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Abstract�This paper introduces a new formalism to deal
with constrained dynamic systems. It shows that, when the
constraints are linear, the controller can take advantage of
linear programming algorithms (such as the simplex) to guar-
antee that the constraints will be satis�ed. To illustrate the
contribution of the approach, the control problem of a wheeled
stair-climbing robot is considered. Masses supported by the
robot have to be moved in order to avoid any sliding of the
wheels. For such control problems where strong nonlinearities
occur, conventional control methods fail to provide any reliable
controller
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I. INTRODUCTION

In this paper, we shall consider the class of constrained

dynamic robots which can be described by

(i) ����� � ������������
(ii) ����������� � ��

(1)

where ���� � ��� is the evolution input vector, ���� � ���

is the state vector, � � ������ � �
�� is the evolution

function, ���� � ��� is the viable input vector and � is the

viable set. Note that for our system we have two different

types of inputs: whereas ���� is used to move the robot, the

control ���� is used to maintain the robot alive, i.e., the make

it satisfying some viability conditions. The methodology to

be proposed is devoted to systems described by (1), but can

easily be extended to a larger class of hybrid systems [7].

We have assumed here that the evolution inputs and viable

inputs are completely independent, i.e., � acts only in (i)

whereas � affects only (ii). This is not always the case.

However, for many robotics applications, it is possible to

conceive the robot and to insert the actuators at the right

place in order to get a decoupling between the evolution

and the viable inputs. If the value for ����, chosen at time

�, is such that ����� � � then the system is said to

be alive. Otherwise, it is dead. In practice, the condition

����� �� � translates into events such as "an element of

the system brakes down" or "the robot is sliding", etc. In

such situations the differential equation ����� � ������ is not

satis�ed anymore and the behavior of the system becomes

unpredictable. Consequently, all should be done to avoid such

a situation.

From a control viewpoint, two problems should be treated.

The �rst one consists in �nding the evolution input vector

� in order to get a satisfactory behavior of the system. This
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problem can be solved using classical techniques which can

ef�ciently been used even when � is nonlinear (see, e.g., [8],

[3], [9]). The second problem to be considered is to �nd a

viable input vector � such that the set-membership relation

(ii) is satis�ed for the given state vector �. This research

should be done for each � in a very short time.

Two cases can be taken into account:

� If ����� � � corresponds to a set of af�ne constraints

with respect to �, such as ������ � ���� � 	 then a

linear programming approach (for instance based on the

simplex algorithm [5]) can be used to �nd one � which

satis�es the constraints. This task may be done rather

quickly if the dimension of � is no too high (typically

lower than ���).
� If ����� � � is composed with constraints of the form

������ � 	, where � is nonlinear with respect to �,

then interval constraint propagation methods [4], [2],

[10] can be used to �nd one feasible �. This could

be done rather quickly if the dimension of � is small

(typically lower than ��)�

The purpose of this paper is to illustrate the methodology

on a two-dimensional robot equipped with three wheels.

As many existing mobile robots (see e.g. [14] for wheeled

robots, [13] for legged robots or [11] for tracked robots), our

robot is designed to move in an uneven environment, but its

originality is that a mass transfer system is used to get over

obstacles. Whereas classical control approaches may have

some dif�culties to solve the control of the mass transfer

problem, linear programming methods will be shown to be

able to solve it ef�ciently.

Section II presents the robot to be considered. Section III

provides a method based on the simplex algorithm to control

it. Some simulations describing the behavior of the controlled

robot are given in Section IV. Section V concludes the paper.

II. ROBOT

Figure 1 presents a two-dimensional robot made by three

driving wheels and two pendulums. The center of the �th
wheel will be denoted by 
�. The back wheel and the

middle wheel are linked by a platform with weight ��. The

front wheel and the middle wheel are linked by a platform

with weight ��. At the top of each pendulum are located

two weights �� and ��. We shall denote by �� and ��

the centers of the two platforms and by �� and �� the

vertices of the pendulums. The angles �� and �� between

the pendulum and the corresponding platform can be tuned

as desired and will be used to prevent the robot from any

sliding. The abscissa of the center of the back wheel is

denoted by 	. The robot is equipped with a strong electric
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1: Two dimensional three-wheeled climbing robot to be moved in
an uneven urban environment

motor which is linked to each of the three wheels via a

chain. It can be assumed that when the robot is not sliding,

	 satis�es the following differential equation

		 � 
� (2)

where the evolution input 
 can be chosen arbitrarily. Here,

we shall choose 
 small enough to be allowed to assume that

the robot has a quasi-static motion. We shall assume that all

wheels keep a single contact with the ground. Thus, our robot

has three degrees of freedom: 	� �� and ��. The contact point

�� between the �th wheel and the ground will be assumed

to be unique. It is clear that this assumption is not always

realistic (as for instance when stairs are met). However, our

control strategy will be built on this assumption. We then

hope that for the actual robot, this control strategy will still

behave well for situations where one of the wheels takes of

or when two (or more) contact points exist for a given wheel.

A. Geometry of the robot

For our simulations, the ground will be assumed to be

made with a collection of connected segments 

� ��� ��
� � � � ���	 such that �� � 
��� and ��� �

��. From the knowledge of 	, it is possible to compute


�� 
�� 
������������� and �� (the computation of ��

and �� requires the knowledge of �). The calculus requires

only the resolution of �rst and second degree polynomial

equations and can thus be performed quickly and exactly. The

generation of these polynomial equations is rather laborious

and will not be detailed here.

For an actual robot and for practical situations, points


�� 
�� 
������������� and �� are not computed, but

should be measured. Localization methods (see e.g. [12])

combined with fusion methods based on different types of

sensors (cameras, sonars, accelerometers, � � � ) should then

be developed to achieve this goal.

B. Fundamental principle of static

Assume that the robot is immobile and denote by ��� � the

reaction force generated by the ground onto the �th wheel.

The Coulomb cone �� associated with the �th wheel and

represented with dotted lines on Figure 1 is the cone with

vertex �� whose symmetric axis in orthogonal to the ground

and with an half aperture angle 
 � ���
 (corresponding to a

tire/concrete contact). If there exist ��� 
� � ��,��� 
� � ���
��� 
� �

�� such that the fundamental static conditions are ful�lled

then the robot is known to be at a steady position and will

not slide [6]. Note that the actual values for ��� �,��� ��
��� �

cannot be computed without an in-depth knowledge of the

internal tensions inside the robot (which is unrealistic here)

and may be different from ��� 
��
��� 
��

��� 
�. Let us now write

the fundamental static conditions of the robot in order to

translate the non-sliding condition into the form �	� ��� ��� �
�� (since a quasi-static motion is assumed, the dependency

with respect to 		 does not exist). When the robot does not

move, we have

�
������

������

�
�������� � ����

�����
� �
��
� ��������� � ��� � �

�������� � ����
�����
� �

��
� ��������� �

��� �
��������� � ��� � �

��� � � ��� � �����
��
� � �

��� � �
��
� � ��� � �����

��� � � ��
(3)

where
��
� denotes the reaction force generated by the second

platform onto the �rst platform and ��� �� represents the word

frame basis (see the �gure). A scalar decomposition yields
�
�������������

�������������

��� ���� � ���� � ���� � ���� ��
� ���� � ���� �� � �� ���� � ���� � �
�� ���� � ���� � ���� � ���� ��
� ���� � ���� ��� ���� � ���� ���
����� � ���� ��� � �� ���� � ���� � �

��� � �� � �
��� � �� � �� � �� � �
��� � �� � ��� � �

��� � �� � �� � �� � ��� � ��

(4)

This system can be written into a matrix form as

���	��� � ���	�� (5)

where

���	� �

�

������
�

� � � � � �
� � � � ������� �������
� � � � � �
� � � � � �
� � � � � �
� � � � � �

� � �

������� ������� ��� �
������� ������� � ���
� � � �
� � � �
�� � � �
� �� � �

	








�

(6)
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and

���	� �

�

������
�

�� ���� � ����� �����
�� ���� � ����� �����

�
�� � ��
�

�� � ��

	








�

(7)

and

� � ����� ���� ���� ���� ���� ���� ��� �����������
T

.

(8)

The system of equations (5) has ten unknowns for six

equations. If � � ���� ��� is known, then it remains two

more unknowns than equations. This is due to the fact that

our robot is a statically undetermined structure with a second

order hyperstatic equilibrium [6].

C. Non-sliding conditions

None of the wheels will slide if all ��� � belong to their

corresponding Coulomb cones. If we de�ne the determinant

of two vectors ��� of �� by ��� ����� � 
������
�, then,

the nonsliding conditions can be written as

������� ���
�

� � � � and ������� �
��� �� � �� (9)

where ��� and ��� denote the two vectors supporting the �th
Coulomb cone ��. The two inequalities (9) can be rewritten

into a matrix form as

�

��� �
���
�
��� 
���



��� � � 	� (10)

Thus, we should have,

���	��� � 	� (11)

where

���	� �

�

������
�


��� �
��� � �

�
��� 
��� � �

� � 
��� �
���
� � �
��� 
���
� � � �
� � � �

� � �

� � � � � �
� � � � � �
� � � � � �
� � � � � �

��� �
��� � � � �

�
��� 
��� � � � �

	








�

�

(12)

Figure 2 represents a computed situation where the robot

is immobile and not sliding. Vectors ��� ��
�

� delimiting the

Coulomb cones are represented with dotted lines. Since all

ground reaction forces ��� � are inside their corresponding

cones, the robot cannot slide.

2: A con�guration where the middle wheel is almost slipping. This
picture has been obtained after some computations in order to be
certain that the fundamental principle of static is satis�ed

D. Feasible conditions for the pendulums

First, we have

��� � ��� � �� ���
�
�� � ������

�
�������
�������

��

��� � ��� � �� ���
�
�� � ������

�
�������
�������

��
�

(13)

where �� and �� are the lengths of the two pendulums.

Moreover the variables ��� and ��� should be such that the

pendulums be at feasible locations : the pendulums should

not intersect the ground or the robot itself. This condition

can be translated into

�
� � � � � � � � � �
� � � � � � � � � �



��

�

�

����

�� ��
��	
�� �


����
�� ��

��	
�� �



�

(14)

where the bounds ����
�� ��

��	
�� �����

�� ��
��	
�� can be com-

puted from 	.

E. Recapitulation of the constraints

Our robot can be described by

(i) 		 � 

(ii) �	���� ��� � �

(15)

where the condition �	���� ��� � � is equivalent to

� ����� ���� ���� ���� ���� ���� ��� ����������� such that

(5), (11), (13) and (14) are satis�ed
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III. CONTROL OF THE ROBOT

The control problem we wish to solve now is the fol-

lowing: �nd the angles �� and �� such that the fundamental

principle of static, the non-sliding conditions and the feasible

conditions for the pendulums are satis�ed. To achieve this

task, we shall act as follows:

1) From 	, and by using elementary geometry, compute

the vectors 
�� 
�� 
�������������,�� and the two

intervals 
����
�� ��

��	
�� �� 
����

�� ��
��	
�� ��

2) Solve the following linear program

��� ��
st. (i) ���	��� � ���	�

(ii) ���	��� � ����

(iii)

�
� � � � � � � � � �
� � � � � � � � � �



��

�

�

����

�� ��
��	
�� �


����
�� ��

��	
�� �




(16)

where � � �� � � � � ��T and the quantity � to be

minimized is slack variable which represents how deep

the constraints are satis�ed. Since the rank of �� is

full, the linear program always has a solution. If the

minimum �� is negative, the non-sliding condition (11)

can be satis�ed and the robot will not slide. If �� is

positive, the robot will slide.

3) From �, compute the viable inputs �� and �� such that

(13) is satis�ed.

4) Compute independently the control � using a classical

control method.

IV. RESULTS

To illustrate the control developed in the previous sec-

tions, we shall move the robot slowly in a urban ir-

regular ground. As illustrated by Figure 3 the pendu-

lums react in order to avoid any sliding from the ro-

bot. The simulation of the control has been performed

with SCILAB[1] and the source code is available at

www.ensieta.fr/e3i2/Jaulin/etas.sce. On this

simulation, it is possible to check if the reaction force always

remains inside the coulomb cone. For each sample, the

computation of the control � required less than 0.01 sec

on a Pentium 1.5 GHz. The shape of the ground has been

chosen so as to be as chaotic as possible while still preserving

the possibility to move the pendulums in order to avoid any

sliding. For the simulation, the parameters that have been

chosen for the robot are 
 � ���
 for the angle friction

coef�cient, �� � ��mm� �� � ��mm� �� � ��mm for

the radius of the wheels and �� � �� � ���mm for the

lengths of the pendulums. The weights of the platforms and

the pendulum are given by �� � �� � ��N, �� � �� � ��N.

The height and the width of the stairs have been chosen equal

to ���mm and ���mm, respectively. On Figure 3, dotted

lines represent the Coulomb cones. Since each cone contains

the corresponding reaction force created by the ground onto

the wheel, the robot never slides. On the SCILAB simulation

program that is made available, the user can change the

height of the stairs. It is thus possible to get the largest size

for the stairs that could be climbed by the robot.

V. CONCLUSION AND PERSPECTIVES

Mobile robots usually use wheels on smooth terrains and

legs on rough terrains. When wheeled robots try to overcome

obstacles which are bigger than the wheels, the robot slides.

The �rst contribution of the paper is to show that a mass

transfer system combined with an appropriate controller

makes it possible to overcome obstacles with a wheeled

robot, even when the obstacles are larger than the wheels.

The second contribution of the paper is to introduce linear

programming methods (such as the simplex algorithm) for

control. As an illustration, a two-dimensional three-wheeled

robot, where pendulums had to be moved in order to avoid

any sliding, has been considered.

The control approach that has been proposed can be

used for systems involving linear viable constraints. For

some problems, such has those involving mechanical robots,

constraints are often linear. However, for most application

problems, the constraints are nonlinear and more costly

methods such as constraints propagation methods should then

be used to �nd the viable control input �.

Figure 4 represents the robot built by the robotics team

of the ENSIETA engineering school (www.ensieta.fr)

that has won the 2005 robot cup organized by ETAS, France.

The robot can be seen as a three-dimensional version of the

robot treated in this paper. It has been proven to be very

competitive on irregular grounds but failed to cross over

some compulsory obstacles (such as stairs). For the 2007

competition, we are planning to implement the mass transfer

system on the robot. Carrying out the mass transfer as well

as the localization of the robot with respect to the ground

remain to be developed.
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