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Abstract— This paper describes a procedure of avoiding
singularity for a redundantly-driven, dual-arm, master-slave
robotic system. In cooperative operation, the procedure starts
with a periodic check if one of the dual arms is close to
a singular configuration by examining the manipulability of
the arm. If it is close to a singularity, then the system
stops its cooperative operation and control scheme switches to
redundancy control. Then the operator manipulates the joint
until the arm moves away from the singular configuration
by inputing angular velocity to a redundant axis. The fact
that the operator can select a new arm configuration to avoid
singular configuration in teleoperation is the contribution of this
research. After moving away from the singular configuration,
the system can resume cooperative operation. Because this
manual operation applies to a redundant axis only (in the null
space of the Jacobian matrix), it does not affect the current
end-effector pose and force status. Experimental examples are
provided to demonstrate the proposed method.

I. INTRODUCTION

Nowadays, complete autonomous robots that can replace
human are expected, especially under dangerous environ-
ments. However, it is difficult to develop such robots with
the present robot technology. So the concept of robot tele-
operation was built up.

The teleoperation is an idea that human operates robot.
Until now, many people have researched teleoperation. In
case of teleoperation in space, time delay is a serious prob-
lem. It makes difficult for the operator to teleoperate robots
in space. Therefore, a model-based teleoperation system has
been proposed to solve this problem and a predictive display
using virtual reality techniques has also been introduced. In
this system, the operator controls the robot and equipment
in virtual environment. As a result, the operator is able to
manipulate the robots easily even in time delay condition.

In general, dual-arm robot can do a variety of works
better than single arm robot. And it is clear that dual-
arm cooperation improves efficiency in some tasks, such
as the transportation of massive objects, the assembly of
components. This is why the need of a dual-arm robot is
increasing.

Focusing attention on the cooperative control of a dual-
arm robot, the operator pays attention to the end-effector or
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the object in the teleoperation. So the operator is unable to
know the state of arm configuration at the time. Therefore,
there is possibility that the operator leads either or both of the
arms to the singular configuration. There are researches to
solve the problem [1]–[4]. But most of the previous research
works on the singular configuration have mainly focused on
the control of a single-arm robot. And there are few research
works on the singular configuration with the cooperative
control of a dual-arm robot. If the end-effector moves as a
result of solving configuration problem, the object captured
by dual-arm or arms themselves may be broken. Therefore,
it is desirable to apply the singularity avoidance method uses
redundancy [5], [6]. So this research is based on Yoshikawa’s
work [1], [5]. Some of the findings about redundancy were
assembled by Nenchev [7].

In this research, the singularity avoidance support system
is developed on these backgrounds. This system has the fol-
lowing features: First of all, when a arm is close to singular
configuration, this system makes arm stop moving and con-
trol scheme switches to redundancy control. Secondly, this
system shows operator the possible arm configuration during
singularity avoidance in advance. And the operator can select
the arm configuration from them. Then, by inputing angular
velocity to a redundant axis, new configuration is allowed,
while preservin desired internal forces. Finally, this system
makes arms move toward the selected arm configuration.

This system doesn’t avoid singularities autonomously be-
cause robot is not more intelligent than human. There are
researches to avoid obstacle by using redundancy [8]. But
under the circumstances that the robot is surrounded by many
obstacles, arms may be crashed if the arms avoid singularities
autonomously. Then, there is an idea that the arms should
avoid obstacles autonomously as well as avoiding singulari-
ties. However, even with the autonomous obstacle avoidance
function, there is a possibility that the arms come back to the
singular configuration resulting from the obstacle avoidance.
In case of repeating such action, there is a possibility that
the arms get into a deadlock. Furthermore, resulting from
the singularity avoidance, the arm configuration may become
unfit for the next movement. It is difficult for robot to select
the optimal arm configuration autonomously unless they are
more intelligent than human. So, a human should take charge
of intelligent part, and use the robot as a tools to manipulate.

In this paper, the concept of the singularity avoidance
support system is to develop a supporting function for human
to manipulate robot easily.
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Fig. 1. Overview of the experimental teleoperation system.

II. A TELEOPERATED DUAL-ARM SPACE ROBOT
SYSTEM

A concept of teleoperated dual-arm space robot system [9]
is shown in Fig. 1. This system is divided into a slave system
and a master system. In order to study a time delay problem
between a space robot and a teleoperation system on the
earth, the dual-arm space robot system can incorporate any
length of time delay between the master and slave systems. A
model based teleoperation is introduced to avoid instability
caused by the time delay. The model based teleoperation
system involves a virtual environment of the dual-arm robot
in the computer of the master system. The master system
consists of two master arms [10], computers to build virtual
environment and to control the master arms, and a computer
to display virtual environment as well as graphical user
interface (GUI). The master arm has a button, a jog-dial,
and a 6-axis force sensor in grip. The operator watches
virtual environment displayed on monitor and controls the
slave arms by using the master arms. Displayed virtual
environment is shown in Fig. 2.

The slave system consists of two slave arms, 6-axis force
sensors, and a computer to control the slave arms. The PA10
manipulators manufactured by Mitsubishi Heavy Industries,
Ltd are used as the slave arms. As the PA10 has 7-DOF,
it is possible to avoid the singular configuration by using
redundancy without moving end-effector. Two force sensors
are attached on the wrist of each slave arm. The joints of
PA10 are called, respectively, from the root of arm, S1, S2,
S3, E1, E2, W1, W2 and shown in Fig. 3.

Fig. 2. Overview of the virtual environment.
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Fig. 3. Name of joints.

III. CONTROL SCHEME

A. Cooperative Control of the Dual-Arm Robot

As mentioned above, a model based teleoperation is in-
troduced to overcome the time delay problem. The motion
command generated by operating the master arm is sent to
both arms in virtual environment (virtual arms) and arms in
slave system (slave arms).

Fig. 4 shows the coordinate systems when the slave arms
grasp an object. As shown in Fig. 4, the right and left
virtual arm, slave arm, and master arm are named Vir Arm 1,
Vir Arm 2, Arm 1, Arm 2, and Master Arm 1, Master Arm 2
respectively. Where Σ0 is the base coordinate system of
the slave system, Σa is the coordinate system of holding
object. Σh1 , Σh2 are the coordinate systems of end-effector
of Arm 1, Arm 2. Σm1 , Σm2 are coordinate systems of
Master Arm 1 and 2, respectively.

As control scheme for the dual-arm cooperation, we chose
non-master/slave coordinated control [11]. Uchiyama and
Dauchez analyzed the static force equilibrium when two arms
hold an object, introducing the concept of a virtual stick,
and defined a generalized force vector including external and
internal forces and moments [11]. Then, using the principle
of virtual work, they derived a generalized velocity vector
including the absolute velocity of the object and the relative
velocity between the tips of the virtual sticks. In the scheme,
the internal forces are explicitly controlled, and trajectory is
decided by focusing on holding object.

In this control scheme, the motion of the holding object
is controlled by operating the Master Arm 2.

Conversion from the cooperative mode to the redundancy
control mode is carried out by using the jog-dial attached on
the master arm. Detail of it is explained later. For internal
force and relative position controls, the desired force and
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Fig. 4. Coordinates of the system in capturing the object.

position vector are decided previously. Switching between
internal force and relative position controls is done by GUI.

B. Redundancy Control in the Cooperative Dual-Arm Robot

θ̇r, 7× 1 joint angular velocity vector in null-space of J ,
is given by (1) when Jacobian matrix of a 7-DOF redundant
manipulator is expressed as J ,

θ̇r = (I7 − J+J)kξ. (1)

J+ is the pseudo inverse matrix of J , k is an arbitrary scalar
value, ξ is a 7 × 1 arbitrary vector. Whether the system
uses redundancy or not is decided by the value of k and
ξ. The way to calculate ξ is shown in (2), and V (θ) is
manipulability measure, shown as (3).

ξl =
1
2
V (θ)

6∑
m,n=1

[(
JJT

)−1
]

mn

(
lJmJT

n + lJnJT
m

)
, (2)

V (θ) =
√

det
(
JJT

)
. (3)

Until now, the method is the same as Yoshikawa’s work [5].
ξl is lth element of ξ, [x]mn is mth row nth column element
of a matrix x, Jm is mth row vector of J , Jm is mth row
vector of J , lJm is a vector given by differentiating partially
Jm with respect to θl that is the joint angle of the lth element
of the arm.

Then scalar value k is derived as follows. Since θ̇r is
in the null space of J , θ̇r can not affect on the end-effector
velocity ṗ, i.e. Jθ̇r = 0. Therefore θ̇r given by (1) is utilized
to avoid singularity. The joint angular velocity command is
given as follows.

θ̇vir i = θ̇vir coop i + θ̇vir r i

= θ̇vir coop i + (I7 − J+
vir iJvir i)kvir iξvir i,

(4)

where i = 1 or 2 is the number of the virtual arm. θ̇vir i is a
7 × 1 joint angular velocity command vector of Vir Arm i.
θ̇vir coop i and θ̇vir r i are 7 × 1 joint angular velocity
command vector of Vir Arm i for cooperative control and for

redundancy control. Jvir i, kvir i and ξvir i are the Jacobian
matrix, an arbitrary constant, and an arbitrary vector for
Vir Arm i. J+

vir i is the pseudo inverse matrix of Jvir i.
By inputing angular velocity to jth axis of Vir Arm i, (5) is
proposed.

[θ̇vir i]j = [θ̇vir coop i]j
+ [(I7 − J+

vir iJvir i)ξvir i]jkvir i,
(5)

where [x]j is the jth component of a vector x. The angular
velocity command to redundant axis is generated from the
force applied to the Master Arm i as follows.

[θ̇vir i]j = Ka[(I6 − S1)]3,3[fm i]zm i . (6)

[fm i]zm i is a force along z-axis of the Master Arm i applied
by the operator. Ka is a constant to convert force to velocity,
[(I6 −S1)]3,3 is 3rd row 3rd column element of (I6 −S1).
S1 is selection matrix explained later. From (5), the scalar
value kvir i is given as follows:

kvir i =
[θ̇vir i]j − [θ̇vir coop i]j

[(I7 − J+
vir iJvir i)ξvir i]j

. (7)

Substituting (6) into (7), kvir i is obtained. From (4) and (7),
joint angular velocity command to virtual arm i is calculated
as (8),

θ̇vir i = θ̇vir coop i + (I7 − J+
vir iJvir i)

ξvir i

[θ̇vir i]j − [θ̇vir coop i]j
[(I7 − J+

vir iJvir i)ξvir i]j
.

(8)

Desired joint angular velocity for slave arm i is given in the
same way, and shown as (9).

θ̇s i = θ̇s coop i + (I7 − J+
s iJs i)

ξs i

[θ̇s i]j − [θ̇s coop i]j
[(I7 − J+

s iJs i)ξs i]j
.

(9)

When kvir i and ξvir i are obtained, (1) is calculated and
has answer as θ̇vir r 1, θ̇vir r 2 in each arm. The 14×1 joint
angular velocity command vector θ̇vir , θ̇s of virtual arm and
slave arm of dual-arm robot are give as (10) and (11),

θ̇vir = θ̇vir coop + S2[θ̇
T

vir r 1 θ̇
T

vir r 2]
T , (10)

θ̇s = θ̇s coop + S2[θ̇
T

s r 1 θ̇
T

s r 2]
T . (11)

where S2 is a 14 × 14 matrix. The way to switch between
cooperative control and redundancy control is discussed.
When the operator puts up jog-dial lever of the master arm,
S1 and S2 are given as S1 = 0 and S2 = I14. And input
from master arm switches to input to redundant axis. As
a result, from (6), (10) and (11), control mode switches to
redundancy control mode. When the operator puts down jog-
dial lever of master arm, S1 = I6 and S2 = 0. And input
from master arm switches to input to representative point
of holding object. As a result, control mode switches to
cooperative mode.
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Fig. 5. Singular configuration of PA10.

IV. METHOD FOR SINGULARITY AVOIDANCE

During cooperative control of a teleoperated dual-arm
robot, if either of the arm is in singular configuration, there is
a possibility that the singularity brings a catastrophe and the
holding object is broken. Under the circumstances that robot
is surrounded by many obstacles, arms may collide with
them if the arms avoid singularities autonomously without
any consideration on the obstacles.

So we propose the method that even during coopera-
tive control task, the operator can choose the new arm
configuration for avoiding singularity. For the purpose, the
proposed redundancy control is adapted for avoiding singular
configuration.

A concept of the method is as follow. When arm is close
to the singular configuration, arm stops. Then control scheme
switches to redundancy control. By inputing angular velocity
from the master arm to a redundant axis, the operator can
choose the new arm configuration for singularity avoidance.

∑ 0

0x

0y
0z

E2

W2

Arm 1

Arm 2

Fig. 6. Singular configuration at dual-arm cooperation.

The greatest characteristic of the method is that the opera-
tor can choose new arm configuration by himself for avoiding
singularity even in cooperative control.

Fig. 5 shows the possible singular configurations of PA10.
In the 6 types of singular configuration, (b) is the most
possible singular configuration in cooperative control of dual-
arm robot as shown in Fig. 6. So we choose S3 axis of the
slave arm PA10 for redundant axis.

V. EXPERIMENT OF REDUNDANCY CONTROL IN
THE COOPERATIVE DUAL-ARM ROBOT

Before using the proposed control scheme for singularity
avoidance, the experiment has to be carried out to prove that
when the proposed redundancy control scheme is introduced
to teleoperated dual-arm robot system of Fig. 1, redundancy
control works well without interfering cooperative control
task.

A. An Experimental Methodology

In this experiment, while slave arms are holding object
using internal force control, redundancy control is carried
out by inputing joint angular velocity from master arm to
redundant axis of slave arm. By commanding plus and minus
angular velocity to Arm 1 and Arm 2, redundancy control
is executed. In this experiment, desired internal force is
50.0 N in the direction of xa with respect to Σa , and desired
internal forces and moments for other directions are 0 N
and 0 Nm respectively. Holding object is 590×20×200 mm
rectangular solid styrene foam. Both side of styrene foam
are gripper points and covered with acrylic plate, size of
2×200×200 mm. As a result the gross weigh of holding
object is 1.23 kg. As gripper points are covered with acrylic
plate, grip force is not absorbed so much.

B. Results of Experiment

The movement of the slave arms during the experiment,
from 292 s to 304 s, is shown in Fig. 7. It is represented that
redundancy control is carried out with holding object. This
interval (i) is indicated in Fig. 9 and Fig. 10. Fig. 8 shows that
master arm commands plus and minus angular velocity to S3
axis of of Arms 1 and 2. Fig. 9 shows that the desired and
current internal force in the direction of xa keep around 50 N
during the interval (i). As shown in Fig. 10, indicate position
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Fig. 7. Redundant control experiment during cooperative control of a teleoperated dual-arm robot.
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and orientation of the end-effector of Arms 1 and 2, They
are nearly stationary during the interval (i). This experiment
proves that redundancy control, by using proposed control
scheme, is carried out with stabilizing internal force. It means
that by commanding angular velocity to redundant axis, the
operator can change the arm configuration without interfering
cooperative control of dual-arm.

VI. SYSTEM FOR AVOIDING SINGULAR
CONFIGURATION

As it is proved that proposed redundancy control works
well, experiment to avoid singularity by inputing angular
velocity to a redundant axis during cooperative control is
carried out. Fig. 11 shows appearance of virtual and slave
arms during experiment. For this experiment, new function
is needed. In virtual environment, wire frame model is newly
developed to display new arm configuration to the operator
during singularity avoidance, as shown in Fig. 12. Then the
virtual arms are displayed as solid model.

In this experiment, first of all, dual-arm robot holds object
by using cooperative control, then the operator brings either
of arm close to singular configuration on purpose. When
either of arm is close to singular configuration, slave and
virtual arms stop.

Secondly, control mode is switched from cooperative con-
trol mode to redundancy control mode, and proposed redun-
dancy control is carried out to avoid singularity. However it is
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Fig. 10. Position and orientation.

dangerous to move slave arm suddenly by using redundancy
control. Hence redundancy control is examined in virtual
environment in advance. Virtual arm is also stopped, and
wire frame model emerges instead, as shown in Fig. 12. The
operator puts up jog-dial lever of the master arm and control
mode switches to redundancy control mode. Wire frame
model is controlled by the same control scheme as virtual
arm. Thus, redundancy control is operated by using wire
frame model and wire frame model displays the new arm
configuration to the operator. To sum up, this system shows
the operator the new possible arm configuration, by using
wire frame model, during singularity avoidance in advance.
Then the operator selects the new arm configuration from
them, moves virtual arm to the new configuration and checks
trajectory of virtual arm, from stopping configuration to new
configuration, is safe.

Finally, this system makes slave arm move toward the
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Fig. 11. Experiment of singularity avoidance during cooperative control of a teleoperated dual-arm robot.

selected arm configuration. Then the operator puts down jog-
dial lever of the master arm and control mode switches to
cooperative control mode.

The detail of experiment shown in Fig. 11 is discussed.
At the time of 245.0 s, Arm 2 is led close to singularity,

and velocity input from master arm to end-effector of both
slave and virtual arms becomes zero. As a result, both arms
stop moving automatically. In order to judge whether the
arm is close to singularity or not, the manipulability measure
given by (3) is used. In this experiment, if manipulability
measure V (θ) is less than 0.1, the system judges that the
arm is close to singularity.

From 245.0 s to 263.0 s, shortly after both slave and virtual
arms stop, wire frame model emerges and input from master
arm switches to angular velocity to redundant axis of wire
frame model. By adapting proposed redundancy scheme to
wire frame model, possible arm configuration is displayed in
virtual environment and the operator chooses the new arm
configuration.

From 263.0 s to 276.0 s, the operator simulates avoidance
trajectory of virtual arm from stopping configuration to new
arm configuration displayed by wire frame model. And if the
avoidance trajectory is found out to be safe, move virtual arm
to the new configuration.

From 276.0 s to 300.0 s slave arm is moved the same
trajectory as virtual arm.

VII. CONCLUSIONS

In this paper, we construct the system that the operator
intervenes in singularity avoidance and seek the method
from control standpoint. For the purpose, we proposed the
redundancy control scheme to input angular velocity to re-
dundant axis during cooperative control of teleoperated dual-
arm robot, and proved the scheme is effective through the
experiment. Then we adapt the scheme to avoid singularity,
and it is shown in the experiment that when slave arm is close
to singularity, the operator can choose new arm configuration
for singularity avoidance. In this experiment, we choose
S3 axis as redundant axis, but by switching redundant axis

Wire Frame Model 

Solid Model

Fig. 12. Singularity avoidance support graphics.

depending on situation, effective singularity avoidance will
be carried out.
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