2008 IEEE International Conference on
Robotics and Automation
Pasadena, CA, USA, May 19-23, 2008

Region Following Formation Control for Multi-Robot Systems

C. C. Cheah, S.P. Hou
School of Electrical and Electronic Engineering
Nanyang Technological University
Block S1, Nanyang Avenue, S(639798)
Republic of Singapore

Abstract— In this paper, a region following formation control
method for multi-robot systems is proposed. In this control
method, the robots move as a group inside a desired region
while maintaining a minimum distance among themselves.
Various shapes of desired region can be formed by choosing
the appropriate objective functions. The robots do not need to
have specific identities since the proposed controller does not
need specific orders of robots within the group. Therefore, the
system is scalable since any robot can come in or go out of the
group without affecting the system. Lyapunov-like function is
presented for convergence analysis of the multi-robot systems.
Simulation results are presented to illustrate the performance
of the proposed controller.

I. INTRODUCTION

Nature provides many examples of biological systems
that work cooperatively to accomplish a common goal. For
example, a flock of birds flying together in a formation to
save energy on long migration, a herd of animals move in
a group to stay safe from predators. Multiple robots can
be used to accomplish tasks not possible with individual
robot acting alone. One important research problem is control
of multi-robot systems in maintaining a desired formation
during movements. In behavior-based formation control [1]-
[6], a desired set of behaviors is implemented onto individual
robots. By defining the relative importance of all the behav-
iors, the overall behavior of the robot is formed. In leader-
following control strategy [7]-[11], the leaders are identified
and the follower are defined to follow their respective leaders.
In virtual structure method [12]-[15], the entire formation is
considered as a single entity and desired motion is assigned
to the structure.

In general, both leader-following and virtual structure
methods belong to centralized control strategy whereas
behavior-based control is decentralized. As such, behavior-
based can be implemented with significantly less commu-
nication as compare to the other two methods. However,
it is difficult to analyze the overall system mathematically
to gain insights into the formation control problems. It is
also not possible to show that the system converges to the
desired formation. The leader-following approach is easier
to analyze and implement. However, an obvious problem is
that the failure of one robot (i.e leader) leads to the failures
of the entire system. The formation of the group in virtual
structure approach is very rigid as the geometric relationship
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among the robots in the system must be rigidly maintain
during the movement. Therefore, it is generally not possible
for the formation to change with time and obstacle avoidance
could also be a problem. The leader-following and virtual
structure approaches are not suitable for controlling a large
group of robots because the constraint relationships among
robots become more complicated as the number of robots
in the group increases. To alleviate the problem, Belta and
Kumar [16] proposed a control method for a large group
of robots to move along a specified path. However, this
proposed control strategy has no control over the desired
formation since the shape of the whole group is dependent
on the number of the robots in the group. For large number of
robots, the formation is fixed as an elliptical shape whereas
for a small number of robots the formation is fixed as a
rectangular shape. Moreover, this method does not consider
the effects of dynamics on formation control.

In this paper, we propose a region following formation
control for a large group of robots. In our proposed formation
control method, each robot in the group stays within a
moving region as a group (global objective) and at the same
time maintains a minimum distance from each other (local
objective). The desired region can be specified as various
shapes, hence different formations can be formed. The robots
in the group only need to communicate with their neighbors
and not the entire community. The robots do not have specific
identities or roles within the group. Therefore, the proposed
method does not require specific orders or positions of
the robots inside the region and hence different formations
can be formed even for a swarm of robots. The dynamics
of the robots are also considered in the stability analysis
of the formation control system. The system is scalable
in the sense that any robot can move into the formation
or leave the formation without affecting the other robots.
Lyapunov theory is used to show the stability of the multi-
robot systems. Simulation results are presented to illustrate
the performance of the proposed formation controller.

II. ROBOT DYNAMICS

We consider a group of N fully actuated mobile robots
whose dynamics of the i*" robot with n degrees of freedom
can be described as [17], [18]:

M;(z3)&; + Ci(xs, @)@ + D4, )85 + gi(wi) = u; (1)
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where z; € R™ is a generalized coordinate, M;(x;) € R™*"
is an inertia matrix, C;(z;,&;) € R"™ ™ is a matrix of
Coriolis and centripetal terms, D;(z;,%;) € R™*™ represents
the damping force, g;(x;) € R™ denotes a gravitational force
vector, and u; € R™ denotes the control inputs.

Several important properties of the dynamic equation de-
scribed by equation (1) are given as follows [17], [18]:
Property 1: The inertia matrix M;(z;) is symmetric and
positive definite for all z; € R™.

Property 2: The Coriolis and centripetal matrix C(x, )
is characterized by the following property s”[M;(z;) —
2C;(x;,@;)]s =0 for all s € R", x; € R".

Property 3: The damping matrix D;(x;,&;) is positive
definite for all z; € R™.

Property 4: The dynamic model described by equation (1)
is linear in a set of unknown parameters 6; € RP as

Mi(z4); + Ci(xq, @) &5 + Di(xq, ) x5 + gi(2:)
= Yi(ws, &4, 4, %4)0; )

where Y;(x;, &;, &5, &;) € R™*P is a known regressor matrix.

III. FORMATION CONTROL OF MULTI-ROBOT SYSTEM

In this section, we present the region following formation
controller for the group of mobile robots. First, a region of
specific shape is defined for all the robots to stay inside. This
can be viewed as a global objective of all robots. Second,
a minimum distance is specified between each robot and its
neighboring robots. This can be viewed as a local objective
of each robot. Thus, the group of robots will be able to move
in a desired formation while maintaining a minimum distance
among each other.

Let us define a global objective function by the following
inequality:

fo(@:) = [fa1(Azin1), fa2(ATi2), oy farm(Azion)]” <0

(3)
where Az, = x; — Ty, Toi(t) is a reference point within
the [*" desired region, [ = 1,2, ..., M, M is the total number
of objective functions, fgi(Axz,,) are continuous scalar
functions with continuous partial derivatives that satisfy
far(Azo) — 00 as ||Aze|| — 00. fai(Azie) is chosen
in such a way that the boundedness of fg;(Ax;y) ensures

2 .
the boundedness of 8fG‘(Aw“”), 9" fa(Aziol) Each reference
BAxm, aAm

point of the individual reglon is chosen {0 be a constant offset
of one another so that ©,, = %,, where &, is the speed
of the desired region. Various formations such as circle,
ellipse, crescent, ring, triangle, square etc. can be formed
by choosing the appropriate functions. For example, a ring
formation can be formed by choosing the objective functions
as follows:

f1(AZio1) = 1% — (i1 — To11)? — (Ti2 — T612)? <0
f2(Azio2) = (21 — To11)? + (Ti2 — To12)? — 73 <0
4)
where r; and r are the constant radii of the two circles
such that 71 < 79, (211(t), Zo12(t)) represents the common

center of the two circles. Some examples of the desired
regions are shown in figure 1.

M |

Desired
u region

Fig. 1. Examples of Desired Regions

The potential energy function of the global objective
functions is defined as follows:

PG1 Aijl ZPGZ Axvol (5)
where
0, fai(Azin) <0
P (Axio) = 6
c(Aiol { B2 (Avi), for(Azi) >0 O

and k; are positive constants. Note that Pg;(Az;,;) = 0 only
if all the objective functions in (3) are satisfied.

Partial differentiating the potential energy function described
by equation (5) and equation (6) with respect to Ax;,;, we
have:

8PG1 Axwl a]DGl Axwl
aAZwl Z aAmwl (7)
where
OPci1(Aziol) 0, fei(Azio)<0
0z kifar(Awi) (2158822 T | foi(Azi) >0

The above equations can be written as:

OPgi(Azio)
aniol

Ofci(Azior) \ p
aniol

M
Z kymax (0, fai(Azio))(

=1
Ag; ®)

Note that when the robot ¢ is outside the desired region, the
control force AE; described by equation (8) is activated to
attract the robot toward the desired region. When the robot
is inside the desired region, then A&; = 0.

Next, we define a minimum distance between robots by the
following inequality:

grij(Azij) = r? — ||A£Uij||2 <0 9)

1>

where Ax;; = x; — x; is the distance between robot i
and robot 7 and r is a minimum distance between the two
robots as illustrated in figure 2. For simplicity, the minimum
distance between robots is chosen to be the same for all
the robots. Note from the above inequality that the function
grij(Aw;;) is twice partially differentiable. From equation
(9), it is clear that

9rij (Azij) = grji(Azj) (10)
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and
9gLij(Awi;)
8A$ij

_ 9grji(Azj;)
n 8Al‘ji (1 1)

<t

Minimum distance
between robots

Fig. 2. Minimum Distance between Robots
A potential energy for the local objective function (9) is
defined as:
Qrij(Azij) =

ki
Z TJ[max(O, grij(Azi;))) (12)

JEN;
where k;; are positive constants and N; is a set of neighbors
around robots 7. Any robot that is at a distance smaller than
rn from robot ¢ is called neighbor of robot 4. rp is a positive
number satisfy the condition 7 > 7.
Partial differentiating equation (12) with respect to Ax;;, we
get

OQrij(Awij) - e w991 (Azg)
b, =Y huyman(0, guig(Aey)) (FEETEE)
JEN;
2 Apyj (13)

Note that Ap;; is a resultant control force acting on robot
i by its neighboring robots. Similarly, when robot ¢ main-
tains minimum distance r from its neighboring robots, then
Ap;; = 0. The control force Ap;; is activated only when the
distance between robot ¢ and any of its neighboring robots
is smaller than the minimum distance r. We consider a bidi-
rectional interactive force between each pair of neighbors.
That is, if robot 7 keeps a distance from robot j then robot j
also keeps a distance from robot <. Next, we define a vector
T, as

Eri = To — ;AL — YApy; (14)
where A¢; is defined in equation (8), Ap;; is defined in (13),
o; and «y are positive constants. Differentiating equation (14)
with respect to time we get

Eri = do — iA — VAP (15)
A sliding vector for robot ¢ is then defined as:
8; = Tj — = Ad; + o A& + VAPW (16)

where Az; = &; — &,. Differentiating equation (16) with
respect to time yields

§i = & — dri = AFi + NG+ Apy  (17)

where AZ; = &; — &,. Substituting equations (16) and (17)
into equation (1), and using property 4 we have
M;(z:)$i + Ci(w4,%4)8i + Di(wi, )8
+Yi(@i, Ty iy Bri )0 = Wi (18)
where Y;(xi, &4, Triy Tri)0i = Mi(23) 3 + Ci(2i, i) i +
Dj(z;, ;)& + gi(x;). The region following controller for
multi-robot systems is proposed as

= —Kgsi — Kp(a; A& +vApij) + Yi(ws, &3, Eriy 1) 0;

19)
where K; are positive definite matrices, K, = k,I, k, is a
positive constant and [ is an identity matrix. The estimated

parameters 6, are updated by

0 - _L Y (xuxuxmaxn)sz (20)

where L; are positive definite matrices.
The closed-loop dynamic equation is obtained by substituting
equation (19) into equation (18):
Mi(;)$i + Ci(wi, #3)s; + Di(wi, Ti)si + Kgisi
+Yi(, &, i, ) A0 + Kp(; A +vApi;) = 0(21)
where AG; = 0; — éz Let us define a Lyapunov-like function
for multi-robot systems as

N 4 N 4
T Tr—1
E §si M;(x;)s; + E §A9i L;"Ab;

i=1 i=1

N M
1
+ E §alkp E ki[maz(0, fGl(A:Ewl)]2

i=1 =1
1en1
+ 5 Zz:; a’ykp Z k‘ij [max(O,gLij(Axij))]Q(m)

JEN;
Differentiating equation (22) with respect to time, we get

VZS M;(x; sl—&—Z—sTM 29 L AW,

N M Ofci(Azior)
. Gl iol
+Zaikpz kiAo maz (0, fGl(Axi"l))(TM '

i=1 =1
N
1 . 9g1ij(Awi;
+—Z’yk’p2kiijiijax(0, gLij (A.’E”))(iL j( ])
2i:1 JEN; 0Dy

V:

~

)T
(23)

Substituting 0; from equation (20) and M;(z;)$; from equa-
tion (21) into equation (23) and using property 2 we get

N N
V:—Z sZTKsisi - Zs Di(x;,2;)s;
i=1 i=1
N
—Z s; kp(QiA& +vApij)
i=1
N M
. 0 Al’io
+Zoz¢kp Zklez;lmax(O,fGl(Axiol))(%‘ll) T
i=1 =1 o
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1 dgLii(Amy;)
. Lij (A%
+§ E vkp g kiijz;maz(O,gLij(Axij))(—ajAm" 17
ij

=1  jeEN;

(24)

Using equation (8), equation (24) can be written as

N N
T T .
V:—g s; Kgisi — E s; Di(x, &)
i=1 i=1

N N
—Z st kp(i A& +vAp;) + Z ik, Azl AE;

i=1 i=1
N
1 . Ogrij(Aw;;)
Sk, S ki AT man(0, gray (D)) (2O L) yr
2 < h 8A$L‘ij
=1 JEN;
(25)
where Ao = T; — Top = AZ; since T, = Tyy.
Next, since Ad;; = &; — &5 = (& — &) — (& — Tp) =

Az; — Ad;, using equation (13), the last term of equation
(25) can be written as
> 9gLij(Azi;)
. Lij (A%
Z’YkpZkijﬁzfjmal’(ovng‘j(Axij))(W)T
i=1 JEN; v
N
:Z 'YkpAszTApij
i=1
- gLij(Awi))
) Lii .
—Z VkpzkijA%Tmaﬂf(OygLij(Axij))(#)T
i=1 JEN; v
(26)

Using equation (10) and (11), equation (26) can be written
as

N 9gLij(Awij)
) Lij (A
Zyk;pZkzijAmz;max(QgLij(Axij))(W)T
=1 jeN, N
N
:Z Aj:;r’ykijpij
i=1
N 99Lji(Axji)
) Lji(Azy;
+ZykkaijAa:;‘-Fmax(O,ngi(iji))(W)T
i=1  jEN; ﬂ
(27)

Let kij = kji then

N ag (ACE)
> vk Y ki AdTmaz(0, grgi(Axji)) (T

)
i=1  jEN; OAz;i
- . 0915i(Azji) 7
= vk Y _kjiAi] max (0, grsi (A (=5 )
j=1  iEN; J
N
j=1
N
=Y YkpAd] Api; (28)
=1

7 where N is the set of neighbors around robot j. Therefore,

N N
: T
V= — E s; Ksisi — E s Dy(xy,04)s;
i=1

azA§7 + 'YAPU)

+ Azl ok AL + ZAJ] vkpApi; (29)

i=1

i

Substituting s; from equation (16) into equation (29) we get

N N
V = —Z S;TKSZSl — Z S?Dl(l‘“l‘z)s
i=1 i=1
N
= kp(aidG +yApij) (i A& + vApi;) (30)
1=1

We are ready to state the following theorem:

Theorem: Consider a group of N robots with dynamic
described by equation (1), the adaptive control law (19) and
the parameter update laws (20) give rise to the convergence

of A, — 0 and Apy; — O for all @ = 1,2,...,N, as
t — oo.

Proof: Since  M;(xz;) are uniformly  positive
definite, V in equation (22) 1is positive definite
in Si, Ab;, Zf\’l[max(o far(Azin))]? and
PO 1 2jen, [max(0, grij(Azi;))]®.  Hence, si, Ad;,

fai(Azior) and gr;(Ax;;) are bounded. The boundedness

of fqi(Az;,) ensures the boundedness of Ofc(Avior)

OAzi0r
2
A-“io 1
%ﬁi’) . Therefore, A¢; is bounded. From equation

9), maz(0, gri; (Am”))(W)T is always bounded.
Hence, Ap;; is bounded. Next, #,; is bounded if &, is
bounded as can be seen from equation (14). From equation
(16) Ad; is bounded since s;, A§; and Ap;; are bounded.
Hence A#;,; is bounded. The boundedness of Az; implies
the boundedness of #; for all ¢« = 1,2,...,.N if %, is
bounded. Differentiating equation (8) with respect to time
yields

M
AG=>" klfGl(Axiol)(M g
=1

8A£L'iol
M
a2fGl<Axwl) .
+; himaz (0, fo(Atia)) =g A 5 Adio(3)

where

: 0, fai(Azi) <0
fGl(A:Eiol) - (M)szolv fGl(Axiol) >0

OAZ; 01 (32)
Since %ﬁ*;"‘) A, and % are bounded, AE;

is therefore bounded. Similarly, dlfferentlatmg equation (13)

3799



with respect to time yields

Apij= Z kingij(Axij)(M)T

JEN; aAmU
aggm (ACB, .
+ Z kijmax(o, gLij (ALL‘U))WQJ)AJJ”
JEN; ij
(33)

where

(D) 0, grij(Azi;) <0
7 ij) — 0, ij AI”‘ .

ILig / (%M))Airijv grij(Azi) >0

(34)

From equation (9), Axz;; is bounded if gr;;(Az;;) > 0.

A#;; is bounded since #; is bounded for all i. Hence,
. 0 ij Aa:ij

gLij(Axij)(%ij))T

Ap;; is bounded since

is always bounded. Therefore,
*grij(Awiy)

SA:U?J.
tion (9)). From equation (15), &,; is bounded if Z, is
bounded. From the closed-loop equation (21), we can con-
clude that s; is bounded. Differentiating equation (30) with
respect to time we get

is bounded (from equa-

N

i=1
N .

— 2> k(A +vAp) T (i AG + YApij)]
i=1
N N .

— 2) & Diwidi)si =) ] Dilwiyii)si (35)
i=1 i=1

Hence, V is bounded since A&, Aéi, Apij, Apij, s; and §;
are bounded. Therefore, V is uniformly continuos. Applying
Barbalat’s lemma [18], we have a; A§; +vAp;; — 0 ast —
oo. Next, we proceed to show that A§; — 0 and Ap;; — 0
seperately as t — oo. Since

A +7Api; =0 (36)
as t — oo. Therefore,
N N
Z a; A& + ZVAPU =0 (37)
i=1 i=1

Note that the interactive forces between robots are bi-
directional. These forces cancel out each other and the
summation of all the interactive forces in the multi-robot
systems is zero. That is Zfil Api; = 0. From equation

(37), we have
N
Z A& =0
i=1

A trivial solution of equation (38) is A& = 0 for all ¢ =
1,2,3...N. Now we proceed to prove by contradiction that
A&; = 0 is the only solution of the above equation. Assume
to the contrary that A¢; # 0 is another solution of equation
(37). If A; # 0, then the summation of all the forces are
zero if and only if all the forces cancel out each other. This
means that some robots must be at the opposite sides of

(38)

the desired region as illustrated in figure 3. However, when
robots are at the opposite sides of the region, the interactive
forces Ap;; between robots are not activated because the
desired region must be large as compare to the minimum
distance between the robots in order for all robots to stay
inside. It means that Ap;; = 0 and from equation (36), we
get A& = 0. This contradicts the assumption that AE; # 0.
Therefore, A§; = 0 and hence Ap;; = 0.

Desired region

Fig. 3. TIllustration of the case when Ei\;l a; A& = 0and A #0

IV. SIMULATION

This section presents some simulation results to illustrate
the performance of the proposed formation controller. In the
simulation, 100 robots are used to form different formations
while moving along a specified path. The mass of each robot
is set as 1 kg. The desired region is moving along a path

t

specified by z,11 = % and z,12 = 2sin(3).

A. Desired Region as a Ring

The desired region is set as a ring with r; = 0.8 m and
ro = 1.7 m given by the following inequalities:

J1(Azio1) =17 = (Zi1 — To11)? — (Ti2 — To12)? <0

f2(Azigz) = (231 — To11)? + (Tio — Zo12)> — 73 <0
The minimum distance between robots is chosen to be 0.3
m and ry = 0.5m. The proposed controller is used with
Ksi = diag{lO, 10}, kip = 10, kij = 25, k‘l = k‘g = 1,
v =1 and a; = 1. The system converges after 7 seconds.
B. Desired Region as a Crescent

The desired region in this section is set as a crescent
characterized by the following inequalities:

[1(AZio1) = (i1 — To11)? + (Tiz — To12)? — 13 <0
J2(Azip2) =15 — (i1 — To21)? — (Ti2 — To22)* <0

where 1 = 1.8 m, o = 1.1 m, xy21 = To11 — 0.8 and
Ty22 = To12 — 0.8. The minimum distance between robots is
chosen to be 0.3 m and r = 0.5m. The proposed controller
is used with Ksi = dzag{5, 5}, kp = 5, kij = 50, kl = kQ =
1, v =1 and «; = 1. The system converges after 10 seconds.
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Fig. 4. A group of 100 robots moving together in a ring formation
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Fig. 5. A group of 100 robots moving together in a crescent formation

V. CONCLUSION

In this paper, we have proposed a region following for-
mation control method for multi-robot systems. It has been
shown that all the robots are able to move as a group inside
the desired region while maintaining minimum distance from
each other. Lyapunov-like function has been proposed for
the stability analysis of the multi-robot systems. Simulation
results have been presented to illustrate the performance of
the proposed formation controller.
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