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Abstract—This paper is concerned with asymptotic
stability of stochastic neural networks with time-varying
delay. Distinct difference from other analytical approach
lies in “linearization” of neural network model, by which
the considered neural network model is transformed into a
linear time-variant system. A sufficient condition is
derived such that for all admissible disturbance, the
considered neural network is asymptotic stability in the
mean square. The stability criterion is formulated by
means of the feasibility of a LMI, which can be easily
checked in practice. Finally, a numerical example is given
to illustrate the effectiveness of the developed method.
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1. INTRODUCTION

Different classes of neural networks with or without delays
have been extensively studied in the past few years, due to its
practical importance and successful applications in many areas
such as combinatorial optimization, signal processing and
pattern recognition [1]. Moreover, it should be pointed out that
the applications of neural networks rely heavily on the
dynamical behaviors of the networks. Therefore, stability
analysis of neural networks has been investigated and a great
number of approaches have been proposed. Time delay is
inevitably encountered in neural network, since the
interactions between different neurons are asynchronous. Time
delays are a source of instability and bad performance of
neural networks. Recently, many research interests have been
attracted to the stability analysis for delayed neural networks.
A great deal of result related to this issue have been reported,
see [2-4] and reference therein.

In recent years, the stability analysis issues for neural
networks in these presence of parameter uncertainties or
stochastic perturbations have caught some people’s notice
[5,6]. Connection weights of the neurons depend on certain
resistance and capacitance values that include uncertainties,
and in real nervous systems the synaptic transmission is a
noisy process brought on by random fluctuations from the
release of neurotransmitters, and other probabilistic causes. A
neural network could be stabilized or destabilized by some
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stochastic inputs [7], which implies that it is of practical
significance to study the stability for delayed stochastic neural
networks. However, the stability analysis of stochastic neural
networks is more difficult than that of traditional neural
networks.

In [8], the asymptotical stability was studied for uncertain
stochastic neural networks with discrete and distributed
delays. in [9]exponential stability was studied for uncertain
stochastic neural networks with multiple delays, in [10] delay-
dependent stability was studied for uncertain stochastic neural
networks with time-varying delay.

Motivated by the aforementioned discussion, this paper
focuses on the asymptotical stability problem for stochastic
neural networks with time-varying delay. An “linearization”
approach is employed to shift nonlinear system into an interval
linear time-varying system under the appropriate assumption
on the activation functions. A stability criterion is developed
by using the Lyapunov stability theory and the LMI technique.
The LMI condition can be efficiently solved by LMI Control
Toolbox, and no turning of parameters is required [11].

Notations: for convenience, some notations are
introduced. For a real square matrix X, the notation
X >0(x <0)ymeans that X is symmetric and positive definite

(negative definite). I is the identity matrix with appropriate
dimension. The superscript ‘“T’’ represents the transpose.
For >0 , p(-7,0};R") denotes the family of continuous

@ from [-7,0] to R" with the
I @=sup_rpo |0(D)| - Let (@r,iFy,,p) be a complete
probability space with a filtration -, satisfying the usual

functions norm

conditions (i.e. it is right continuous and ;- contains all P-pull

sets); L2 (-h,0];:R") the family of all F -measurable

0
@([-7,0];R")-valued random variables & = {£(0): -7 <0 <0}
such that SUp_,_pey E|E(O) < o0 where E{.} stands for the

mathematical expectation operator with respect to the given
probability measure P; 21(g"xg*;g*) the family of all

nonnegative functions y(x,r)on R" x R*which are continuously
twice differentiable in x and differentiable in t.
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II.  PROBLEM FORMULATION

the neural network with time-varying delay and stochastic
perturbations can be described as follows:

dx(t) =[-Dx(t)+ AG(x(1))+ BG(x(t —7(t))]dt + o (t,x(1), x(t — 7(1)))d w(t) (1)

where x(6) = (x,(0), %, (),....x, (1)) is the state
D =diag(d,.d,,...,d ) has positive entries d; >0, A and B are
known constant matrices with appropriate dimensions |,
G(x(0) = (2, (5,1, (5, (),....g,(x, () 1S the neuron activation
function vector with g(0)=0, w(t)=(a,(1),a,(1).....w, (1) 1S an m-
dimensional Brownian motion defined on q r () , p). 7(¢)is

vector,

time-varying delay. o(x,y,,.....y,,0)e R*" is locally Lipschitz
continuous and satisfies the linear growth condition as well.
Moreover , ¢ satisfies

tracd o™ (x(t), x(t —7(¢),t) Po(x(t), x(t — 7(2), )] ( 2)
<X OZx(@t)+x" (¢ —7(0)Z,x(t - 7(1)

where ¥, >0 and X, >0 are known constant matrices with
appropriate dimensions.

In order to obtain our main results, the assumptions are
always made throughout this paper.

(H1)The active function g(.) is bounded, and there exists

constants L>0 such that ,for any
X,V € Ral :1525"'5’1 " g,(x)_g,(y) ‘S L, ‘x_y ‘ >

(H2)The time-varying delay 7.():[0,00) —[0,] are
continuous and differentiable functions with

‘z'.i(t) ‘SE<1,i:1,2,...n'

Recall the assumption (H1) on the activation functions and
2(0)=0, we can define, for ;=1,2,..-,x

OE {g’m» %, (1) # 0, 3)
0,x,() =0,

Obviously, s,(¢) is piecewise continuous on R. From (3)
and the assumption (Hl),we have —1<s <1 . Furthermore,
system (1) can be rewritten as, respectively,

dy(t) =[-Dy(t)+ AS()y(@)+ BS(t — 7()) y(¢ — 7(1)]dt 4)
+o(t,x(t), x(t - 7(1)))d aXt)

Where 5(:) = diag(s, (1))

nxn

In Ref.[12], the fact
Mt =7) = x(0) = [ 51 +E)dE = x(1) = [[Ax(t+6)+ A,x(t +E-D)HE ®)

We used to transform the system

(1) = Ax(t) + A x(t— 1) (6)

into a distributed delay system:
. i (7
(1) = (A+ O)x(0) +(A, = C)x(t —=7)=C [ [Ax(t+6)+ A,x(t +6—-T)HO

Where, C is a parameter matrix which makes the stability
result less restrictive to some degree. Such process is
generically called a parameterized first-order model
transformation since only one-integration over one delay
interval is used herein. Obviously, the new system (7) may
exhibit some additional dynamics. However, the stability of
(7) implies the stability of (6) for all z e [0, n] (but the inverse is
not always true). We refer the readers to Ref. [12] for the
further discuss to the original system (5).

Applying the model transformation above to the
considered systems (4), we derive

y(@)=(=D+AS()+ C)y()+(BS(t-17(1)) = C)y(t-17(1)
_c j (=D + AS(Ny(&)
St TBS(E -ty (€ -7 ())NdS

8
+0 (1, x(1), x(1 = 7(1)))d &(1)

For the analysis made above, the stability of (8) implies the
stability of (4),and hence, in what follows we mainly focus on
the stability analysis for system (8).

Remark 1. The assumption (2) on the stochastic
disturbance term, o (x(¢), x(r — 7(¢),?) -has been used in recent
papers dealing with stochastic neural networks, see[9] and
references therein.

We are now in a position to introduce the notion of global
asymptotic for the stochastic neural network (4) with time-
varying delay.

Before starting the main results, we first need the
following lemmas.

Lemma 1. Given any real matrices 3,,3,,>, of appropriate
dimensions and a scalar £ >0 such that o<z -57. Then , the
following inequality holds:

DD IS 20 PS5 b IO MER b Y

Lemma 2. (Schur Complement). The following linear
matrix inequality(LMI)

[Qr(x) S(x)}o
S (x) R(x)

Where 0(x) = 0" (x),R(x) = R" (x), and S(X) depend afﬁnely on X,
is equivalent to

R(x)>0, O(x)-Sx)R"(x)S"(x)>0.

III.  STOCHASTIC STABILITY ANALYSIS

Definitionl. For the neural network (4) and
eVery¢e 12 (-0} k"), the trivial solution (equilibrium point) is



globally, asymptotically stable in the mean square if the
following holds:

lim £ | x(5:¢) =0 ©)

Io's formula [13] plays a key role in the stability analysis
of stochastic systems. To facilitate the reader, some related
results are cited here (see [16] for details). For a general
stochastic system

dx(1) = by (x(t),t)dt + by (x(t),0)dexr) On ¢ > ¢ with initial value
x(t,)=x,€ R"> where (s) is m-dimensional Brownian motion
(QF{F}_,.P) > h:R'xR" —R" and
hy, :R"XR* — R™ . Lety e o> (R"xR";R"), an operator LV is
defined from R" xR"to R by

defined on

LV(x,t)y=V,(x,t)+V (x,t)h (x,t) +%trace[hzr (x, )V (x,0)hy(x,1)],

Where

ey =20,
ot

V=D, D),

X, ox,

9%V (x,t)

v = .

(50 = G T

Then, one can have

EV(x(2),t) = EV(x,,t,) + Ej LV (x(s))ds

i

The main purpose of this paper is to present some LMI-
based stability criteria under which the global asymptotical
stability in the mean square of system (4) can be checked
effectively by using the Matlab LMI Control Toolbox[11].

Theorem 1.If there exist positive definite matrices P , R, ,
R;  diagonal positive matrices R; , Ry, Rs, R¢ and constant
matrix w < g7 such that the following LMI holds:.

Q —PA —sPB —sW WD w4 —[nWB
-4A'P R 0 0 0 0 0 (10)
—sB"P 0 -R 0 0 0 0
—sw’ 0 0 -R 0 0 0 <o
—JkD™W" 0 0 0 —R, 0 0
—JhATWT 0 0 0 0 —R, 0
—JhB'WT 0 0 0 0 0 -R

6

where o=_pp-prpswsw +RI+R2+R, +hR,4+hR +hR +Z, +s**%,
and s=,/(1-¢)" , W=PC , then the dynamics of the neural

network (4) is globally, asymptotically stable in the mean
square.

Proof. Define a Lyapunov-Krasovskii functional candidate
V(x()0)€ 9 (R"xR";R") bY

V(x(0),0) = Vi (x(0) + V5 (x(0)) + V3 (x())

(11
V, (x(t),t) = x" () Px(t)

'

Vox@),0) = [ xR, + R+ s7E)x(E)dE

(-7(1)

O] TR+ R)x(E)dE)d O

—-h 1+6

- h t
Vix(),0 = [ ([ x"(E)Rx(E)dE)do

-2h 146

Employing [to differential rule, one can deduce that

LV, (x(0).0) = X ()R, + R, +5°Z,)x(0) (12)
+(1-&)x" (¢t - T(1))(R, + R, +S222)x(t— 7(1))
0 0
+[ X (R, + R)XO)AE ~ [ X7 1+ YR, + R)x(1 +E)dE
Ao ~h
= b (O(R, + R)X(D)+ [ X7 (E)(R, + R)x(£)dE

t=h
Shl (R, + R)x()+ | X" (R, + R)R(E)dE

1-1(t)
LV (y) = [ T (ORx(dE - [ xT(t+ ERx(t+E)dE (13)
= T (ORx(+ [ X7 (€ = MR x(E - dE

< hx' (ORx (1) + JL (=T (Rx(E-T(1)dE
=7 (1)
LV, (0(6) = 2" ()P{(=D+AS(t) + C)y(t) +(BS(t ~7(1)) ~ O)y(t — 7(¢)) (14)
- I (=D+ AS(O)¥() +BS(E - 2()¥(& - T())dS}

1=7(1)

+trace(o” (x(t), x(t = 7(1)),0) Po(x(t),x(t = 7(1)), 1))

LV(x(t),0)=x"(t){~PD—D"P+W+W" +R +R,+ R, +hR, + IR, + hR, +X, +5°Z, (15)
+PAR" 4" P+(1—¢)" PBR,'B" P+(1—¢)" WR,'W" + hWDR,"D'W"
+hWAR AW +hWBR, B'W" }x(t) = x" ()Qx(t)

Where

Q=-PD-D'P+W +W" +R +R, + R, +hR, + hR, + hR + X, +5°%,
+PAR'A"P+(1-¢)"' PBR;'B" P+ (1- €)' WR;'W" + hWDR,'D'W"
+hWAR;' A"W" + hWBR,'B'W"

(16)

From (10) , we known that Q<0 . Taking the
mathematical expectation of both sides of (), we have

E[LV (x(t),1)] < E[x" ()Qux()] < —€E | x(¢) | an

It indicates that system (4) is globally asymptotically stable
in the mean square. This completes the proof.

In Theorem 1, if we select model transformation matrix C
as matrix B in system (11), consequently, W=PB, and
A=0,that is the model was a pure delay model, then from
Theorem 1 we have the following corollary:

Corollaryl. Suppose that the assumptions (H) are
satisfied. Then system (1) is globally stable if there exist



positive definite matrices P , R, , R; and diagonal positive
matrices R; , Ry such that the following LMI holds:

Q —sPB —sPB —JhPBD —/hPBB
—sB"P -R, 0 0 0 (18)
—sB"P 0 -R 0 0 |<o
—JhD"B'P 0 0 -R, 0
—JhB'B'P 0 0 0 -R,

Q, =-PD-D"P+PB+B"P+R2+R, +hR,4+hR,

=
IV. NUMERICAL EXAMPLE

Examplel. Consider a neural network with time-varying
delay (3) with parameters
0.25 0.25
B=
| oa

o] ,_[0125
0 1 "1 025 0.125
008 0 0.09 0
3, = 3, =
0 0.09

0 0.08
There exists at least a feasible solution to the conditions in
Theorem 1, where =10, £=0.2.

1 0

0.25

D

_[336165 40292} 2 _[102448 0 }

4.0292 33.6165| 0 10.2448

R =[3.6547 0 } &, {0.7307 0 }

? 0 36547 0 07307
:[0.6417 0 } # :{0.6413 0 }

¢ 0 06417] ° 0 06413

12.0638 0 -0.2714  0.0688
° :[ 0 12.0638} { 0.0688 —0.2714}

It follows from Theorem 1 that the stochastic neural
network is globally asymptotically stable in the mean square.

V. CONCLUSION

The global asymptotical stability analysis problem for
stochastic neural network with time-varying delay has been
studied in this paper. Distinct difference from other analytical
approach lies in “linearization” of neural network model, by
which the considered neural network model is transformed
into a linear time-variant system. Then, a process, which is
called parameterized first-order model transformation, is used
to transform the linear process. Novel criteria for global
asymptotic stability of the unique equilibrium point of
stochastic neural network with time-varying delays are
obtained. The stability criterion is expressed by means of LMI,
which can be readily tested by some standard numerical
package. Therefore, the developed result is practical.
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