Dy, D1, D3, D3, Dy, Dy, D?, D} }
x diag{I,1,I,I,I,1,1,1,1,1,1,1,Uy2,U;2,U12,
Ui2,U12,U12,U12,U12,U21,Uzy, Uay, Usy,
U1, Uz1,Usz1, U1 }
x diag {A11, A2, A1, Ar2, Av1, Aig, Aor, Ao, Ag,
Aoz, Aoy, AooAyr, Ayo, Ay, Avg, Aqy, Ao, Ag,
A2, Ao1, Moo, Aoy, Aoz, Agr, Ao, Aoty Ago}
X diag {51,51,51751751,51,52752752,52,52,527

) PR Ry Py PRy PRy PRay Py, PEa) PR B

2}

Since F;, and then D; = —D; is nonsingular due to Lemma
1, and both U; and U;; are orthogonal matrices, one has

rank© = N if [A;| #0, and |Z;| # 0,

=1

=
i

(1]
[1]
[1]

2,22, 52, 22,

i:1,...,M;k::1,...,m.Denote Uié[uli,ugi,~-~,um],

R; = [r1iy...,7ni). Then b%) = —uﬁrki; i = 1,...,M;

k=1,...,n;7=1,...,N. It follows that
‘quk|7£0,iZl,...,M;k:L...,TLl.

=D =l #£0, i=1,...,M;k=1,...,n;

j=1,...,N,
<= For each F}, the eigenvectors of F; are not orthogonal
torg;; k=1,...,n; 1=1,--- , M,

and
|Zi| #0,i=1,---, M,
1 dy - dNT?
1 dy dy—t
| . .
1 dy; Nyt
Sl (dpi—ciqi>7é07z‘=1,---7M

1<g<p<N
<=>For each Fj, the eigenvalues of F; are distinct

from each other, : =1,--- , M.

The above analysis shows that rank® = N if Conditions 1,
2 are fulfilled. Since dim Wy = N < rank® = N, the
result then follows from Lemma 2. The proof of the general
situation can be conducted in the same way. The difference
consists in the expression of Wy, which becomes more and
more complex as the state dimension N and the number of
subsystems M increase. |

Although Theorem 1 presents a condition on controllability,
it does not exhibit any information on the evolution of dynamic
interconnection networks. In what follows we will consider
the design of switching signals. To this end, the following
definition is necessary.

Definition 8. Given a dynamic evolvement pattern ™ =
{(i0,ho) -+ (is—1,hs—1)}, denote t; = Z;;é hj, the control-
lable state set C(m) of ™ with respect to system (5) is defined

by
C(m) ={y| there exists an input z(t),t € [0,ty], such that
y(0) =y and y(ty) = 0}.

Clearly, C = J,,, C(m). To state the result, we need to
introduce some notations. Let p = min{k| Wy, = Wi11,k =
1,2,---}, where W is the subspace iteratively defined in (6).
It can be seen that y can be equivalently defined by p =
min{k| dim Wy = dim Wy41, k = 1,2,---}. Denote dj, =
dika, 51 = dl, fk- = dk - dk—h k = 2,3,'~' 5 My and
d = dim Wy . Obviously, d, = d, and W, = Wy. Let p, =
dim (—Fy| —rg) , k € A, and = maxge #{pr}. We have
the following observations.

Lemma 3. The multi-agent system (1) is controllable under
switching topology and the leaders xnyj,j = 1,...,n; if and
only if there exists an aperiodic dynamic evolvement pattern
my, such that the controllable state set of my, i.e. C(my) satisfies

C(ﬂ'b) = RN.

Moreover the evolvement pattern m, can be constructively
designed with its length, i.e. the number of switchings involved
in my, satisfying
"
MEAD < 1) SYke-prL a9
Proof: Tt follows from the Theorem 1 in [12](or the
Theorem 1 in [13]) that for systems (5), there exists a switching
signal 7, with its length satisfying (14) such that C(m,) = C,
where C is the controllable subspace of systems (5), namely
the controllable subspace of systems (1) under the leader x4 1
and switching topology. Accordingly, the multi-agent system
(1) is controllable if and only if C(m;) = RY. Moreover, due
to the proof of the Theorem 1 in [12](or the Theorem 1 in
[13]), the evolvement pattern 7, can be designed according to
the following steps:

1) Compute W,;, and choose a group of basis vectors
&, ,&q, for Wi. A concrete procedure is as fol-
lows: Firstly, choose a group of basis vectors &1 ... &7,
for (—Fi| — Ry). Then expand them to & .. & ,,
§rat1, &> Which form a basis for (—Fi| — Ry) +
(—F3| — Ry). Continuing this process, one can find

a basis 517 te 557'1,1? 57—111-‘,-1’ v 757'2717 e 757'1171,1-"-1’
. ’fnl,l for Wy, where 7, 1 = d;.
2) The choosing process divides the basis vectors

517 T agdl into ll groups, namely, {gla ) 57‘1,1}a

{57’1,1-‘,-1, e 757’2,1}7 T {57'11,1,1-‘,-17 e 55711,1}~ Wlth
respect to each group, one can design a switching sig-

nal. Consequently there are totally /; switching signals
1,1, , T, 1 designed for W.

3) Since W; C Ws, the basis vectors of W, can be
expanded to &1, , &4y, Edy+1,- - ,&d, Which form a
basis of Wy. Because £4,41, - - , &4, belong to W\ Wy,
&a 41, ,&q, can be divided into /o groups of vectors,

namely, {£d1+17 e 75"’1,2}3 {571,2+17 T ag‘rg,z}a Ty
{1, 1 ot15 7+ &y, o - With respect to each group, one



can design a switching signal. Consequently there are
totally [o switching signals m; o, -+ ,m, 2 designed for

Ws.

4) Repeating the same process as step 3) for Wi,
s = 3,---,u, one can design [, switching signals
Ti,s," " »7l,,s for W. Then, one can set mg = mq 4 A

B 7'”373.
5) Finally, the desired aperiodic dynamic evolvement pat-
tern 7, can be designed as follows:

Ty =T N\ ATy,

= (M A AT ) A AT A AT, )

We refer to [12], [13] for the concrete design process and

expressions of 7y g, - - - s M- u

A ,
Let 7Th17...7hM:{(l,hl)'~~(M, hM)}, hi > 0,0 =
1,---, M. One has the following result.

s T, s 8217

Lemma 4. The multi-agent system (1) is controllable under
switching topology and the leaders xn1j,j = 1,...,n if
and only if there is a periodic dynamic evolvement pattern
71'}/1\1d7_” hay Such that

¢ (Tr}/L\lda 1h1\4) =R"Y.

Proof: The Theorem 2 in [11] shows that

C (Wﬁld ,hM) C. The result then follows from this

fact. ]

Clearly, the number of switchings involved in Wﬁf is
dM. To sum up, we state the following result.

h

Theorem 2. The multi-agent system (1) is controllable under
switching topology and the leaders xn4j,j = 1,...,ng; if
and only if there is a dynamic evolvement pattern T such that
C(m) = RN. If 7 is aperiodic, it can be constructively designed
according to 1)-5) with the number of switchings satisfying
(14). If 7 is a periodic one, it can be in the form of 7T}/L\1d7m iy
with the number of switchings not more than dM.

Remark 2. Theorem 2 implies that the dynamic evolvement of
switching networks plays an important role in the formation
control of multi-agent systems. It is shown that not only the
controllability can be characterized by the algebraic condition
in Theorem 1, but also the associated dynamic evolvement
pattern can be constructively designed according to Theorem
2. Note that all the results hold under the Assumption 1, which
is much less conservative the condition of connectedness.

IV. CONCLUSION

In this paper we study the controllability of multi-agent
systems in the framework of leader-follower, in which the
followers are interconnected via nearest neighbor rules, and
the leader takes the role of control input. Necessary and/or
sufficient conditions are derived as well as the dynamic
evolvement patterns are constructively designed for the system
to be controllable. The results show in some sense that the
formation of multi-agent systems could be greatly affected by
the evolution of dynamic interconnection topologies.
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