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Abstract— In the present paper, we discussed about a
kinamatic design of 3-5R translational parallel mechanism with a
large utility workspace. We defined the utility workspace as a
closed area, from any point to other points in which the
mechanism can move without suffering from singularity and
workspace boundary. A computational algorithm of the volume
of the utility workspace was proposed. We discussed about the
utility workspace of 3-SR translational parallel mechanisms
having three types of chain with consideration of actuation and
constraint singularities. We obtained a 3-RUU translational
parallel mechanism with a large utility workspace.
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1. INTRODUCTION

A parallel mechanism which has three degrees of freedom
and performs pure translational output motion without
changing its orientation is called a “translational parallel
mechanism”. A translational parallel mechanism has potential
applications in pick and place, machining, coordinate
measurement, and so on. A translational parallel mechanism is
composed of a base, a platform and multiple connecting chains
arranged in parallel between the base and platform.

In recent years, many researchers have interests in
translational  parallel ~mechanisms and manipulators.
Kinematic condition of the connecting chain to obtain pure
translational motion of the platform has been investigated in
[3]-[5]. Various kinematic structures of translational parallel
mechanism, 3-URC type [8], 3-PRRR type [9][19][20], and 3-
UPU type [10], etc., have been investigated. Here, C, P, R and
U represent cylindrical, prismatic, revolute and universal joints,
respectively. Mechanisms with a connecting chain that
constrains rotational motion of the platform and does not have
any active joint, called supporting leg, have been proposed in
[6][7]. Workspace of 3-5R parallel mechanism has been
investigated in [2]. Optimization of the mechanism
considering its workspace using the global conditioning index
has been done in [11]-[14]. Translational parallel mechanisms
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have been applied to a chest compression machine in the
process of cardiopulmonary resuscitation [15] and micro
manipulators [16][17]. Singularity of lower-dof parallel
mechanism has been investigated in [22]-[24].

Even though there are applications of translational parallel
mechanism as described above, there exist many problems in
its design. One of the problems is the division of reachable
workspace into some independent sub-workspaces due to the
existence of singular points because the area in which
mechanism can actually work is limited within a consecutive
area which does not include singularity. Once the mechanism
is assembled, it can move inside a sub-workspace that is
surrounded by singularity surfaces and workspace boundaries.
The largest area among the sub-workspaces is called “utility
workspace” in the present paper. Key issue of the mechanism
design is to obtain a mechanism with a larger utility
workspace by optimizing its structure and its dimensions.

In the last two decades, singular points of parallel
mechanisms with six degrees of freedom have been
extensively investigated, and many works related to
mechanism design with consideration of utility workspace
have been done. For the parallel mechanism with six degrees
of freedom, actuation singularity (forward kinematic
singularity) should be mainly considered. However, for lower-
dof parallel mechanisms such as translational parallel
mechanism, constraint singularity as well as actuation
singularity should be simultaneously considered in their design.

In the present paper, we discuss about the kinematic design
of translational parallel mechanism which has three connecting
chains with five revolute joints with consideration of utility
workspace taking actuation and constraint singularities into
consideration. A technique to compute the volume of utility
workspace from digitized data of the reachable workspace is
also presented. Through numerical examples, we show a
structure and dimensions of a translational parallel mechanism
having a large utility workspace. Finally, a prototype is briefly
introduced.
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II.  3-5R TRANSLATIONAL SPATIAL PARALLEL MECHANISM

A. Mechanism Configuration

Figure 1 shows a 3-5R translational spatial parallel
mechanism. It has three connecting chains, and they are
symmetrically located between the platform and the base.
Each connecting chain consists of five revolute joints. When
three of the five revolute joints are parallel and resultant two
are parallel in each connecting chain, the mechanism performs
pure translational platform motion [5]. In the mechanism
shown in Fig.1, the first, second and fifth revolute joints are
parallel, and the third and fourth are parallel. This type of
connecting chain is denoted as RRRRR by using bar or dot
on R to clearly indicate geometrical relationship among five
joint axes. An RRRRR chain constrains a rotational motion
of the platform around an axis perpendicular to joint axes 1
and 3. Because there are three connecting chains, the
platform’s rotational motion is completely constrained as far
as constraints by three connecting chains are independent.

B.  Coordinate Systems

A coordinate system O-XYZ is attached on the base. The
first revolute joint of each connecting chain is symmetrically
located on a circle which is perpendicular to the Y-axis. A
coordinate system A; —x;y;z; is located at A; on the base as
shown in Fig. 2, so that x;z; plane is parallel to the XZ plane
and z; is the axis of rotation of the first revolute joint, where i
denotes the connecting chain’s number (i =1,2,3).

C. Kinematic Constants and Variables

Following the definition of the D-H parameters, kinematic
constants to describe the relationship between adjacent joints
are defined as shown in Fig. 2(d). To describe the location of
the revolute joints on the base and the platform, kinematic

constants ry, 7, and §; are used as shown in Figs. 2(b) and 2(c).

In the present paper, ¥, =1200 , y,=240" ,

are commonly used unless

n=0,
&, =y = 0,05, = 01,5 =90°
specified.

Each revolute joint on the base is considered as active joint.
Angular displacements of the active joints are denoted as
0=[6, 6, 6,1 as shown in Fig. 2(b). The direction of the

j-th(=1,2,...5) joint in the i-th connecting chain is denoted as
w, ., and the position of the j-th joint of the i-th connecting

chain is denoted as r, , .

III.  SINGULARITY ANALY SIS

There exist four types of singularity in parallel mechanism.
Two of them are actuation singularity and constraint
singularity at which the mechanism cannot keep its
configuration even when all actuators are locked. These types
of singularity are seen only in closed-loop mechanism. The
other two types of singularity are one that locates at the
workspace boundary and the other at which one of the
connecting chains has local mobility. In the design of parallel

Figure 1. 3-5R translational spatial parallel mechanism having
RRRRR connecting chains

(c) location of a connecting chain

Figure 2. Coordinate systems and kinematic parameters

mechanism, the former two singularities should be carefully
considered. In this section, a method to find constraint and
actuation singularities of 3-5R parallel mechanism with
RRRRR connecting chains is described.

A. Velocity Relationship

Because 3-5R parallel mechanism is spatial parallel
mechanism with three dof, constraint equation as well as
input-output velocity relationship should be considered to
investigate instantaneous characteristics of the mechanism.
Using a 6x6 overall Jacobian matrix J; defined in [1], the

velocity relationship of the mechanism is described as

B

where @ and v are angular velocity vector, translational

velocity vector of the platform, and @ and 0 are input
velocity vector and three dimensional zero vector, respectively.
The upper three scalar equations of Eq. (1) describe the
relationship between input and output velocities, and the lower
the constraint equation. The overall Jacobian matrix can be
written using 3x3 matrices J,, J, and J, as



J, J
J — b a , 2
T LC 03} (2)

where 0, represents the three dimensional zero matrix. These
matrices are derived in IIL.D.

B.  Constraint Singularity
The constraint equation of 3-5R translational parallel

mechanism is written as

Jow=0. (3)
When the rank of the matrix J_ is less than three, constraint
imposed on the platform by three connecting chains are
dependent. Then, rotational motion of the platform can not be
constrained. This is the constraint singularity. Therefore, the
constraint singularity is defined by

detJ =0. 4)

C. Actuation Singularity
If the rank of the matrix J, is three, the mechanism can

perform three-dof pure translational platform motion. In this
situation, the following relationship between input and output
velocities holds

Jy=0. (5)
When the rank of the matrix J,

translational motion of the platform can not be constrained

even if all the input joints are locked. This is the actuation

singularity. Therefore, the actuation singularity is defined by
detJ, =0. (6)

is less than three,

D. Derivation of Matrices J, and J,

Firstly, the matrix J_ is derived using the reciprocal screw
theory. Joint screw S, (six dimensional vector) of the j-th
joint in the i-th connecting chain is denoted as

s =[sT T T .7 % T
G = Seji S| T Wi P XW;, >

where s, and s, ;, are three dimensional vectors. Consider

r,jsi

a screw that is reciprocal to all joint screws of each connecting
chain. Such a reciprocal screw is denoted as

T
[T T
SR)[—[st)[ sRm)[J , where s, and s, , are three

dimensional vectors and represent constraint force and
moment imposed on the platform by the i-th connecting chain.
Since the virtual power by a constraint force by a connecting
chain and velocity of the platform generated by each joint
velocity of a connecting chain should be zero, S, ; is obtained

by solving the following equation,
=0(j=12,-,5), (7)
where the operator o represents the reciprocal product.

T T
SR,[ ° Sj,[ = SpeiSe i T Srm,iS

r,joi

T .
The output velocity ¥V = [a)g vé} is written as

S .
V=>5.6,. (8)

=

Applying the reciprocal product with S ; to both sides of Eq.

(8) and substituting the relationship in Eq. (7) into this
equation, the following relationship is obtained.
Sp, oV =0 )

Substituting the conditions where w,, =w,, =w,, and
wy, =w,, into Eq. (7), S, for a 3-5R parallel mechanism

with RRRRR  connecting chains is obtained as

_ T XW;;
Srei =0, Seed =T - (10)
|w1,i X w3,i|
Using Egs. (9) and (10), the matrix J_ is obtained as
T
sl{m,l (WU x w3,1) /|w1,1 X w3,1|
J. = slIm,Z = (wl,z X ws,z)T /|w1,2 X w3,2| . (11)
T T
Skin3 (W3 Xwy5) /|wL3 xw3)3|

Next, the matrix .J, is derived. A screw Se; =| Suxcs SgAm,i]T
which satisfies the following equations is considered.
Spai 08 =0, k=2,3,4,5
Spai S =0 }
Here the operator « represents the inner product. For a 3-5R

(12)

parallel mechanism with RRRRR connecting chains, the

screw is obtained as
Spat,i = {(rz,[ - %,[)le,[}x{(ry I, )le[}
,  (13)
Spam; = MW, +nws;

where
(F - Wy ws,[F’)
m =

(F’_ W ws,[F)
n —

(wuowl[)z—l ’ (wu.wh.)z—l

F= SRAf,i ’("2,[ xwl,[) 5 F'= SRAf,i ’("3,[ st,[)
Applying the reciprocal product with S, to both sides of
Eq. (8) and substituting the relationship in Eq. (13) into this
equation, the following relationship is obtained.

SRA,[ oV = SRA,[ Osuél,[ (14)

From Eq. (14), the Jacobian matrix J, is obtained as

sIIAf,l/(SRA,l ° 51,1)
J, = sIIAf,z/(SRA,zosl,z) . (15)
sIIAf,3 /(SRA,3 O51,3)

E.  Identification of Singular Surfaces and Utility Workspace

As described in [21] and other literatures, singular points
exist on surfaces inside the reachable workspace. If the signs
of determinant of Jacobian matrix J are different between
two separate points, there must be a point to be detJ =0: a
singular point. Based on this idea, singularity surfaces
considering constraint and actuation singularities are obtained
as follows.

(1) Define lattice points in the XYZ
dividing its space.

space by equally



(i) © det(J.)>0, det(J,)>0
(i) ® det(J.)>0, det(/,)<0

(iii)® det(J,)<0, det(J,)>0
(iv)® det(J.)<0, det(/,) <0
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Figure 3. Combination of signs of matrices J, and J, inthe
reachable workspace (Z=0)
(ry=r,=1,a,=a,=a; =a,; =025)

(2) For all cases when each lattice point is given as the
position of the platform, inverse displacement analysis is done.
(3) When real solution is obtained in (2), Jacobian matrices J,

and J_are calculated. The signs of these matrices are then

obtained. All the points where inverse displacement solution
exists are classified into four sets by the combination of the
signs of J, and J_.

(4) A singularity surface can be identified between two sets of
points obtained in (3).

(5) Because one set of points may be distributed to two or
more areas, utility workspace should be identified considering
the cosecutiveness of points in one set.

Figure 3 shows a numerical example of distribution of the
combination of signs of the Jacobian matrices for
n,=r,=lLa,=a;=a,=a,;=025. In Fig. 3, one set of
points with the same signs combination is painted by a same
density. From this result, we can identify singularity surfaces
as the boundary between areas of different densities (i)-(iv).
However, utility workspace can not be evaluated from this
result. We need to develop an algorithm to check the
consecutiveness of points in one region with the same
combination of signs.

IV. COMPUTATIONAL ALGORITHM OF UTILITY WORKSPACE

In the previous section, the reachable workspace of a 3-5R
parallel mechanism was divided into four regions according to
the combination of signs of determinants of Jacobian matrices
J, and J_. However, as described, such a divided region may

exist separately. So, utility workspace, from any point to any
other points of which a mechanism can move without
suffering from singularity and workspace boundary, should be
identified considering the consecutiveness of points in one
region. In this section, a computational algorithm to identify a
utility workspace of a mechanism checking the
consecutiveness of points is proposed.

Figure 4. A visual explanation of the steps (4) and (5) to compute
the utility workspace for planar case

The proposed algorithm is summarized as follows. Here, this
algorithm is based on the calculation result mentioned in the
previous section.

(1) Label all points inside the reachable workspace according
to the combination of signs of determinants of the Jacobian
matrices J, and J.

(2) Choose one of the areas, at every point in which the label
is the same, and which has labeled points. If there is no area,
go to the step (7).
(3) Choose one point inside this area. This point is called a
“base point”. If there is no point, go to the step (2).
(4) Check the label of all the adjacent points of the base point.
Obtain an initial area by combining all points around the base
point, which have the same label, with the base point. This
area is called “sub-workspace”.
(5) Check the label of all adjacent points of the points that
were combined with the initial sub-workspace in (4), and sub-
workspace is updated according to the label following the
same technique in (4). Repeat this step until the sub-
workspace is not updated.
(6) The sub-workspace is considered as a closed area where
the mechanism can move consecutively, and is registered.
Delete all points which belong to this sub-workspace from the
area, and go to the step (3).
(7) Determine the utility workspace as the area having the
maximum volume among the registered sub-workspaces in (6).
Here, though the workspace volume is used as the evaluation
index, shape of the area and other measures can be used.
Operations in the steps (4) and (5) for a planar case are
visualized in Fig.4. For spatial case, this algorithm can be
applied.

V. DESIGN OF 3-5R TRANSLATIONAL PARALLEL
MECHANISM WITH CONSIDERATION OF UTILITY WORKSPACE

A.  Enlargement of Reachable Workspace of 3- RRRRR
Mechanism

First, we investigated the workspace boundaries shown in
Fig. 3 in order to enlarge the reachable workspace relative to



Figure 5. RUU-type connecting chain
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Figure 6. Link length ratio vs. volume of the utility workspace of 3-RUU
parallel mechanism

the mechanism size. In Fig.3, three boundaries A, B and C are
shown. Since the boundary C is caused by the limitation of
total link length, enlargement of the boundary C results in
expansion of the mechanism size. Then, we do not discuss
about the boundary C. In what follows, enlargement of
boundaries A and B is discussed.

We found from numerical calculations that the boundary A

depends on the length a,, . In order to enlarge this boundary, it
is necessary to lengthen a,, . On the other hand, we found that
the boundary B is dependent on the difference between the
link length a,, and the distance of joints 2 and 5. Through
simulations, we found that a mechanism of a,, =a,, =0 can
have a large reachable workspace. This corresponds to the 3-
RUU mechanism as a special case of 3- RRRRR translational
parallel mechanism. An RUU chain is shown in Fig. 5.

B.  Kinematic Design of 3-RUU Parallel Mechanism With
Consideration of the Utility Workspace
Figure 6 shows the relationship between the link length ratio
a,/(a,+a,) (a,+a, =1) and the volume of the utility

workspace of 3-RUU parallel mechanism. It is know from this
figure that there are three peak points

y (i) © det(/.)>0, det{.J,)>0
(i) ® det{J.)>0, det(J,)<0
(iii)e det(J.)<0, det(J,)>0
det(J,) <0, det(J,)<0
X
| [N
0.5 1
= 0)
(a) the case A
B Ay @) © det(J.)>0, det(s,)>0
(i) ® det(J.)>0, det(J,)<0
=T (iii)e det(J.)<0, det(J,)>0
(iv)e det(J.)<0, det(/,)<0
] ] I
-1 -0.5 0 0.5 1
(z=0)
(b) the case B
C :
Py (1) © det(J,)>0, det(J.)>0
(i) ® det(J.)>0, det(J,)<0
A (fii)e det(s.)<0, det(J,)>0
iv)e det(J.)<0,det(J,)<0
0.5+
a e
1 1 1~
-1 -0.5 0 0.5 17
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(c) the case C

Figure 7. Distributions of of the signs of detJ_ and detJ, of 3-RUU
translational parallel mechanism

A( a,/(a,+a,)=0.17 ), B( a,/(a,+a,)=0245) and
C(ay, /(a,, +a,,)=0.37). Distributions of the combination of

signs of determinants detJ, and detJ, are shown in Fig. 7

for these three cases. The case A leads to the maximization of
the area of the sub-workspace (iii). The case C leads to the
maximization of the area of the sub-workspace (i). In the case
B, the sub-workspaces (i) and (iii) have the same volume. It is
known from Fig. 6 that the kinematic constants for these two
cases A and C are different from that leading to the
maximization of the reachable workspace. When the kinematic
constants are chosen as the case C, that is the case with the
largest utility workspace, it is known from Fig. 7(c) that one of
the four sub-workspaces, (i), occupies most of the reachable
workspace, and this results in the maximization of the utility
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(b) RRRRR -type

Figure 8. Two connecting chains applicable to 3-5R translational
parallel mechanism

(a) RRRRR -type

workspace. Therefore, in the design of practical parallel
mechanism having a large utility workspace, it is important to
evaluate the volume of the utility workspace. The volume of
the utility workspace for the case C is 0.83. Its NVI
(normalized volume index) [18] is 0.39. From this value, it is
known that the 3-RUU translational parallel mechanism
having kinematic constants corresponding to the case C has a
large utility workspace relative to the size of the mechanism.

C. Utility Workspace of 3-5R Parallel Mechanism Having
Other Connecting Chains

Connecting chains applicable to 3-5R translational parallel
mechanism other than the RRRRR chain are shown in Fig, 8.

First, RRRRR type connecting chain is investigated. As is
described in [4], the RRRRR type connecting chain is better
than the RRRRR type when the volume of the reachable
workspace is considered. However, we found that 3-RRRRR
translational parallel mechanism, in which the first revolute

joints on the base are used as active joints, becomes singular
(actuation singularity) in the XY plane. Therefore, the

RRRRR type connecting chain is not useful as far as the
actuators are located on the base link.

Next, we investigate the RRRRR type connecting chain.
When this type of connecting chain is used, the condition for
constraint singularity is independent of the position of the
platform. Therefore, it is possible to eliminate the constraint
singularity by an appropriate kinematic design. This can be
done by determining the angle S with consideration of the

value of detJ, .
including £ of this connecting chain evaluating the volume

We investigated kinematic constants

of the utility workspace. As an example, a distribution of the
signs of detJ, is shown in Fig. 9, when kinematic constants
shown in Table I are used. To determine these kinematic
constants, we firstly investigated enlargement of reachable
workspace. This resulted in RRUR connecting chain. Then,
we optimized its kinematic constants taking the volume of the
utility workspace into consideration. This result is summarized
in the table.

It is known that constraint singularity doesn't exist in Fig.9.
The utility workspace corresponds to the sub-workspace (i). Its

(1) o det(/,)>0,det(J,)>0
(i) e det(.J,)>0, det(/,)<0

-0.5 3] 0.5
(z=0)

Figure 9. Distribution of the signs of det.J, and det.J, ofa 3- RRUR
translational parallel mechanism

TABLE I KINEMATIC CONSTANTS OF 3- RRUR MECHANISM ( 7, =0°,
7, =120°, 7, =240", r, =1, =1, f=45")

J aji dj

1 0.25 0

2 0.25 0

3 0 0

4 [V2/4 [V2/4

NVI is calculated as 0.13. From the view point of the utility
workspace, the RUU-type connecting chain is considered
better for translational parallel mechanism.

D. Prototype of 3-RUU Translational Parallel Mechanism
With a Large Utility Workspace

Based on the results obtained in this section, we designed and
built a prototype shown in Fig. 10. We conducted experiments
to investigate the workspace of the prototype experimentally.
As a result, the prototype achieved a stroke of 420mm in the
X-direction while the maximum stroke in this direction is
theoretically 490mm. It was also observed through
experiments that orientation of the platform rapidly changed as
it closed to the singular point. This will be investigated by
sensitivity analysis as described in [25][26].

VI. CONCLUSIONS

In the present paper, we discussed about a kinamatic design
of 3-5R translational parallel mechanism with a large utility
workspace. We defined the utility workspace as a closed area,
from any point to other points in which the mechanism can
move without suffering from singularity and workspace
boundary. A computational algorithm of the volume of the
utility workspace was proposed. We obtained a 3-RUU
translational parallel mechanism with a large utility workspace.



Figure 10. Prototype 3-RUU translational parallel mechanism

(7, =7, =150mm, a,, =205mm, a;, = 260mm )
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