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Fuzzy Control of Inverted Robot Arm with Perturbed Time-Delay
Affine Takagi-Sugeno Fuzzy Model

Wen-Jer Chang, Wei-Han Huang and Wei Chang

Abstract—A stability analysis and controller synthesis
methodology for an inverted robot arm system is proposed in
this paper. This uncertain system is modeled by a state space
Takagi-Sugeno (T-S) fuzzy model with linear nominal part and
structure bounded parameter uncertainties in the state
equations of each fuzzy rule. First, a sufficient condition on
robust stability of the Continuous Perturbed Time-Delay Affine

T-S (CPTDATYS) fuzzy models of inverted robot arm is proposed.

Then, H_ -disturbance attenuation performance of the fuzzy
models is analyzed. At last, a numerical example shows the use
of the proposed approach on the stabilization and
H_ -disturbance attenuation for the inverted robot arm

systems.

I. INTRODUCTION

The inverted robot arm is an ubiquitous example of
nonlinear control systems analysis and design. The standard
problem related to inverted robot arm is stabilization of either
downward or upright equilibriums at a prescribed position.
The purpose of this paper aims to make the inverted robot arm
balance; afterwards, the inverted robot arm could get the
dynamic balance. The track of the inverted robot arm can be
horizontal or gradient. In this paper, we propose the state
feedback fuzzy control based on the T-S model for the
inverted robot arm.

In recent years, the T-S fuzzy control [1-8] has become one
of the useful control approaches for complex nonlinear
control systems. It is well known that time delay often occurs
in many dynamical systems. Therefore, time delay could be

considered as an important issue in T-S fuzzy control systems.

In the time-delay T-S fuzzy model [8], local dynamics in
different state space regions are represented by linear models.
The overall T-S fuzzy model of the system is achieved by
fuzzy “blending” of these time-delay linear subsystems.

The control design is carried out based on the so-called
Parallel Distributed Compensation (PDC) [1-8] scheme. The
idea is that for each local linear model, a linear feedback
control is designed. The resulting overall controller which is
in general nonlinear is also a fuzzy blending of each
individual linear controller. The control approach is to design
linear feedback gains for each local linear model and to let the
overall control input can be blended by these linear feedback
gains.

One of the most important requirements for a control
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system is the so-called robustness. Those can solve the
disturbance and perturbations problems from inherent
uncertainties in the real system. In this paper, the A control

scheme [9] is used to deal with the robust performance design
problems in CPTDATS fuzzy models. It can provide the
guaranteed H_ performance for the attenuation y , which

can cope with the worst disturbances in systems. We also
propose the issue of robust stability in the presence of
norm-bounded uncertainty. The uncertain models are
described by a state-space model and time-varying
norm-bounded parameter uncertainty in the system matrices.

In general, based on Linear Matrix Inequalities (LMI) [1]
methods, one can find suitable linear feedback gains for each
fuzzy rule for closed-loop homogeneous T-S fuzzy systems.
However, the synthesis of the CPTDATS fuzzy models is a
difficult problem for the designers because the closed-loop
stability conditions are not LMI formulations but Bilinear
Matrix Inequalities (BMI) ones. The BMI conditions cannot
be easily solved via a convex optimization algorithm. For this
reason, an Iterative LMI (ILMI) [6-8] algorithm is applied to
solve the proposed BMI problem in this paper.

II. DYNAMIC MODEL OF INVERTED ROBOT ARM

In this section, we first introduce the mathematical model
of inverted robot arm system. Referring to Fig. 1, we
proposed a simplified dynamic model to describe open-loop
inverted robot arm system as follows [10].

é(t)z_%m(e(t))_%e(t) vev(t) (1)

where / is the length of the rod, m is the mass of the bob, g
is the acceleration due to gravity, k is the friction, 6(t) is
the angle by the rod and the vertical axis, v(t) denotes the

disturbances.
The torque is the control input and it is assumed that the
control object is to maintain a constant angle G(t) =B.In

order to maintain 6(t)=p , the torque must have a

steady-state component T, that satisfies

—asin(p)+cT, =0 or T = asin(B)/c 2)
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Fig. 1 Inverted robot arm system

Choose the state variables as x(t)=0(t)-p ,
x,(t)=0(t), and the control variable as u(t)=T(t)-T,.
Then, the new equilibrium point is x, (t)=0, x,(t)=0 and
u(t)=0. The inverted robot arm equation (1) can be thus

represented as

% (t) =x, (t)
X, (t) = —a{sin(xl (t) +B) —sin(B)} +cu(t) + ev(t)

(3a)
(3b)

Then, we will consider this class including premise
nominal parameter uncertainty:

A (1) =e(t) (4a)
%, () = —a{sin(x, (t)+B)+0.01cos (t)x, (t)-sin(B)}
cu(t)+ev(t) (4b)
o(1) = (p+0.025in (1)), (1
+((1-p)+0.01sin(t))x, (t—1(t)) (40)

where ¢(t)eR" is a time-delay weighting function and

p €0, 1] is the weighting coefficient.

III. THE AFFINE T-S FUZZY MODEL OF INVERTED
ROBOT ARM

Generally, the main feature of the T-S fuzzy system can be
expressed by joining dynamics of each fuzzy rule of linear

subsystems. Given a pair of (x(t), u(t)), the perturbed

time-delay affine T-S fuzzy model of inverted robot arm
system (1) can be inferred as follows [8]:
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+Zhi (z(t)){(B,+AB,)u(t)+(a, +2a)}+Ev(t)  (5)

where

z(t)z[zl(t), zz(t), e,
i (2(0) = 20D (x0)20 a3
;“)i<z(t)

(6)

The quantities A;, A,;, B;, a, and E are constant matrices.
Besides, AA; , AA, , AB, and Aa, are time-varying

matrices with appropriate dimensions and they are structured
in the following norm-bounded form:

[AAi AA,, AB, Aai]:DnAi(t)[Qli Q, Qy Q4i] (7
where D,, Q,;, Q,,, Q,, and Q,, are known real constant
matrices of appropriate dimensions, and A, (t) is an

unknown matrix function with Lebesgue-measurable
elements and satisfies A! (t)A, (t)<T.

For a nonlinear T-S fuzzy system represented by (5), a
fuzzy controller is designed to share the same fuzzy sets with
the plant. It is based on the PDC concept [1]. The output of
the PDC-based fuzzy controller is determined by the
summation such as

Zh( ONE x(1)+m} ®)

Substituting (8) into (5), one can obtain the corresponding
closed-loop system

#(0) =5 X 2 (#(0)n, (+(1)
o B ©)

#(0)=[x"(1) " (t-2(1) 1] . A =[G, A, g ],
Gij = A _BiFj > 8 =
Agij =A, (t)l:Qli _Q3iFj } Q,; } Q. _Qsi"j:l-

a, —B,p; and

Base on the PDC type fuzzy controller (8), a sufficient
condition for ensuring delay-independent stability of
controlled time-delay affine T-S fuzzy model (9) is
introduced in this paper. Moreover, a H_ control
performance with y >0 is also considered in this paper. This
constraint is of the following form.
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o7 2T
[ 2" (8 x(t)dr <y [ (1) v(t)de (10)
with zero initial condition for all v(t)e L,[0,t.], where y
is a prescribed value which denotes the worst case effect of
v(t) on x(t) . Besides, S=S" >0 is a positive-definite
weighting matrix and S € R™" . The purpose of this paper is

to find satiable fuzzy controllers (8) such that the closed-loop
system (9) is robustly stable with satisfying the H,

constraint (10).

IV. SUFFICIENT CONDITIONS OF ROBUST FUZZY
CONTROLLER DESIGN

A fuzzy controller is designed to share the same fuzzy
sets with the affine T-S fuzzy model (5) based on the PDC
scheme. In this section, the delay-independent stability
conditions for the CPTDATS fuzzy model (9) are described
in the following theorem.

Theorem 1
Given a H_ attenuation parameter y>0 . The

CPTDATS fuzzy system described by (9) is quadratically
stable in the large and the H, control performance (10) is

guaranteed for an attenuation y if there exist common
positive definite matrices P>0, S>0, N, >0, control

gains K, p, and scalars &; >0 such that

Y ET;+OF <0 .
; . for i€l (11a)
P>Q,Q,/2+Q,Q,/2+N,
Y 2T5 +0f <0 -
. ; for el (11b)
P>Q,Q,/2+Q,Q,/2+N,
where
. (G;+G, Y G, +G,
re=| 21— pyp| L L (12)
2 2
. o o
L - Z Sia T =
-
;= o g T . E R (13)
i T8 T |
( 12 S|P g | 2 G Vi
i q=1 ! q=1
©; =U,+P+PE(I/y’)E"P+S (14)
_ [er | =]
er =| -2 15
=T (15)
U, =(PAN;'ALP+PAN'ALP)/2

+[D, D]B312)[D, D]P
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+<Qli _Q3iFj )T (Qu _Q3iFj )/2

+(Q1j_Q3jFi)T(Q1j_Q3jFi)/2 (16)
U; = (Q4i _Q3iuj )T <Q4i _QSiuj )/2
+(Q4j_Q3jpi)T(Q4J‘_ng"i)/z (17)

From Theorem 1, it can be noted that the matrix
inequalities in P, F; and p; belong to the class of BMIs and

the controller synthesis cannot be solved with ease by a
convex optimization algorithm. In order to solve the present
robust fuzzy controller design problem, it is necessary to
rewrite the conditions of Theorem 1. In next section, a new
theorem is provided to introduce new stability conditions
which can be solved by an ILMI algorithm.

V. ROBUST FUZZY CONTROLLER DESIGN VIA ILMI
ALGORITHM

In this section, an ILMI algorithm is provided to get a
suitable solution for the stability conditions of Theorem 1.
The decay rate a is considered in the stability conditions in
order to relax the LMI search procedure and make it feasible.

Theorem 2

The stability conditions (11) described in Theorem 1 are
held and the CPTDATS is quadratically stable in the large if
there exists a decay rate o <0, positive definite matrices
P>0, S>0, N, >0, control gains F,, p, and scalars

&;, = 0 such that

Ffj‘d <0 ; . (180
or iel, 18a
P>Q;Q,/2+Q}Q,/2+N,
r;‘<o o
: : for i€l (18b)
P>Q;Q,/2+Q;Q,/2+N,
where
[ —aP * * %
LT4ij -1 * *
LLP 0 -12 *
red 2 LTeijP 0 0 _Nl
’ L'P 0 0 0
L, 0 0 0
L, 0 0 0
E'P 0 0 0
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% % % *
£ £ £ *
% % % *
£ £ £ * 0> (l 9)
_1/3 * * *
0 -I * *
0o o0 -1 *
0 0 0 —y1/2
'GR“ —aP * * * * *
zjR21 zjRZZ * * *
0 le-ij ) * *
0 L, 0 -1 * =*
0 Ly, 0 0 -I *
Fod & L 0 0 0 0 -I
Ly,P 0 0 0 0 0
Li,P 0 0 0 0 0
L3P 0 0 0 0 0
Ly 0 0 0 0 O
Ly; 0 0 0 0 O
| E'P 0 0 0 0 O
* * * % % %
* * * * * *
% * * k % *
* * * % * %
* * * * * *
* * * % % % - 0 , (20)

0 0 -I/3 * * *
0 0 0o I * *
0 0 0 0 -I *
0 0 0 0 0 —1/2]
and Llij = |:u1T HJT:I 2ij Q41 Q31HJ s Mgy = Q4j _QSjHi >

L,=[F F|.L,=[B B].L,=[A, A,].
L

7 = |:Dl DJ:| ’ LSl] Qll Q3iFj 9ij Ql] Q}J
P

O =0k = zzguq ijq (21)
Gra :(ai_BiyJ') +( -Byy; "p

P (22)
+(yi _"J) Z; +(y' 1) Z]:Zguqnuq

0=
O =ViYi +Y[Y — Vil — 1Y,

(23)

P
T T
YR TR Y- Z;%iquijq
-
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Up =A/P+PA +AJP+PA +Y]Y, +Y}Y,
(B84 87y, (70
_(PBj + FiT)in +17z, +ZJ-TZj -z/B/P-PBz, — ZJTBJ.TP

-PBjz; +2P+28 24)
in which
T T
YisziP+Fj,Zi:BiP,yizui (25)

According to the conditions of Theorem 2, the solutions of
fuzzy control problem of CPTDATS fuzzy systems can be
obtained by applying ILMI algorithm, which is developed on
the LMI technique. The flowchart of ILMI algorithm, which
can be used to solve the conditions of Theorem 2, is
introduced as follows.

<ILMI Algorithm>

® Obtain initial P from the following Ricatti equation.
AP+ PYA-PUBB™PY +Q=0
® Get initial F,m) by standard pole placement technique.

!

’ Set Y,fk), v and 2 from (25). }4

¢ Solving by LMI toolbox
(k)

P‘k],S‘k],V‘(Mi‘n',ﬂ‘(“.iw‘“ «
Subject to
PY>0,8%>0,N¥ >0, >0and (18)
@) Yes Feasible solution k= E
No 1

Min trace(P(k))
PlkJ
Subject to
P¥ >0 s®>p N](k)

>0,&, " >0and (18)

Infeasible and stop interation

Fig.2  ILMI Algorithm
. A1 A lg .
In which A:—Z:Ai , B:—Z:Bi and Q>0, v is a

| |

predetermined small. Applying the above ILMI algorithm,
one can obtain a fuzzy controller (8) to stabilize the
CPTDATS fuzzy systems (5) with satisfying the H

performance constraint (10). In next section, a numerical
example is provided to demonstrate the usefulness and
effectiveness of the proposed design approach.

VI. NUMERICAL SIMULATIONS
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To consider the time delay effect in the actuality situation,
it is assumed that the sensor for exploring the x, (t)=0(t) is

perturbed by time delay given as:

AAi = DiAi (t)Qn
AA, =DA, (1)Q,

11

(26a)
(26b)

where

RS

[10 o o
Qli_0 2’Q2i_01

To obtain the CPTDATS fuzzy model of the inverted robot
arm system, it is necessary to apply the linearization
technique [12]. Let us choose three operating points as
follows:

(x, x;, u+)operl=(58° 0/0 0]0),

(x, xp u),,=(0" 00" 0}0),

and (x, x;, u’)opcr3=(—118° 0/0 0}o0) 27)

Then, three linear subsystems can be constructed by these
is the

three operating points. In which, (x, x,, u)opcr2

maintain equilibrium point and the others are the
off-equilibrium points. Through constructing the above three
linear subsystems and defining membership functions as Fig.
3, one can obtain the time-delay affine T-S fuzzy model,
which is composed by three rules as follows:

Rule 1: TFx,(t) is about M,
THEN %(t) = (A, +AA, )x(t)+ (A, +AA,, ) x(t—1(t))
+B u(t)+a, +Ev(t) (28a)

Rule2: TFx,(t) is about M,,

THEN i(t)=(A, +AA, )x(t)+ (A, +AA,, )x(t-1(t))
+B,u(t)+a, +Ev(t) (28b)

Rule 3: 1Fx, (t) is about My,

THEN i(t)=(A, +AA,)x(t)+(A, +AA,, ) x(t-1(t))
+Byu(t)+a, +Ev(t) (28¢)

where
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0 0.85 0 0.85
Al = 5 Az = 5
22495 0 -7.0711 0

0 0.85 0
A= ,B, =B,=B, =
391 O 10

0 0.02Sin(t)
0.0lcos(t) 0 ’
0 0.15}

AA, = AA, = AA, :{

Ay=Ay=Ay= |:0 0

0 0

0 0 0 0
a = > Ay = > A3 = } E=
{—4.9498} M {27.05} {0.5}

According to the membership functions defined in Fig. 3, the
S-procedure is presented as follows. For Rule; 11, i.e.,
3" <x,(t)<60°, the matrices of S-procedure are given as

0 0.0lsin(t
AA =AA, =AA,, :|: Sm( )} >

follows:

1 0 —l(3n/180+60n/180)
m = > Iy = and

00 0

vy, =(37/180)x (607 /180) (29)

For Rule, 33, ie., 120" < x (t)<-3", the matrices of

S-procedure are given as follows:

1
1 0 ——(-3n/180—-1207 /180
T; = > Mgy = ( ) and
00
0
Vi = (—37‘5/180)><(—1201‘c/180) 30)

For the above CPTDATS fuzzy model (28), the fuzzy
controller can be designed by applying Theorem 2 and the
ILMI algorithm. In this example, it is assumed that the H
control performance is guaranteed for an attenuation
% =0.01. Besides, the disturbance is v(t)=0.5sin(t). Then,
we can get a feasible solution after four iterations of the fuzzy
controller design procedure. The final decay rate o is
—0.5782 and the feasible solutions are obtained as follows:

2824378 11.4783 444.0919 473.4944
:[11.4783 12.1012}’ {473.4944 505.6346 |
9.5678¢9 0
‘:[ 0 9.5678e9}’

&1, =10.0226, &, =5.7973 31)
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And, the fuzzy controller has the following form: [8] W. J. Chang and W. Chang, “Discrete Fuzzy Control of Time-Delay

Affine Takagi-Sugeno Fuzzy Models with A, Constraint”, [EE
. : Proceeding, Part D, Control Theory and Applications, Vol. 153, No. 6,

Rule 1:1F x, (t) is about M, o 745,753, 2006,

THEN u(t) =—[200.3008 221.9395]x(t)—0.4599 (32a) [9] K. Zhou, J. C. Doyle and K. Glover, Robust and Optimal Control,
Englewood Cliffs, NJ: Prentice Hall, 1996.

Rule 2: TFx,(t) is about M,, [10]H. K. Khalil, Nonlinear Systems, 3" Ed., Prentice Hall, 2000.

THEN u(t)=-[200.2968 221.9349]x(t) (32b)

Rule 3: TIFx,(t) is about M,

THEN u(t)=-[200.3648 221.9972]x(t)-1.5482 (32c)

The simulation results are shown in Fig. 4 and Fig. 5. From
the simulated results, one can find that the controlled
nonlinear time-delay inverted robot arm system (4) is globally
stable.

VII. CONCLUSIONS -120° -3° 3°

In this paper, we have shown that the perturbed inverted Fig.3 Membership functions of X; (t)
robot arm system with disturbance can be controlled by the
T-S fuzzy controllers. The proposed fuzzy controller design
approach was developed via PDC method and ILMI
algorithm. Finally, the simulation results showed that the
fuzzy controller designed in this paper can stabilized the
nonlinear inverted robot arm subject to satisfying H_

performance constraint.
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Fig. 5 Responses of X, (t)
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