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Abstract— Tendon-based parallel manipulators with n d.o.f.
use at least m = n + 1 tendons to guide the endeffector along
a given trajectory. Since tendons can only transmit limited
and tractive forces, it is essential to apply a valid tendon
force distribution. Due to safety and precision requirements,
a combined position and force control is needed where the
force calculation delivers the desired tendon force distributions.
The high dynamic potential of the robot demands for realtime
capable algorithms. To avoid steps in the motor torques the
calculated tension force distributions also have to be continuous
along the trajectory. In this paper, a new algorithm for tendon
force distribution calculations capable for usage on a realtime
system is proposed and its continuity is proven.

I. INTRODUCTION

At the Chair of Mechatronics, a testbed for tendon-
based Steward-platforms (SEGESTA Seilgetriebene Stewart-
Plattformen in Theorie und Anwendung) has been developed
during the past few years. Presently, the SEGESTA teststand
has n = 6 d.o.f. and uses m = 7 tendons to move the
platform along desired trajectories [8]. Optionally an eighth
tendon can be addded. For low dynamic movements it is
possible to guide the endeffector along a trajectory only with
position control. In this case the inverse kinematics delivers
the tendon length for the corresponding position. Sensors
for actual tendon length are installed so feedback control
is reasonable. However for high dynamic movements only
position control is not sufficient since the endeffector begins
to wobble. Since this is due to loose tendons, force control is
needed for accurate and fast movement. Additionally based
on the calculated force distribution workspace, boundary de-
tection can be performed. If m = n+1 tendons are used, the
force distribution calculation is straight forward. The case of
m > n+1 tendons demands for more sophisticated methods.
Here optimization methods are widely used ([15],[12], [3],
[16], [2]). Standard optimizer implementations ([1], [11])
require iterative computations which may not be suitable
within a realtime controller system due to their usually non-
predictable worst-case runtime. [13] transforms the problem
to a linear programming problem which allows a direct
calculation of the minimum force distribution. However
this does not guarantee continuity. Alternatively quadratic
programming which is usually using iterative methods is
used to get continuous solutions. Here again the problem
of non-predictable worst-case runtime occurs.
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The paper is structured as follows: In section II, a short
description of the kinematics and dynamics of SEGESTA is
given. Methods for generating continuous tendon force dis-
tributions are discussed in section III, including an example.
The proof of continuity is given in section IV. Finally, in
section V, the conclusions are drawn and an outlook is given.

II. KINEMATICS AND FORCE EQUILIBRIUM

SEGESTA consists of two main components: a frame of
aluminium profile bars which carries motors, winches as
well as further components like computers, measurement
equipment etc. (fig. 1). The triangular shaped platform is
connected to the winches by tendons. SEGESTA is designed
as an reconfigurable system by using modules which carry
winches and motors and which can be installed and removed
easily. Due to its lightweight structure, SEGESTA can gener-
ate high-dynamic motions [7].

Following a trajectory, at every time step the endeffector
pose is calculated. The corresponding tendon length is deliv-
ered by the inverse kinematic which is easy to evaluate. A
general tendon-based parallel manipulator can be described
using the following vectors and coordinate frames, with
µ = 1, . . . ,m [5]:
• The coordinate frame CB is the base frame, while CP

is connected to the platform (fig. 2).
• The vectors bµ denote the positions of the winch points,

represented by the points where tendons are led through
small ceramic eyes which are fixed.

• pµ are the platform-fixed vectors to the connecting
points

• lµ denote the tendon vectors from the platform to the
winches.

• The forces in the tendons are described by fµ, where
fP and τP denote all other applied forces and torques
acting on the platform.

Due to the fact that tendons can only transmit tractive
forces the tendons always have to be tensed. Thus at leat
n + 1 tendons are needed to tense the system, if no external
loads are present [9]. Setting up the force equilibrium for the
endeffector leads to ([10],[15])[

ν1 . . . νm

p1 × ν1 · · · pm × νm

] f1

...
fm

+
[

fp

τ p

]
= 0 (1)

with ν = lµ

|lµ| and f > 0 or in a more compact form as

ATf + w = 0, f > 0. (2)
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Fig. 1. SEGESTA Testbed

III. SAFE FORCE GENERATION METHOD

Since force control is necessary to guarantee a defined
tension distribution, a method to calculate tendon forces must
be provided. Because of the force redundancy r = m − n
in the considered systems (m ≥ n + 1), there exists a r
dimensional solution set for the force distribution. In the
case of an one-dimensional solution set, the calculation of the
force distribution is clearly straight-forward. In the case of
higher redundancies, more advanced techniques are needed.
Typically a cost function and linear constraints on the forces
are used to ensure a continous solution along a trajectory.
Usually an optimizer uses iterative steps which leads to
non-predictable worst-case runtime. Hence those methods
are not applicable within a realtime controller. This justifies
the need of a realtime capable force distribution calculation
algorithm. In this paper, a non-iterative algorithm which
provides continuous force distributions furthermost from the
force limits is proposed and a proof for its continuity given.
The algorithm provides a force distribution which leads to
a fairly tensed system. Due to this property, the obtained
solution is called a safe solution. Beside minimum tendon
forces (which can be zero as smallest possible force) also the
maximum tendon forces are of great importance since their
ratio defines the workspace boundaries. To evaluate the prox-
imity of a specific position of the platform to the workspace
boundaries, knowledge of the tendon forces is presumed.
Obtaining a solution from the optimization algorithm which
exceeds the tendon force boundaries means that the platform
is outside the predefined workspace. So, the calculation of
force distributions plays also an important role in terms of
reliability and safety. In practice, it is of great importance
to find continuous solutions. Non-continuous tendon forces

Fig. 2. Symbol Definitions for a General Tendon-Based Stewart-Platform

may consist of acceptable solutions, but since those values
are needed for control, they would cause steps in motor
torques which leads to vibrations and high mechanical loads.
Using both the results from the inverse kinematics and the
force optimization makes a combined position-force-control
possible. The position part delivers positioning precision
while the force controller is responsible for positive tensions
and acts as a kind of pilot control. Detailed concepts for
tendon force control are also proposed in [13].

A. Safe Force Calculation

In this section the force calculation algorithm is presented.
For an arbitrary tendon-based parallel manipulator, the struc-
ture matrix AT ∈ Rn×m can be easily obtained for every
pose. To get solutions for the force equilibrium in eqn. 1,
the kernel spanned by r base vectors h1, . . . ,hr has to
be considered. For the moment, the homogenious case of
w = 0 is considered which will be extended later. Since m
tendons are present, the force limits form an m-dimensional
hypercube C ⊂ Rm. All force distributions satisfying the
force equilibrium in eqn. 1 form a r-dimensional subspace
S ⊂ Rm spanned by the kernel of the structure matrix. If
the intersection F of the hypercube C and the subspace S
is non-empty, solutions f in the acceptable solution set F
exist, i.e. F = C ∩ S 6= ∅, where F is a r-dimensional
manifold of the Rm. The required calculation of the kernel
can be done effectively using a QR decomposition of AT .
The matrix Q ∈ Rn×n is orthogonal which implies that only
the trapezoidal R ∈ Rn×m has to be considered to get the
kernel of AT . The kernel is used to define a map H from
the Rr to S ⊂ Rm (see fig. 3) by

H =
[
H1 . . . Hr

]
∈ Rm×r. (3)

Then for all λ ∈ Λ, the following must hold, where Λ is
the (convex) polyhedron-shaped preimage of the manifold F
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Fig. 3. Usage of the kernel as a map in the case of m=3 and n=1

under the mapping H:

fmin


1
1
...
1


m×1

≤ Hλ ≤ fmax


1
1
...
1


m×1

(4)

In other words, since the kernel H maps the Rr onto the
solution subspace S, it maps the polyhedron Λ ⊂ Rr onto
the solution manifold F ⊂ Rm. To get a more convenient
characterization of Λ, in the next step the vertices of Λ
are calculated. Component-wise evaluation of ineqn. 4 for
both sides of the inequalities gives 2m hyperplanes in Rr.
The vertices of the polyhedron are intersection points of at
least r of those hyperplanes. Hence all intersection points
are calculated by considering all possible combinations of
r × r systems of linear equations in λ. Every solution is
examined with respect to its compliance with all inequalities
of eqn. 4. If a solution satisfies all inequalities, it is a
vertex of the convex polyhedron Λ. Clearly, a vertex may
be the solution of more than one linear equation system,
satisfying all inequalities. Nevertheless, they describe the
same vertex and thus, the solution is only considered once
for the next steps. With the knowledge of the vertices, Λ can
now be triangulated, i.e. Λ is splitted into r-simplexes. In
the case of r = 2 this just means dividing into triangles. In
higher dimensions advanced techniques as presented in [4]
are required. Triangulation delivers a list of ns simplexes
P k with each having r + 1 vertices vkj

with k = 1 . . . ns

and j = 1 . . . r + 1. After triangulation, the volumes V k of
the simplexes are determined by integration [6]. Furthermore
their CoG λsk

is computed by

λi
sk

=

r+1∑
ν=1

vi
kν

r + 1
i = 1 . . . r k = 1 . . . ns (5)

which is used to calculate the CoG λs of the polyhedron via

λi
s =

ns∑
µ=1

(λi
sµ
· V µ)

ns∑
µ=1

V µ

. (6)

Finally, the solution is transformed back using the kernel H
as a map

xs = Hλs (7)

where xs is the center of the manifold F .
In the inhomogenious case, a non-zero load w is to be
considered.

ATf + w = 0, f > 0. (8)

Thus, the solution subspace S has the form

f = p + Hλ, λ ∈ Rr, (9)

where p denotes a particular solution of eqn. 8. Obviously
external loads shift the solution plane. The particular solution
is computed by

ATp + w = 0 ⇔ QRp + w = 0 (10)

First, a intermediate solution y is obtained by

Qy = −w ⇔ y = −QT w (11)

Finally, p is computed by concerning the underdetermined
system

Rp = y (12)

and freely choosing r parameters.
Instead of moving the plane, the cube of the force limits

is moved by −p which is done by substracting p on both
sides of eqn. 4 before performing the algorithm. The final
result for the CoG must be transformed back by adding p.

B. Proof-of-Concept

In this section it is shown that the CoG of the manifold
F can be computed by calculating the CoG of the convex
polyhedron. The CoG of a general body can be computed
componentwise as

xi
s =

∫
F

xidF

V (F )
. (13)

Now, the theorem for integration on manifolds states

xi
s =

∫
Λ

xi ◦H?
√

det((DH)?T (DH)?) dλ

∫
Λ

1 ◦H?
√

det((DH)?T (DH)?) dλ
(14)

where H? : Λ 7→ F, λ 7→ Hλ is a linear map from Λ to
F and (DH)? is the Jacobian of H? which is equal to H
itself

(DH)? =
∂H?

∂λ
= H.
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Furthermore,
√

det(HT H) is independent from λ and can
therefore be canceled in the next step. Additionally splitting
Λ into the simplexes gives:

xi
s =

ns∑
ν=1

∫
P ν

xi ◦H? dλ

ns∑
ν=1

∫
P ν

1 dλ

(15)

Now the expression xi ◦H? =
r∑

µ=1
Hµ,iλ

µ can be inserted

which results in

xi
s =

ns∑
ν=1

∫
P ν

r∑
µ=1

Hµ,iλ
µ dλ

ns∑
ν=1

V ν

(16)

Since H is independent from λ, it can be moved out of the
integral. In vector form

xi
s =

[
H1,i . . . Hr,i

]
ns∑

ν=1
V ν

·


ns∑

ν=1

∫
P ν

λ1 dλ

...
ns∑

ν=1

∫
P ν

λr dλ


Because of eqn. 13, this equation is rewritten:

xi
s =

[
H1,i . . . Hr,i

]
ns∑

ν=1
V ν


ns∑

ν=1
λ1

sν
· V ν

...
ns∑

ν=1
λ1

sν
· V ν

 (17)

Using eqn. 6, one gets

xi
s =

[
H1,i . . . Hr,i

] λ1
s
...

λr
s

 =
[
H1,i . . . Hr,i

]
λs

Therefore xs = Hλs holds where λs denotes the CoG of
Λ in Rr.

C. Example

In this section the algorithm will be applied to a planar
manipulator having 2 translational d.o.f. (n = 2) neglecting
external wrenches. It is driven by 4 tendons (m = 4). Thus
its structure matrix (AT ∈ R2×4) has a 2 dimensional kernel
(r = m − n = 2). Though this is a very simple robot, it is
well designed due to the relation between n and m (m = 2n)
[14]. According to fig. 4 one gets for the shown position the
structure matrix

AT =

[
− 1√

2
− 1√

2
1√
2

1√
2

− 1√
2

1√
2

1√
2

− 1√
2

]
.

The base vectors of the kernel of AT can be easily calculated
as

h1 =
[
1 0 1 0

]T
h2 =

[
0 1 0 1

]T
.

Fig. 4. Planar robot with 2 d.o.f. and 4 tendons (base length 1m)

The linear mapping

H :=
[
h1 h2

]
maps the R2 onto the 2-dimensional plane of valid force
distributions in R4, i.e. force distributions which satisfy the
force equilibrium. The set of force distributions which lie
inside the force limits forms a hypercube in R4. Hence
the intersection of the hypercube and the plane is the set
of acceptable force distributions. Consequently, the set of
acceptable solutions can be described by a convex set Λ ⊂
R2 as follows

Λ :=

λ ∈ R2 | fmin

 1
1
1

 ≤ Hλ ≤ fmax

 1
1
1

 ,

(18)

i.e. Λ is the preimage of the acceptable solution set under
H . Here fmin and fmax denote the lower and the upper
force limit, respectively. It is obvious that Λ is convex and
bounded by lines, i.e. a polyhedron. Thus it is possible to
characterize Λ by its vertices. The intersections of the lines
which bound Λ have to be calculated. These lines are given
by componentwise examination of the two inequalities in 18.
Setting fmin to 1N and fmax to 100N the four lines

1 = λ1; 100 = λ1 (19)
1 = λ2; 100 = λ2 (20)

bound the polyhedron. This leads to the intersection points
(1N, 1N), (1N, 100N), (100N, 1N). (100N, 100N). Since
all intersection points satisfy all inequalities of 18, every
intersection point is a vertex of the polyhedron. Due to
the convexity of the polyhedron triangulation can be easily
performed by choosing one vertex and connecting all vertices
to the initial one. The choice of (1N, 1N) gives two trian-
gles. T1 with vertices (1N, 1N), (100N, 1N), (100N, 100N)
and T2 with vertices (1N, 1N), (1N, 100N), (100N, 100N).
One can calculate the CoG s1 of T1 as s1 = (67N, 34N)
and its volume V1 as V1 = 4900, 5N2. For T2 one gets
s2 = (34N, 67N) and V2 = 4900, 5N2. This results in
sP = (50.5N, 50.5N) for the CoG sP of the polyhedron.
Using the the linear mapping H the final result is the
CoG s = HsP = (50.5N, 50.5N, 50.5N, 50.5N) of the
acceptable solution plane.
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D. Results

In this example the endeffector of a tendon-based stewart
platform has to follow a screwline with increasing radius (see
fig. 5). The robot is designed as described in section I with
frame dimensions 800 × 2000 × 1500 mm3. Eight tendons
are used. Thus the CoG of a two dimensional manifold in
the R8 has to be calculated. The force limits are 10N for
the lower bound and 1000N for the upper bound.

Fig. 5. Test Trajectory

Fig. 6. Minimum Forces

Fig. 7. Safe Forces

In fig. 6 one can see the result obtained from a standard
optimizer using a NAG routine [11]. As expected the opti-
mizer delivers tendon force distributions close to the lower

force limit. It should be noted that this implies the danger
of loose tendons due to numerical effects. The tendon force
distribution obtained from the proposed algorithm is shown
in fig. 7. It can be seen that the tendon forces do not get
close to the force limits and thus they are leading to a more
tensed system. Furthermore, the calculated tendon forces are
continuous and thus feasible for control.

IV. CONTINUITY OF SOLUTION

In this section the continuity of the developed algorithm
in the p-norm ‖·‖p (p 6= 1,∞), i.e. the function Γ : Rm·n 7→
Rn, which maps a matrix A ∈ Rm×n (considered as a vector
in Rm·n) onto the center of gravity as described before, is
continuous on the set of points of the controllable workspace.

Proof: First Γ is splitted into Ker : Rm·n 7→ Rnr, which
maps a matrix A on its kernel H represented as a vector in
Rn·r, although it is still denoted with H in calculations for
simplicity , and GravC : Rn·r 7→ Rn, which maps a vector
from Rn·r on the center of gravity of F . Two claims have
to be proven:

1) Ker is continuous
2) GravC is continuous

Because of Γ = GravC ◦Ker the two claims finish the proof.
The proof of the second claim is shown first. Λ 6= ∅ is
assumed (i.e. the intersection of hypercube C and subspace S
is non-empty and thus also the CoG exists), since continuity
inside of C is to be proven. The CoG λs considered

λi
s =

∫
Λ

λidλ

V (Λ)
i = 1 . . . r (21)

Let λ̃s be the CoG of Λ̃, where Λ̃ is the preimage of F̃ ,
which is obtained from H̃ = H + E. The matrices H and
E are considered (having n× r matrix entries) as vectors in

Rn·r, so the p-norm of H is

∥∥∥∥∥∥∥∥∥


h1

h2

...
hn·r


∥∥∥∥∥∥∥∥∥

p

.

lim
‖E‖p→0

∣∣∣λ̃i
s − λi

s

∣∣∣
= lim

‖E‖p→0

∣∣∣∣∣∣∣
∫̃
Λ

λidλ

V (Λ̃)
−

∫
Λ

λidλ

V (Λ)

∣∣∣∣∣∣∣
= lim

‖E‖p→0

∣∣∣∣∣∣∣∣
V (Λ)

∫
Λ̃\Λ

λidλ + V (Λ̃)
∫

Λ\Λ̃
λidλ

V (Λ̃)V (Λ)

∣∣∣∣∣∣∣∣ i = 1 . . . r

Since the vertices of the polyhedron Λ̃ are obtained from the
inequality

fmin

[
1 . . . 1

]T ≤ H̃λ ≤ fmax

[
1 . . . 1

]T
(22)

⇔ fmin

[
1 . . . 1

]T ≤ Hλ + Eλ ≤ fmax

[
1 . . . 1

]T
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and the vertices of the polyhedron Λ are obtained from (4),
it is obvious that

lim
‖E‖p→0

V (Λ̃ \ Λ) = 0

lim
‖E‖p→0

V (Λ \ Λ̃) = 0

and therefore

lim
‖E‖p→0

∣∣∣λ̃i
s − λi

s

∣∣∣ = 0 i = 1 . . . r (23)

because Λ̃ and Λ are bounded. This yields together with (7)

lim
‖E‖p→0

∣∣∣xi
s − x̃i

s

∣∣∣
= lim

‖E‖p→0

∣∣∣Hi,rλs − H̃i,rλ̃s

∣∣∣
= lim

‖E‖p→0

∣∣∣Hi,rλs − (H + E)i,rλ̃s

∣∣∣
= lim

‖E‖p→0

∣∣∣Hi,r(λs − λ̃s)−Ei,rλ̃s

∣∣∣ = 0 i = 1 . . . r,

This implies the second claim.

The first claim follows from the fact that the solution
of a full ranked linear system of equations depends
continously on the coeficiant matrix.

V. CONCLUSIONS AND FUTURE WORKS

A. Conclusions

In this paper an algorithm for the tendon force calculation
of tendon based parallel manipulators is presented which
does not contain iterative steps. Its continuity along a tra-
jectory in the workspace is proven. Therefore it is usable
within a realtime controller. Since the obtained tendon force
distribution lies in the barycenter of the manifold F of the
valid tendon force distributions, the solution is robust against
modeling and rounding errors. As a drawback, this algorithm
is computationally intensive for high redundancies, since the
space wherein the triangulation is performed, has dimension
of the redundancy. However, on a standard windows PC the
calculations of section III-D run nearly twice as fast as a
standard least squares optimizer approach using a routine
from the NAG library.

B. Future Works

Due to limited time the algorithm has not been tested on
the testbed yet. In the near future a force sensor equipment
will be installed. Also the proposed algorithm will be imple-
mented on the realtime target hardware. Finally, appropriate
methods have to be examined to merge position and force
control.
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