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A Pattern Generator of Humanoid Robots Walking on a Rough Terrain
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Abstract— This paper presents a motion pattern generator of
humanoid robots that walks on a flat plane, steps and a rough
terrain. It is guaranteed rigorously that the desired contact
between a humanoid robot and terrain should be maintained
by keeping the contact wrench sum between them inside the
contact wrench cone under the sufficient friction assumption.
A walking pattern is generated by solving the contact wrench
equations and by applying the resolved momentum control.

I. INTRODUCTION

The ZMP (Zero Moment Point)[15] has been used as a
stability criterion to judge if the contact between a foot of
a legged robot and a floor should be kept while walking. It
can judge the strong stability of a contact, where a contact
is called strongly stable if it is guaranteed that the contact
should be kept to a given external wrench[12]. A number
of walking pattern generators have been proposed using the
ZMP as the strong stability criterion (See [11], [10], [6] for
example). But the ZMP is a rigorous stability criterion only
when a robot walks on a flat plane without a contact between
a hand and the environment under the sufficient friction
assumption. When the ZMP is used to plan motion patterns
of a robot that walks on a terrain other than a flat plane
and/or a contact between a hand and the environment, some
approximations should be introduced to judge the contact
stability.

We have proposed a strong stability criterion that can judge
if the contact between a robot and the environment should be
kept rigorously under the sufficient friction assumption when
the robot walks on an arbitrary terrain with a possible contact
between a hand and the environment [5]. It was proved
that the contact should be strongly stable if the contact
wrench sum (CWS for short) is an internal element of the
contact wrench cone (CWC for short), and that the CWS and
CWC are equivalent to the ZMP and the supporting polygon
respectively when the robot walks on a flat plane without a
hand contact.

This paper presents a walking pattern generator using the
CWS as the strong stability criterion, and so it is able to
plan motion patterns of a humanoid robot that walks on
an arbitrary terrain possibly with a contact between a hand
and the terrain. It is guaranteed theoretically that the contact
should be stable while walking under the sufficient friction
assumption. The motion patterns are generated by solving

the contact wrench equations and by applying the resolved
momentum control[7].

This paper is organized as follows. Section 2 presents the
details of the proposed pattern generator. Section 3 gives
examples. Section 4 concludes the paper.

II. PATTERN GENERATOR
A. Equations of Momentum

Let pp,vp,wp be the position, velocity and the angular
velocity of the coordinates on the waist link of a humanoid
robot respectively which is supposed to have six degrees
of the freedom in the space with respect to the reference
coordinates. Let n be the number of the joints connected to
the link and 6 : n x 1 the angular velocity of the joints. See
Fig.1. Then the momentum of the robot P and the angular
momentum about the center of the gravity £ can be given
by
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where M is the total mass of the robot, E the 3 x 3 unit
matrix, r g, the position vector from the origin of the waist
coordinates to the COG of the robot, I : 3 x 3 the inertia
matrix about the COG, M : 3 x n, H; : 3 x n the inertia
matrices which relate the joint velocities into the momentum
and the angular momentum of the robot respectively. " is the
operator converting a 3x 1 vector into a 3 x 3 skew-symmetric
matrix whose multiplication from the left makes a vector
product. Let x,y, z axes of the waist coordinates point to
the front, left and top respectively.

Eq.(1) transforms n + 6 velocity variables into 6 momen-
tum variables, but in general the degrees of the freedom of
the robot should degenerate because of the contact between
the robot and the working environment. Let vp,, wp, be the
velocity and the angular velocity of the coordinates fixed
at the i-th foot link (: = 1,2), and vy,,wp, those of the
coordinates at the ¢-th hand link (z = 1,2) respectively.
v, wr, and vy,,wy, are constrained by the contact or by
reference trajectories, and Eq.(1) under the constraints can
be given by

* 2 % N
2= e e o e+ e,
) ®)

The authors are with Humanoid Robotics Group, Intelligent where
Systems  Institute, National Institute of Advanced Industrial
Science and Technology (AIST), 1-1-1- Umezono, Tsukuba, Japan €p= VB £, = VF; €, = VH,
hiro.hirukawa@aist.go.j B = ’ Fi ’ H;y = ’
. .go.jp wp WE; WH;
1-4244-0602-1/07/$20.00 ©2007 IEEE. 2181



, Mn2

Fig. 1.

Definitions of the coordinates

and Mz, Hy, My, H ., My, and HY;, are the inertia
matrices under the constraints and given by
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where J ey, , J arm; are 6 X 6 Jacobian matrices determined
by the kinematics of the legs and arms, rp_, f, the position
vector from the origin of the waist coordinates to the i-th
foot coordinates, élegi (i =1,2) and Oy, (i = 1,2) 6 x 1
joint velocity vectors of the legs and the arms respectively,
and the inertia matrices are decomposed into
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0 = [Oleg1 gleg2 garml 0(17‘m2}T7
Mg = [-2\4'leg1 Ml692 Marml MarmgL
H0 = [Hl691 Hl692 Harml Harmz}v

whose components correspond to two legs and two arms
respectively [7].
B. Reference Angular Momentum

Since the reference of vp,,wp, and vy,,wn, are given,
the joint velocity of the legs and the arms can be given by
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from the reference of (vp,wp), and then the reference of the
angular momentum £7¢f is found by Eq.(1). The reference
of vp is going to be tuned by solving the equations of the
contact wrench in the following, but there is no criterion to
design that of wp. One of the reasonable choices is to let
wg‘f = 0 which should make the orientation of the waist
link to be upright.

C. Equations of the Contact Wrench

Let the sum of the gravity and the inertia force applied to
the robot be f and the sum of the moments about the COG
of the robot T4 with respect to the reference coordinates,
which can be given by

fe =

TG =

M(g_pG)a
y L€ XM(g_pG)_‘c7
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where pg; is the position vector of the COG with respect to
the reference coordinates and g = [0 0 — g]T the gravity
vector. Let us assume that sufficient friction exists at the
contact. The assumption implies that an arbitrary friction
force can be generated at every contact point with a positive
normal force. Then the set of the contact wrench can be
written by

K 2
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k=1 =1
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where ny is the unit normal vector at the k-th contact point
Py, i (1 = 1,2) the unit tangent vectors at p, whose linear
combination spans the tangent plane at p,, €, a non-negative
scalar, 5f€ a scalar, and K the number of the contact points.
See Fig.1 again. Let us call the set of the contact wrench
Contact Wrench Cone or CWC for short, since the set forms
a polyhedral convex cone. Then the strong contact stability
can be determined as follows[5].

Theorem 1: (Strong stability criterion) If (—f~, —7¢)
is an internal element of the CWC given by Eqgs.(7) and (8),
then the contact is strongly stable to (fq, T¢).

When (—fs, —T¢) is an internal element of the CWC,
(f &, ) should balance with the sum of the contact wrench.
We call the sum the Contact Wrench Sum or CWS for short.
Then Theorem 1 can be rewritten as “If the CWS is an
internal element of the CWC, then the contact is strongly
stable to (f,Ta)”. It was proved that this statement is
equivalent to “If the ZMP is an internal element of the
support polygon, then the contact is strongly stable, when
the robot walks on a flat plane”, and that the CWS is also a
rigorous stability criterion in a generic case[5].

The pattern generators based on the ZMP criterion plan the
reference trajectory of the ZMP, and then find the reference
trajectory of the COG by solving the ZMP equations (see

’ [6] for example). The proposed pattern generator plans the
reference trajectory of the CWS, and then find the reference
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trajectory of the COG by solving the equations of the
contact wrench which can be derived by balancing the right
hand sides of Eqs.(5) and (6) and those of Eqs.(7) and (8)
respectively and given by
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where pe = (2¢,y6,2¢)s Pr = (Tk,Yks2k), £ =
(L, [:y, L), ng = (n;m,nky,nkz) and t = (té,r,t;cy,tiz).

The reference of the COG is planned based on the equa-
tions of the contact wrench as follows. At first, let us plan
the reference of Zg. Then the force along the z-axis should
balance as

(14)

K
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in which the ratio between the first and second terms of the
right hand side is arbitrary and we choose it as

K
doan. = (1-a)M(Za+g), (16)
k=1
K 2
Zeszsgtﬁw = aM(ig +9g), (17)
k= =1

where o« = 1 — = Zk 1 Nkz. « has no rigorous physical
meaning, but « can be considered as the average slope of
the terrain.
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Next ¢, should be chosen so that 0 < €; holds for at
least three k to keep the strong stability of Theorem 1. For
example, the reference of €, can be chosen to be

)\Tef

el =1 - a)M(ig+g) =t
K re
2kt Ak T

; (18)

by using 0 < )\Z,ef < 1 for three k at least. Then the reference
trajectories of xg, yg are planned to follow the equations of
the moments about the x and y axes

M((c + 9)(ye — yo) — Mija(z¢ — 2¢) + Lo
K
= en(Yrne: — 2rnry) = oy, 19)
k=1
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K
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k=1
where yc, zc, x¢ are defined by
yo = aZ Uk, @1)
K €
_ _ Ck
zc = (1—a) Z e (22)
k=1
o = az ~— i, (23)
€ = 24)

and 7, is the moment about z(y)-axis excluding that
from the friction force. The point p~ = (z¢, yc, z¢) has no
rigorous physical meaning, but T¢ is not far from p, X f..
Eqs.(19) and (20) are nonlinear differential equations, which
can be solved by substituting a difference equation into g
and g [10]. Then the friction forces have to satisfy equations

K 2 K 2
S e Yt~ 3 s Y
k=1 =1 k=1 —
= -M(%c + g)yc + Mijczc, (25)
K 2 K 2
— Z Tx€x Z ottt + Z ZK€k Z obtt
k=1 1=1 k=1 1=
= M(Z:G + g)l‘c — M2gzc. (26)

The selections of yc,zc,rc are arbitrary, and the above
definition implies that the friction force at each contact point
should be proportional to the normal force at the point in
the sense to satisfy Eqs.(21)-(26). Needless to say, it is not
possible to control the friction force at each contact point in
general. The friction forces should also satisfy Eqgs.(9), (10)
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and (14) which can be rewritten as

K

2
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When de is given and Z.’, ¢’ are planned to follow
Eqgs.(19) and (20), it was turned out that the friction forces
should satisfy Eqgs.(27), (28), (17), (25), (26) and (29). At
least six variables are necessary to satisfy the equations,
which demands that 0 < ¢; for three k at least. Without
loss of the generality, let €}, be positive for k = 1,2, 3. Then
the equations can be rewritten in a matrix form as

)
61
( elt% Eltf Egtl 63t2 ) .
€1Pp X t} €1Pp X t% €3p3 X t €3p3 X t :1
1
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) . : K
Mzgic — Mygic + Lz — Y, ex(@rnky — yknka)

We call the linear equations the Friction Force Equations
and it should have the unique solution if the 6 x 6 coefficient
matrix in the left hand side is regular which is true if
P1, P2, Ps are in a general position for example. Then there
is a feasible reference for the friction forces, and therefore
the generated pattern is also feasible.

Besides, the reference of the CWS is an internal element
of the CWC, since ¢;s have been chosen to let the CWS of
the normal forces be an internal element of the corresponding
CWC. Note that the total CWS should be an internal element
of the total CWC when the normal CWS is inside the normal
CWC and the friction CWS inside the friction CWC, since
the friction CWC forms linear subspaces and then the total
CWC is the direct product of the normal CWC and the
friction CWCJ2].

When the number of the contact points with non-zero
normal forces are more than three, the friction forces are
indeterminate but there is a feasible solution if the friction
force equations has a solution and it is not required to find
the friction forces to generate the walking patterns.
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Fig. 2. Block diagram of the proposed pattern generator

D. Resolved Momentum Control

Let the solution of the equations of Eqs.(19) and
(20) be (:chef ,ygef ), the reference of the momentum
(pret ,Pref Pref) can be given by

pref = Ml (30)
pref = My”f (31)
pref = Mz (32)

From Eq.(2), the reference of {p can be found by the
resolved momentum control[7] as

Ep=A""y, (33)
where
pref 2 M wf 2 M, wf
v = [ [ xlE Jer -2l e
. . (34)
A = [ J};’:ﬁ } (35)

Finally, the joint velocity of the robot can be obtained by
Eqgs.(3) and (4). The block diagram of the proposed pattern
generator is shown in Fig.2.

E. The Algorithm

A motion pattern of a humanoid robot walking on a rough
terrain can be generated by the following algorithm.

Algorithm 1: Walking Pattern Generation

1) Give (v;ff,wr;f), (v};f,wquf) and (v}, Wheh.

2) Find (eleg ’Olegg) by Eq (3) and ( af7n1702jfn2) by
Eq.(4) respectlvely

3) Find £7¢f by Eq.(1) and Lref by differentiation.

4) Give sz

5) Give )\Tef

6) Find :rgef N "/ by solving Eqs.(19) and (20).

7) Find P’“ef by Eqgs.(30), (31) and (32).

8) Find E by Eq.(33).

9) If vy foound in Step 8 is close enough to v%
in Step 1, go to Step 10, otherwise let vz
found in Step 8 and return to Step 1.

given
be that
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10) Find (0icg,,01cq,) by Eq.(3) and (0 urmn,, @ arm,) by
Eq.(4), and terminate the algorithm.

Step 1-Step 8 are shown in Fig. 2. The iteration is necessary,
since £ in Step 3 was found from vgef before solving
Eqgs.(19) and (20), and may produce an unnatural motion by
Eq.(33). Note that w;ff is not renewed, otherwise the loop
will produce the identical motion with the previous iteration.

Algorithm 1 proved that a strongly stable motion pattern
of a humanoid robot walking on a rough terrain should exist
if the friction force equations have a solution. This is the first
rigorous proof that a strongly stable motion of a humanoid
robot walking on a rough terrain should exist under the
sufficient friction assumption if the friction force equations
has a solution.

IIT. EXAMPLES

Algorithm 1 is implemented for the dynamic model of
humanoid robot HRP-2 [9] whose configuration of the joints
is shown in Fig.1. Several implementation examples are
investigated in the following.

A. Walking on a Horizontal Plane

In the case, V k;ng = (0,0,1), and V k; 2, = 20 where
zp is the height of the horizontal plane, o = 0, and then
Eqgs.(21)-(23) become

yo = 0, (36)
K €
_ ko _
o= ) —m=m, (37)
k=1
re = 0, (38)

and Eqgs.(19) and (20) do

M(2c + 9)ye — Mijc(2¢ — 20) + Ly

K
= E €LYk,
k=1

(39)
) K

Mg+ g)ze + Mig(zag — 20) + Ly = — Z€k$k,
k=1

(40)

which are equivalent to the ZMP equations[5].

In Step 1 of Algorithm 1, (v}ff,w}if) and (v}ff,w}ff)
are chosen to be smooth curves as well as the initial trajectory
of 'Y, and that of W'/ is set zero for the whole period. The
trajectory of (Zkl,(zl ExYky — Zkl,(zl €xxk) can be planned as
described in the previous section. Fig.3 shows the trajectories
of the orientation of the waist link about x,y, z-axes for
ten walking steps, which was obtained by five iterations
of the algorithm. We can observe that the trajectories were
converging to zero by the iterations.

Fig.4 shows the trajectories of the ZMP in which that of
the dynamics simulation is in the broken curve and that of
the experiment in the solid curve. The dynamics simulation
was done using OpenHRP[8] and the experiment using HRP-
2. The robot walks along x-axis which is the horizontal axis
in the figure. The ZMP is drawn to show that it stays in the
support polygon of the robot both in the simulation and the
experiment.
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Fig. 3. Trajectories of the orientation of the waist link

B. Walking on Horizontal Steps

In the case, set « =0, V k;ni = (0,0,1), zx = zp1, k =
1,~--7KF1 and Ze = ZFQ,k = KF2 + 1,'-~7KF1 +KF2
where zp; and zpo are the heights of two steps respectively
and Ky and Ko are the numbers of the contact points on
two steps respectively, and then Eqgs.(19)-(20) become

K
E €LYk,
k=1

M(2¢ + 9)ye — Mic(zc — 2c) + Ly

(41)
K
7M(:Z:G + g)lL’G + M:'Ifg(ZG — Zc) + Ly = - Z €ELTE,
k=1
(42)
where
Kp1 Kri1+KF2
zo = ZFlZ€k+ZF2 Z €k
k=1 k=Kpi1+1

(1 — )\)ZFl —+ /\ZFQ,

0<AL L.

Noting that Eqs.(39) and (40) become identical with Eqs.(41)
and (42) by replacing zo with zc, the equations can be
interpreted to consider a virtual horizontal plane between
consecutive steps and to set the reference ZMP on the plane.
The interpretation may be a typical heuristics that has been
used to plan motion patterns of a robot that goes up and
down stairs, but it has been turned out that the strong stability
should be guaranteed in the case by Theorem 1.

C. Walking on a Rough Terrain

This is a generic case, and Eqs.(19)-(20) are used in
a generic form. Fig.5 shows an example in which HRP-2
should walk on planes with different slopes and heights. In
other words, HRP-2 walks on a rough terrain, but the whole
soles of HRP-2 can contact with the terrain in the example.
The trajectory of (7¢,,7¢,) on fc. = Mg of a walking
along z-axis planned by the proposed algorithm is drawn by
the red curve in Fig.6, where the horizontal axis is Téx and
the vertical axis 7. The rectangles show the boundary of
the CWCs in fc.7¢,7¢, space corresponding to the single
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Fig. 4. Trajectories of the ZMP in the simulation and experiment for walking on a horizontal plane

Fig. 5. HRP-2 walking on planes with different slopes and heights

support phases respectively. It is observed that (T/Cz,’l'éy)
stay inside the CWCs as planned.

The trajectory of (7¢.,,7¢,) on fc, = Mg of the walking
planned by the ZMP criterion is also drawn by the blue curve
in Fig.6 in which the ZMP is defined under the assumption
that the floor is a horizontal plane. Two curves almost
coincide, because the whole sole of the robot is contact with
a slope in a single support phase, the normal vectors of the
contact points are identical for each footprint, and then there
is not significant difference between the desired (7¢,,75,)
derived from two criteria. Fig.7 shows the trajectories of
(Téas T6y) ON fo. = Mg of a single support phase of the
walking in the dynamic simulation (left) and the experiment
(right) of the planned walking. The trajectories of the other
single support phases are similar.

Fig.8 shows an example in which a sole of HRP-2 is
contact with the terrain by point contacts for a footprint. Then
the normal vectors of the contact points are not identical for
the phase. The trajectory of (7¢,., 7¢,) on fc. = Mg for the
single support phase planned by the CWS is drawn by the
red curve and that by the ZMP by the blue curve in Fig.9.
It is observed that two curves are not coincide in the case,
and that the red curve should pass through the center of the
CWC. The larger the slope is, more the difference is. Note

[Nm]

1266

-50 50 100 [y

Fig. 6. Trajectories of (7, T’Cy) on fo. = Mg of walking on planes
with different slopes and heights

that the boundary of the CWC is not a rectangle in the case,
though that of the support polygon stays to be a rectangle.

Fig.7 shows the trajectories of (7¢,,7¢,) on fo. = Mg
of the single support phase of the walking in the dynamic
simulation (left) and the experiment (right) of the planned
walking. It is observed that the curve is close to the boundary,
which may be caused by the landing impact force between
the foot and the slope of G%r radian.
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Fig. 7. Trajectories of (T/Cvz,Téy) on fo, = Mg in the dynamic S
simulation (left) and the experiment (right) of walking on planes with /
different slopes and heights

Fig. 9 TrajecFories of (75, Téy) on fo, = Mg of walking on a rough
terrain with point contacts
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Fig. 8. HRP-2 walking on a rough terrain with point contacts
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IV. CONCLUSIONS

Fig. 10.  Trajectories of (TICZ,T/Cy) on fo, = Mg in the dynamic
simulation (left) and the experiment (right) of walking on a rough terrain
The contributions of the paper can be summarized as  With point contacts

follows.

e A pattern generator of a humanoid robot that walks
on a flat plane, steps and a rough terrain is proposed.
It is guaranteed rigorously that the generated pattern
should keep the desired contact between the robot and
the terrain under the sufficient friction assumption.

« It is shown that there should be a feasible set of friction
forces if the friction force equations have a solution.

o The pattern generator is implemented and the verifica-
tion of the algorithm has been done successfully by the
simulations and experiments.
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