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Generation and Local Stabilization of Fixed Point Based on
a Stability Mechanism of Passive Walking

Yoshito Ikemata, Akihito Sano, and Hideo Fujimoto

Abstract— A passive walker with knees can walk down gentle
slope in a natural gait and can exhibit a stable limit cycle.
Though the passive walker is simple, it is a sort of hybrid
system which combines the continuous dynamics of leg-swing
motion and the discrete event of leg-exchange. We focus on the
mechanisms of generation and stabilization of a fixed point of
passive walking. We propose a generation method of fixed point
based on its physical structure. We derive the local stabilization
control method from a stability mechanism of a fixed point of
passive walking.

1. INTRODUCTION

Passive walking [1] can be regarded as a physical phe-
nomenon generated by the hybrid system, which consists of
continuous dynamics of leg-swing motion and discrete event
of leg exchange. Gait generation and its stability must be
analyzed from the hybrid system. Passive walking can exhibit
a stable limit cycle. When the state keeps on the stable limit
cycle, walking system is stable.

McGeer [1][2] first studied the passive walking from
viewpoint of discrete-time system. He demonstrated the
stability of fixed point from Jacobian matrix obtained by
linearizing the discrete-time state equation (called “step to
step equation”). Goswami et al. [3], Coleman et al. [4],
and Garcia et al. [5] studied the stability of fixed point
of various passive walking in detail. However, these studies
have not demonstrated why the fixed point of passive walking
becomes stable.

Many dynamical systems reach an equilibrium state which
condition is minimum or local minimum point of energy
function. On the other hand, the fixed point of passive
walking is known that it keeps a balance between the energy
supplied by potential energy and the energy lost by heel-
strike [3][5][6]. However, it is nothing but the result obtained
by observing the phenomenon. Many researchers have not
considered the physical structure of fixed point. They merely
searched the fixed point by numerical method.

In recent years, several researchers [7]-[12] have studied
walking robots based on passive walking. The robots can
walk on level ground with efficient. These studies assume
that a stable fixed point of passive walking exists. In some
cases, fixed point of passive walking is not always generated,
and is not always stable. The studies except for [11] have
not considered the stabilization of passive walking.

Passive walking has not only a stable fixed point but also
a unstable fixed point. When 1-periodic gait turns 2-periodic
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Fig. 1.

Model of passive walker with knees

gait, a stable fixed point of 1-periodic gait becomes unstable.
Several researchers [13]-[15] have proposed the stabilization
control method based on the existing control method. These
stabilization control methods are not particularly effective
stabilization method of passive walking because these don’t
consider the stability mechanism of a fixed point of passive
walking.

In this paper, we focus on the mechanisms of generation
and stabilization of a fixed point in passive walking. At first,
we demonstrate the physical structure of a fixed point, and
propose a generation method of a fixed point based on its
physical structure. Secondly, we derive the local stabilization
control method from a stability mechanism of a fixed point.
Though our stabilization control method is very simple, the
highest local stability of a fixed point can be achieved.
Finally, the validity of our proposed methods of generation
and stabilization is confirmed by the simulation.

II. MODEL OF PASSIVE WALKER WITH KNEES

A. Leg—swing motion

Figure 1 shows the model of passive walker with knees.
The model consists of stance and swing legs. Knee of the
stance leg is locked straight. The motion is assumed to be
constrained to saggital plane. For the purpose of simplicity
and clarity of analysis, assumptions are given as follows:

M>m, M>m, M>m (1)
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1) Motion equation of 3 links (with Knees): Stance leg is
assumed to be fixed on the ground without any slippage or
take off. The equation of leg-swing motion of 3 links can be
written as

Mx(6x)0x + Hx(6k, Ox) + Gk (0k,y) = Extk
2)

where
lZ
Mg(Ok) =| —(bil + pll;)cos(6 — ¢1)
—bylcos(6 — ¢»)

0 0
bt + pl; pbaly cos(ér — ¢2)
byl COS(¢1 - ¢2) b%

Hy(0k,0x) =
’()
(bil + pliy) sin(6 — ¢1)6% + pbal, sin(¢) — ¢2)b3

bylsin(0 — $2)07 — byl sin(¢y — ¢2)$?

Gg(bk,y) =| (b1 + pl)sin(¢; +7y)

by sin(¢s +y)

—Isin(6 + y)
g

1 0 O u /M
Ex=]10 1 -p Tk = | Up/my
0 0 1 u3/m2

Ok (= [9,¢1,¢2]T) is the vector of joint angles. g is the
acceleration of gravity. p is p = my/m;. Setting a = {m;(l +
a1)+myaz}/(mi+my) and I = my(L—by —a)* +mi (b +ai —a)?,
stance leg is equal to swing leg.

2) Equations of knee-lock: Knee-lock occurs when the
swing leg becomes straight (¢; = ¢» = ¢). Assuming that
the swing knee locks instantaneously, angular momentum is
conserved through the knee-lock for the whole walker about
the contact point of stance foot, and the swing leg about
the hip. Angular velocities of stance and swing legs just
after knee-lock can be obtained from these conservations of
angular momentum as

oF = & 3)
(b + pB + plib2)d] + (pbs + pboly)s

T A
¢ b} + p(li + by)? @

The “+” superscript means “just after knee-lock,” and the
“— superscript means “just before knee-lock”.

3) Motion equation of 2 links (Compass-type): After
knee-lock, the model can be regarded as compass-like biped
model. The equation of leg-swing motion of 2 links can be
written as

Mc(0c)8c + He(0c,0c) + Ge(Oc,y) = Ecte ®)
where
2 0
Mc(6c) =

—(1 + p)blcos(@ —p) I+ (1 + p)b?
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. 0
Hc(0c,0c) = (1 + p)blsin(@ — ¢)& }
~ —Isin(@ +y)
Gc(Oc,y) = (1 + p)bsin(¢ + y)

_ 1 0 _ M]/M
eelo ] el

0¢c (=[6, ¢]7) is the vector of joint angles after knee-lock. 7
is I/m;.

B. Leg-exchange

It supplies a leg-exchange rule when the swing foot hits
the ground. Collision occurs when the geometric condition

20-¢=0 (©)

is met. For an inelastic no-sliding collision with the ground,
angular momentum is conserved through the collision for
the whole walker about the contact point of swing foot,
and the former stance leg about the hip [16]. Relational
expression can be obtained from these conservations of
angular momentum as

0" (@8 = @ ()8, @)
where
2 0
. B -
Q@ = —blcosa b*+
L 1+p
Pcosa 0
¢ =y 0
1+p

The “+” superscript means “just after heel-strike,” and the
“— superscript means “‘just before heel-strike”. « is inter-leg
angle at heel-strike. a; and @y are assumed that 0 < a; <
n/2 and 0 < @y < 7/2.

From Eq. (7), the vector of angular velocity just after heel-
strike can be given as

b = Q" (@)'Q (@b ®)
III. FIXED POINT OF PASSIVE WALKING CLASS

A. Physical structure of fixed point

Walking system generates a cyclic trajectory. When the
one cyclic trajectory is closed, the state just after heel-strike
is fixed as one point. This point is called “fixed point”. In
this section, we demonstrate the physical structure of a fixed
point.

One cycle is defined as the period from the state just after
heel-strike to the next state. We focus on the fixed point of
1-periodic gait. Torques of ankle, hip, and knee of k steps
are assumed to be constant as follows:

Ui uz us

— =T — =Ty, — =Ty 9
i , - o )
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By the assumption of M > m, term that includes m is much
smaller than term that includes M. Term that includes wu», u3
is much smaller than term that includes u;.

The state just after heel-strike consists of inter-leg angle
ag, angular velocities of stance, and swing legs o, q),’c'
From energy conservation law and Eq. (7), discrete-time state
equation of 9;2 can be derived as

. , 2
O T e _g{cos(% - 7)
l 2
[0 Tlk
- cos(% + y)} + l—z(ak + ak+1)) (10)
where ¢;,1 = cosayyi. We call ei.; (0 < exp1 < 1) loss

coefficient. ei .1 means residual ratio of energy at heel-strike.

In the fixed point, a1 = ax, 6}, =.9,j, and ¢, = &/
hold. Angular velocity of stance leg 6; is derived from
discrete-time state equation (10) as follows:

. 2¢? @ T
o = k 2¢sin — siny +
¢ \/1(1 —eg)( SR YT )

Equation (11) can be rewritten as

11

1 . 1
—Mlzﬁ,;r2 — —1|=2Mglsin il siny + Mt ay (12)
2 el 2
Left part of Eq. (12) is denoted for the energy lost by heel-
strike !. Right part of Eq. (12) is denoted for the energies
supplied by gravitational potential and ankle torque of stance
leg. Eq. (12) represents energy balance in one cycle.

From leg-exchange equation (7), equation can be obtained
as follows:

$ = qaby (13)

where
—ab+
b? !
+
1+

The states just after heel-strike have a physical structure
constrained by Eq. (13). From Egs. (11) and (13), the angular
velocity of swing leg q),’(' can be derived as

+ bl cos? a;

qlag) =

)cos g
p

. 2¢? a T1kQk
_ X .k .
ér = q(ar) \/l(l —ei) (2gsm7smy+ ; ) (14)

From Egs. (11) and (14), the fixed point is represented
by «y, QZ(Qk), and q},j(ak). The fixed point is generated if
Qp+1=0Q. k41 1S dependent on leg—swing motion.

As mentioned above, the fixed point is formed by the
physical structures of energy balance, leg-exchange, and leg-
swing motion.

Energy lost by knee-lock is negligible by assumptions of Eq. (1).
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B. Generation method of fixed point

Linearized equations of energy balance (11), leg-exchange
(13), and leg—swing motion (2)—(5) are given as follows:

) 2e2ay T
o = k ( + —”‘) 15
k \/l(l—ei) 8y + 15)
—ab + " + bl
¥ = F— (16)
2+
1+p
and
My (0x)8x + Hi1(0k, Ox) + Gx(0k,y) = Extx
17
where
=10 +vy)
Ggr(Og,y) = | bi+ph)(d1+7y) |g
by(¢2 +7)
and
Mcr(0c)8c + Her(0c,0c) + Ger(6c,y) = Ecte
(18)

where

-0+
(1+p)b(¢ +7)
Due to limitations of space, the terms except for the gravity

term in Eqs. (17) and (18) are not written.
Torque vectors Tk, T¢ are set to

Gcr(Oc,y) =

Iy =)
Tk = | —(b1+pli +pb)(y —¥) (g (19)
-by(y' =)
Iy =)
Te [ ~(1+ pb(y —) ] 20)

where y’ is constant number. The equations of the fixed point
are equivalent to the ones of passive walking in slope angle
v. The equations are applicable to downhill (y > 0), level
ground (y = 0), and uphill (y < 0). By inputting the constant
torques as shown in Egs. (19) and (20), the same fixed point
as passive walking can be generated. We call the fixed point
“a fixed point of passive walking class”. It is generated by
same energy as passive walking.

As an example, we generate the fixed point of pas-
sive walking class on level ground (y = 0). The
model parameters are set to [=0.7[m], [1=[,=0.35[m],
a=b=0.35[m], a;=b1=a,=b,=0.175[m], and p=0.4. y’ is
set to 0.073[rad]. Tx and 7¢ are given by Egs. (19) and
(20) as Tx = [0.50078, —0.275429, —0.125195]" and 7¢ =
[0.50078, —0.275429]" [Nm/kg]. Finally, the fixed point of
long period gait can be obtained as a;=0.73750[rad] and
6’;:1.35140[rad/s]. The fixed point of short period gait can
be obtained as a;=0.68592[rad] and 9;=1.44662[rad/s].
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A fixed point of passive walking class is not particular
class; hence it is equivalent to the virtual passive walking
proposed by Asano [8]. Main aim of gait generation method
[8]1[12] is to reproduce the mechanical energy, and a fixed
point is accordingly generated. Our proposed method is to
generate a fixed point directly by inputting the constant
torques. Also, it has feature that data of the fixed point is
integrated into our stabilization control method as mentioned
in Section IV.

IV. DYNAMIC-BASED STABILIZATION METHOD
A. Stabilization mechanism of fixed point

In this section, we demonstrate the structure of stabiliza-
tion mechanism of a fixed point. The state quantities of the
state just after heel-strike are expressed as x;(’ =[ay, 6’,:']7.
Successive state is related as

Xi = fO @n

The fixed point is expressed as x;’ The fixed point is related
as x}’. = f (xj’;). For a small perturbation Ax; around the fixed
point, f is expressed in term of Taylor series expansion as

of
ox*
From Eqgs.(21) and (22), linear discrete-time state equation
is derived as

Ax} (22)

+ +
X = ) +
! xt=x;

_or

Axi =
k+1 6x+

(69;+1/6ak)|f and (69;+1/69;)|f can be derived from Eq. (10)
as

Ax} = JAxT
X=X x = JrAx;

(23)

86}:_'_1 8ak+1
= +b 24
aak f a 6ak f f ( )
097 o
Ll g — 1 e 25)
00 |y o0 1y

See the appendix for the detail of ay, by, and c¢;. From Egs.
(24) and (25), Jacobian matrix J  in Eq. (23) can be obtained
as

041 0y
day |y a0; Iy
= 26
Jf u vaak+1 b a vaak+1 ‘e (26)
f day P S f 89]:“ f f

If all absolute values of eigenvalues of Jacobian matrix are
less than one, the fixed point is local-asymptotically stable.
Eigenvalues of Jacobian matrix J ; are derived as follows:

Rf =Afi \lDf (27)
where
1({0 0
Af:— Dkl +ar a,k+l +Cf) (28)
T2\ Oa Iy 706 1y
2
1(0 0
Df= - Tkt ar a.k+1 +Cf
4\ Oay | ooy Iy
0 0
1, Sy T (29)
(96’; f Oay |f
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Fig. 2. Relationship between stability region and fixed point

Equations of stability condition of the fixed point are
derived from Eq. (27) as follows:

o o
I iacl I al I (30)
a0; | day. |y
041 8ak+l
ar+by)— —(cr—1 +cr<1 31
(ay +by) 367 s (cy )8ak ’ f 3D
041 8ak+l
—(ar—>b - —(cr+1 —cr<1 32
(ay —by) ar (cy )o%xk ’ cy (32)

(Oak+1/0ap)|f and (Oaks /89,:’)|f denote each rate of change
of inter-leg angle at heel-strike a;.; for small perturbations
of inter-leg angle «; and angular velocity of stance leg 9;.
When (Oay+1/0ax)|y and (ay+1/06;)|r meet Egs. (30), (31),
and (32), the fixed point is local-asymptotically stable.

Figure 2 shows the stability region derived from Egs. (30),
(31), and (32) as the shaded area. The fixed point (long period
gait) is mentioned in section III-B. Horizontal and vertical
axes denote each (day,(/0ax)|y and (Bak+1/69,j)|f.

(Oatps1/0ay)ly and (8ak+1/69,j)| r, which are obtained by
numerical analysis, are overlaid as the small triangle in Fig.
2. If the small triangle is included in the stability region, the
fixed point is stable. As shown in Fig. 2, the fixed point is
stable because the small triangle is included in the stability
region.

B. Local stabilization control method

In this section, we derive the stabilization control method
based on the stability mechanism of a fixed point of passive
walking.

Local stabilization of a fixed point is that (Oay.1/0ay)ls
and (O /BQZ)I r are placed in proper stability region. In
this paper, we assume that a fixed point of passive walking
class and stability region are fixed.
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(Oags+1/0ar)|r and (Oak+ /69;)| r can be written as

Ot g —ay 0| g —ar

ooy Iy~ ot -6

dap I~ a—ay’ 33)
By changing @4 for ax —ay and 6’; - 6”;;, the placement of
(Oags+1/0ax)l; and (aak+1/69,j)|  can be changed. Inter-leg
angle at heel-strike a4+ can be controlled by inputting the
hip torque 7. We propose the stabilization control method
as follows:

T = Ko (g —cyf)+K9(é’,:' —9;)+T2f (34)

where K, and K} are control coefficients. 75 is the torque to
generate a fixed point of passive walking class. (Oak+1/0a)| ¢
and (6ak+1/89,:’)| ¢ can separately be controlled by setting
each K, and Kj.

In this study, (8a+1/0ar)ly and (aak+1/69,j)|  are placed
in position that eigenvalues R, are zero. As seen in Eq.
(27), |Rf|=() holds if Af =0 and Df =0. (8ak+1/6ak)|f and
(O /86’;)| ¢ are derived from Eqs. (28) and (29) as follows:

o brc

il brey (35)
oay, f bf tagcy
o c?

dan [ (36)
00 |y by+aycy

As mentioned above, the design procedure of generation
and stabilization of a fixed point is given as follows:

Step 1 ' correspond to slope angle is set.

Step 2 Torque vectors 7k, T¢ are calculated with
Egs. (19) and (20).

Step 3  Fixed points ay, 9}“ are calculated with
Eq. (12) of energy balance, Eq. (13) of leg-
exchange, Eqgs. (2)—(5) of leg-swing motion.

Step 4 ay, by, and ¢ are calculated with Egs. (37),
(38), and (39), respectively.

Step 5 (Oays1/0ar)ly and (Bak+1/86’;)|f are calcu-

lated with Eqgs. (35) and (36).

K,, K of the stabilization control method

(34) are set to coincide with the numerical

value obtained by Step 5.

Step 6

Our proposed control method (34) has the similar structure
of the control method based on OGY method [13]. However,
our proposed stabilization control method is inevitably led
by the stabilization mechanism of a fixed point of passive
walking, and it can achieve the highest local stability of
discrete-time system.

V. SIMULATION

In this section, the validity of our proposed method is
demonstrated by the simulation.

In case of the fixed point of passive walking class of long
period gait mentioned in section III-B, max |R| is obtained
as 0.83. The condition, which |Ry| = 0 holds, can be derived
from Eqs. (35) and (36) as (Oaj+1/0ax)|;=—0.54861 and
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Fig. 3. Simulation results of finite time settling (level ground)

Oy /69;)|f= 0.36845 [s] (small circle in Fig .2). In this
case, K, and K, are derived as K,=—1.7582 and K;=1.4508
by numerical calculation.

Figure 3 shows the simulation results. Initial conditions are
set to ap=0.73[rad] and 6’6’:1.35[rad/s]. Figure 3 (a) shows
the variation of inter-leg angle at heel-strike ;. Figure 3 (b)
shows the variation of angular velocity of stance leg just after
heel-strike 9;. Figure 3 (c) shows the variation of hip torque
Tor. In these figures, the small triangle denotes the normal
walking. The small circle denotes the walking stabilized by
stabilization control method (34).

As shown in Figs. 3 (a) and (b), in case of normal
walking, convergence steps are many steps. While, in case
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of stabilized walking, convergence steps are only 3 steps.
As shown in Fig. 3 (c), hip torque 7y is inputted by the
stabilization control. Finally, 15; becomes hip torque of the
fixed point 7.

As mentioned above, the validity of our proposed meth-
ods of generation and stabilization of a fixed point was
demonstrated. In this paper, a fixed point of long period
gait could be stabilized by our stabilization method. In
addition, an unstable fixed point of short period gait, an
unstable fixed point after bifurcation can be stabilized by
our stabilization method. Our stabilization method functions
effectively around the fixed point. We must derive a global
stabilization method of a fixed point [17].

VI. ConcLusioN

In this paper, we derived a generation method of a fixed
point from its physical structure, which is formed by en-
ergy balance, leg-exchange, and leg-swing motion. On level
ground and uphill, a fixed point of passive walking class can
be generated only by inputting the constant torques.

In local stabilization control of a fixed point, it is desired
to maximize the stability. The stability of a fixed point
is dependent on the leg-swing motion (inter-leg angle at
heel-strike). Local stabilization of a fixed point is that
(Oaks+1/0a)|r and (Oak+1/ 86’;)| r are placed in proper stability
region. We derived a simple stabilization method, which can
easily control the placement of these partial differentiations.

To achieve the highest local stability of discrete-time
system, the pole must be placed in the original point.
Corresponding placement of partial differentiations can be
derived. Our stabilization control method can realize the
highest local stability of discrete-time system. The validity
of our proposed methods was demonstrated by the walking
simulation.

We assumed that next state just after heel-strike exists.
However, this assumption may not always hold in experi-
ment. For example, passive walker falls down by stubbing
its toe. We must solve this problem.

REFERENCES

[1] T. McGeer, “Passive Dynamic Walking,” The Int. J. of Robotics Re-
search, vol. 9, no. 2, pp.62-68, 1990.

[2] T. McGeer, “Passive Walking with Knees,” Proc. of the 1990 IEEE Int.
Conf. on Robotics and Automation, pp.1640-1645, 1990.

[3] A. Goswami, B. Thuilot, and B. Espiau, “A Study of the Passive Gait
of a Compass-Like Biped Robot : Symmetry and Chaos,” The Int. J. of
Robotics Research, pp.1282—1301, 1998.

[4] M. J. Coleman, “A Stability Study of Three Dimensional Passive
Dynamic Model of Human Gait,” Ph. D. Thesis, Cornell University,
1998.

[5S] M. Garcia, A. Chatterjee, A. Ruina, and M. Coleman, “The Simplest
Walking Model : Stability, Complexity, and Scaling,” ASME J. of
Biomechanical Engineering, pp.281-288, 1998.

FrA3.3

[6] A. Sano, Y. Ikemata, and H. Fujimoto, “Analysis of Dynamics of
Passive Walking from Storage Energy and Supply Rate,” Proc. of the
2003 IEEE Int. Conf. on Robotics and Automation, pp.2478-2483, 2003.

[71 R. Q. van der Linde, “Passive Bipedal Walking with Phasic Muscle
Contraction,” Biological Cybernetics, vol.81, no.3, pp.227-237, 1999.

[8] F. Asano, M. Yamakita, N. Kamamichi, and Zhi-Wei Luo, “A Novel
Gait Generation for Biped Walking Robots Based on Mechanical
Energy Constraint,” IEEE trans. Robotics and Automation, vol.20, no.3,
pp-565-573, 2004.

[9] T. Takuma, S. Nakajima, K. Hosoda, and M. Asada, “Design of Self-
Contained Biped Walker with Pneumatic Actuators,” SICE Annual
Conference 2004, WPI-2-4, 2004.

[10] S. H. Collins, A. Ruina, R. Tedrake, and M. Wisse, “Efficient Bipedal
Robots Based on Passive Dynamic Walkers,” Science, vol.307, pp.1082—
1085, 2005.

[11] M. Wisse, A. L. Schwab, R. Q. van der Linde, and F. C. T. vd. Helm,
“How to Keep From Falling Forward: Swing Leg Action for Passive
Dynamic Walkers,” IEEE trans. on Robotics, vol.21, no3, pp.393—401,
2005.

[12] M. W. Spong and F. Bullo, “Controlled Symmetries and Passive
Walking,” IEEE trans on Automatic Control, vol.50, no.7, pp.1025-
1031, 2005.

[13] S. Suzuki and K. Furuta, “Enhancement of Stabilization for Passive
Walking by Chaos Control Approach,” Proc. of IFAC World Congress,
pp-133-138, 2002.

[14] Y. Sugimoto and K. Osuka, “Walking Control of Quasi Passive
Dynamic Walking Robot “Quartet III” based on Continuous Delayed
Feedback Control,” Proc. of the IEEE Int. Conf. on Robotics and
Biomimetics, 2004.

[15] K. Hirata, H. Kokame, and K. Konishi, “On Stability of Simplified
Passive Walker Model and Effect of Feedback Control,” Proc. of the
4th Asian Control Conference, pp.1444-1449, 2002.

[16] Y. Hurmuzlu and T. Chang, “Rigid Body Collisions of a Special
Class of Planar Kinematic Chains,” IEEE Trans. on Systems, Man and
Cybernetics, vol.22, no.5, pp.964-971, 1992.

[17] Y. Ikemata, A. Sano, and H. Fujimoto, “A Physical Principle of Gait
Generation and its Stabilization derived from Mechanism of Fixed
Point,” Proc. of the 2006 IEEE Int. Conf. on Robotics and Automation,
pp-836-841, 2006.

APPENDIX

ar, by, and ¢y are given as follows:

1aef ") 4g .o af 2T1faf
a ¢4 T
37
1% @ i
(38)
o
't
¢ = et 39)
dy

where

, 4 ay 27 ray
dr = \/0;2+Tgsin7fsiny+ 1112‘ !
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