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Abstract— A static lumped parameter model is proposed for
the design and analysis of nested piezoelectric cellular actuators
with exponential strain amplification mechanisms. Piezoelectric
ceramic material, such as Lead Zirconate Titanate (PZT), has
large stress and bandwidth, but its extremely small strain, i.e.
only 0.1%, has been a major bottleneck for broad applications.
We have proposed a “nested rhombus” multi-layer mechanism
for PZT actuators, which increases strain exponentially through
its hierarchical cellular structure, for over 20% effective strain.
To drive a large load, however, care must be taken in the design
of the strain amplification structure. Through kinematic and
static analysis this paper addresses how the output force and
displacement are attenuated by the joint stiffness and beam
compliance involved in the strain amplification mechanism. An
insightful lumped parameter model is developed to quantify
the performance degradation and facilitate design trade-offs. A
prototype nested PZT cellular actuator that weighs only 15 g
has produced 21% effective strain (2.49 mm displacement from
12 mm actuator length) and 1.7 N blocking force.

I. INTRODUCTION

Piezoelectric ceramics, such as PZT, have a high power
density, high bandwidth, and high efficiency. PZT outper-
forms other actuator materials, including shape memory alloy
(SMA), conducting polymers, and electostrictive elastomers,
with respect to speed of response and bandwidth. Its max-
imum stress is as large as SMA, and the efficiency is
comparable to electrostrictive elastomers.

The most critical drawback of PZT is its extremely small
strain, i.e., only 0.1%. Over the last several decades efforts
have been taken to generate displacements out of PZT that
are large enough to drive robotic and mechatronics systems
[1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12]. These can be
classified into a) inching motion or periodic wave generation,
b) bimetal-type bending, c) leverage-type motion amplifi-
cation, and d) flextensional mechanisms. Inching motion
entails friction drive, which limits its applicability to a class
of applications. Bimetal-type mechanisms [11] can produce
only small forces despite their large displacement and strain,
which also limit applications to small loads. Leverage-type
motion amplification [8] is inefficient, producing only a
marginal gain on the order of 10. It tends to be bulky and
heavy if several leverages are connected to produce a larger
displacement. A wide variety of flextensional mechanisms
has been studied and developed such as “Moonie” [1] [4],
“Cymbal” [7], “Rainbow” [3], and others [9]. An individual
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actuator, such as C-block [5] and Moonie [4], can be stacked
in series to increase the total displacement. However, this
stacking also increase the size of overall mechanism and does
not improve the strain itself, which is known to be up to 2–
3%, e.g., by flextensional mechanisms. Therefore, a more
compact actuator with larger strain is considered necessary
for driving a wide variety of mechatronic systems.

The new “nested rhombus” approach we have proposed
[13] is particularly useful for gaining a large strain in a
compact body, appropriate for many applications. A large
amplification gain on the order of several hundreds can be
obtained with this method. Although the original strain of
PZT stacks is only 0.1%, the resultant nominal strain of the
new actuator is over 20%. The key idea of this large strain
amplification is hierarchical nested architecture. Strain is
amplified α times at each layer of the hierarchical structure.
Unlike traditional leverage mechanisms, where the gain α
is proportional to the dimension of the lever or number
of stacks, the amplification gain of the new mechanism
increases exponentially as the number of layers increases.
For K layers of hierarchical mechanism, the resultant gain is
given by αK , the power of the number of layers. This nesting
method allows us to gain a large strain in a compact body.
Therefore, the actuator is suitable for the cellular actuator
concept [14].

This paper proposes a static lumped parameter model for
the design and analysis of nested PZT cellular actuators with
exponential strain amplification mechanisms. A kinematic
and static model including mechanical compliance of the
nested strain amplifier will be developed to investigate how
the forces and displacements generated by the individual PZT
actuators are transmitted through the hierarchical mechanism,
resulting in aggregate force and displacement at the output
node. Design trade-offs will be discussed based on the model.
The validity of the proposed concept will be confirmed
through the design of a prototype actuator having 21%
effective strain, 1.7N blocking force, and 15g of body mass.

II. NESTED RHOMBUS STRUCTURE

Several amplification mechanisms for amplifying small
displacements of PZT actuators have already been developed
both in macro [1] and micro scale [12] and have been used
for commercial products by [15]. Our technique based on
the traditional “Moonie” mechanism [1] extends the strain
amplification exponentially with use of a nested structure.
As shown in Fig. 1, the basic part of the mechanism is a
rhombus-like hexagon that contracts vertically as the internal
unit shown in grey expands. Assume that the beams of
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the rhombus are completely rigid and that all the joints
are free to rotate and purely revolving. As a result, the
vertical displacement, that is, the output of the mechanism,
is amplified.

Our method is to extend this technique to:
1) Gain an order-of-magnitude larger strain amplification,

and
2) Build a modular structure that is flexible and extensi-

ble.
Figure 2 illustrates a new mechanism, called a “nested

rhombus” strain amplifier, which consists of the multitude
of rhombus mechanisms arranged in a hierarchical structure.
The inner-most unit, i.e. the building block of the hierarchi-
cal system, is the standard rhombus mechanism described
above. These units are connected in series to increase the
output displacement. Also these units can be arranged in
parallel to increase the output force. The salient feature of
this hierarchical mechanism is that these rhombus units are
enclosed with a larger rhombus mechanism that amplifies the
total displacement of the smaller rhombus units. These larger
rhombus units are connected together and enclosed with an
even larger rhombus structure to further amplify the total
displacement. As this enclosure and amplification process
is repeated, a multi-layer strain-amplification mechanism is
constructed, and the resultant displacement increases expo-
nentially.

This nested rhombus mechanism has a number of varia-
tions, depending on the numbers of serial and parallel units
arranged in each layer and the effective gain in each layer.
Let K be the number of amplification layers. In general the
resultant amplification gain is given by the multiplication of
each layer gain:

αtotal =
K∏

k=1

αk. (1)

where αk is the k-th layer’s effective gain of strain amplifi-
cation. Put more simply, assuming that each layer amplifies
the strain α times, the resultant amplification gain is given
by α to the power of K:

αtotal = αK . (2)

The nested rhombus mechanism with this hierarchical
structure is a powerful tool for gaining an order-of-magnitude
larger amplification of displacement. For α = 15 the gain
becomes αtotal = 225 by nesting two rhombus layers,
leading to over 20% effective strain: α = 15 and K = 2:
0.1% × 15 × 15 = 22.5%, which is comparable to natural
skeletal muscles.

Another important feature of the nested rhombus mech-
anism is that two planes of rhombi in different layers may
be arranged perpendicular to each other. Three-dimensional
arrangement of nested rhombus mechanisms allows us to
densely enclose many rhombus units in a limited space.
For example, Figure 2 illustrates a 3-dimensional structure.
Note that the serially connected first-layer rhombus units are
rotated 90 degrees about their output axis x1. This makes

OFF ON

output

input

Internal unit
(extensible)

Fig. 1. Strain Amplification by Ideal Rhombus Mechanism
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Fig. 2. 3 Dimensional Nested Rhombus Mechanism for over 20% Effective
Strain [13]

Fig. 3. Cellular Actuators: 12 stacks and 4 bundles (Mock-up)

the rhombus mechanism at the second layer more compact;
the length in the x2 direction is reduced.

Furthermore, it should be noted that diverse configurations
can be made simply by changing the serial and parallel
arrangements of the same building blocks. Figure 3 shows
an example configuration where 12 units shown in Fig. 2 are
connected in series and 4 arrays are connected in parallel.
This modular design is a powerful method for building
diverse actuators with matched load impedance, stroke, and
force requirements.

III. EFFECTS OF JOINT STIFFNESS AND BEAM
COMPLIANCE

The initial design [13] has been presented to show the
potential of the nested Rhombus PZT actuator to produce an
effective strain of 20% based on the ideal kinematic model
having rigid beams and free joints at the strain amplifica-
tion mechanism. Actual mechanisms, however, inevitably
have some compliance at the structure. Such a structural
compliance has a significant influence upon the aggregate
force and displacement. Care must be taken in designing
the nested strain amplification mechanism, since intricate
interplays between the structural stiffness and the inherent
stiffness of the PZT stack actuator exist in the system.
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Note that fabrication of free joints is difficult in small
scale due to mechanical tolerance and play. For the first
and second layers, in particular, where the displacement is
extremely small, the displacement created by the PZT is
likely to diminish due to play at the joints. Therefore, flexural
pivots and flexible beams [9] [12] [15] have been used for
amplifying PZT displacement. Figure 4 shows an example
embodiment of the rhombus mechanism. These flexural
joints and beams inevitably bring undesirable properties to
the system. There are three types of undesirable properties:

1). First, the joints are no longer free joints, but they
impose a spring load that the PZT has to overcome. Some
fraction of the PZT force is wasted for coping with the joint
stiffness. This results in reduction in free-load displacement.
This implies that the joint stiffness has an equivalent effect to
that of the internal PZT stiffness. The stiffness of the joints
brings increased stiffness for the PZT to overcome.

2). Second, flexibility at the beams may attenuate the
displacement and force created by the PZT. As the PZT gen-
erates a displacement, the beams are deformed and thereby
the transmitted force becomes lower; at least it does not reach
the same level as that of the rigid beams. Similarly, if the
output axis is coupled to another compliant load, the output
force and displacement will be prorated between the load
compliance and the beam compliance. As the beam stiffness
becomes lower, the output force and displacement decrease.

3). Third, flexural joints not only create pure rotational
displacements but also often cause unwanted translational
displacements. These elastic deformations at the joint along
the direction of the beam incur the same problem as the beam
compliance; the force and displacement created by the PZT
tend to diminish at the joints.

It is important to distinguish two different types of
compliance in the above cases: One is to take place in
the kinematically admissible space of the ideal rhombus
mechanism, and the other is in the orthogonal complement to
the former, termed the constrained space. The joint stiffness
described in 1) is in the admissible motion space, while 2)
and 3) are in the constrained space. Curved beams, such
as seen in Moonies, contain compliance in both constrained
and admissible spaces. The distributed compliance can be
approximated into the two types of lumped compliant ele-
ments. To minimize the adverse effects of the nested rhombus
mechanism, the stiffness in the admissible space must be
minimized and the stiffness in the constrained space must
be maximized. As multiple layers of strain amplification
mechanisms are used, the compliances in the admissible and
constrained spaces become more intricate.

IV. NESTED RHOMBUS MECHANISMS WITH STRUCTURE
FLEXIBILITY

A. Modeling of Single-Layer Flexible Rhombus Mechanisms

Consider the case shown in Fig. 5 (a) where a rhombus
mechanism, including Moonies, is connected to a spring
load. kload is an elastic modulus of the load, and kpzt is
an elastic modulus of the internal unit such as a PZT stack
actuator. Δxpzt is the displacement of the internal unit, and

Internal Unit

Compliant beam

Compliant joint by
thin beam

Fig. 4. Embodiment of Rhombus Mechanism

fpzt is the force applied to the amplification mechanism from
the internal unit. f1 is the force applied to the load from
the actuator, and Δx1 is the displacement of the load. In
this figure, we assume that the internal unit is contractive
for later convenience. Only the static case is considered for
modeling; the effect of the distribution of mass and damper
is neglected.

The rhombus strain amplification mechanism is a two-port
compliance element, whose constitutive law is given by a 2x2
stiffness matrix defined as:[

fI

fO

]
= S

[
Δxpzt

Δx1

]
(3)

where S2×2 =
[

s1 s3

s3 s2

]
is a stiffness matrix. fI is the net

force applied to the mechanism from the internal unit, and
fO is the reaction force from the external load. Note that the
stiffness matrix S is non-singular, symmetric, and positive-
definite; s1 > 0, s2 > 0 and s1s2 − s2

3 > 0. The symmetric
nature of the stiffness matrix follows Castigliano’s theorems.
When the input port of this mechanism is connected to a PZT
stack actuator producing force fpzt with inherent stiffness
kpzt and the output port is connected to a load of stiffness
kload, we have

fI = fpzt − kpztΔxpzt = s1Δxpzt + s3Δx1 (4)
fO = −f1 = −kloadΔx1 = s3Δxpzt + s2Δx1. (5)

Eliminating Δxpzt from the above equations yields:

fpzt = −
(

kpzt + s1

s3
kload +

s2(kpzt + s1) − s2
3

s3

)
Δx1

(6)
Defining

f̃
�
=

−s3

kpzt + s1
fpzt (7)

k̃
�
=

s2(kpzt + s1) − s2
3

kpzt + s1
=

s2kpzt + detS
kpzt + s1

> 0, (8)

the above equation (6) reduces to

f̃ = (kload + k̃)Δx1 (9)

Force f̃ and stiffness k̃ represent the effective PZT force and
the resultant stiffness of the PZT stack all viewed from the
output port of the amplification mechanism.
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Fig. 5. Model of Rhombus Mechanism with Flexibility

A drawback with the above two-port model represen-
tation is that it is difficult to gain physical insights as
to which elements degrade actuator performance and how
to improve it through design. In the previous section two
distinct compliances were introduced, one in the admissible
motion space and the other in the constrained space. To
improve performance with respect to output force and dis-
placement, the stiffness in the admissible motion space must
be minimized, while the one in the constrained space must
be maximized. To manifest these structural compliances,
consider a lumped parameter model shown in Fig. 5 (b) with
3 spring elements, kJ , kBI and kBO , and one amplification
leverage a. As the spring constants, kBI and kBO, tend to
infinity, the system reduces to the one consisting of all rigid
links, where the output Δx1 is directly proportional to the
input displacement Δxpzt. Stiffness kJ impedes this rigid
body motion, representing the stiffness in the admissible
motion space. Elastic deformation at kBI and kBO represent
deviation from the rigid body motion.

From Figure 5 (b),

fpzt + kBI(Δxc − Δxpzt) − kpztΔxpzt = 0 (10)
a · kBO(a · Δxc−Δx1)+kJΔxc+kBI(Δxc−Δxpzt) = 0(11)

f1 = kloadΔx1 = kBO(a · Δxc − Δx1), (12)

where Δxc is the displacement at the connecting point be-
tween the leverage and springs; however this point is virtual
and Δxc does not correspond to a physical displacement.
This model is applicable to a wide variety of “rhombus-type”
amplification mechanisms including Moonies.

Consider the blocking force when the PZT stack actuator
generates its maximum force, fpzt max, given as follows:

f block
1 =

akBIkBO

(a2kBIkBO+kBIkJ)+kpzt(a2kBO+kJ+kBI)
fpzt max.

(13)
Similarly, the free-load displacement for this rhombus mech-
anism, where kload → 0, is given by

Δxfree
1 =

akBI

kpzt(kBI + kJ ) + kJkBI
fpzt max. (14)

As addressed above, these equations imply that the blocking
force will be maximized by kBI , kBO → ∞. Similarly,
kJ → 0 maximizes Δxfree

1 . The other advantage is that
the 3-spring model is able to represent the ideal rhombus as
a special case as shown in Fig. 5 (c).

B. Model Simplification

From (10) to (12), the relationship between fpzt and Δx1

is given by

(a kBIkBO)fpzt =[
kload{a2kBIkBO+kBIkJ+kpzt(a2kBO+kJ+kBI)}
+kBO(kBIkJ + kpztkJ + kBIkpzt)] Δx1. (15)

The above equation can be written as

f̃1 = (kload + k̃1)Δx1 (16)

where

k̃1
�
= kBO(kBIkJ+kpztkJ+kBIkpzt)

(a2kBIkBO+kBIkJ )+kpzt(a2kBO+kJ+kBI ) (17)

f̃1
�
= akBIkBO

(a2kBIkBO+kBIkJ )+kpzt(a2kBO+kJ+kBI )fpzt. (18)

This implies that the proposed lumped parameter model can
be further simplified. As will be described in the following
section, this simplification enables performance evaluation
for complex nested mechanisms simply by nesting a simpli-
fied model of lower layers into a lumped parameter model.
As a result, the performance of the overall mechanism such
as aggregate displacement and force can be predicted in a
recursive manner.

C. Recursive Formula of Aggregate Force and Displacement
of Flexible Nested Mechanisms

The goal of this section is to describe a recursive for-
mula to obtain an equivalent model for a general nested
mechanism. Figure 6 shows a nested rhombus structure. As
addressed in the previous sections, each nested layer can
be represented by its equivalent model, which enables us
to describe the force-displacement property for the nested
structure in an iterative manner. Let K be the number of
nesting layers. Also, let kJk , kBIk , kBOk , Nk be the joint
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Fig. 6. Recursive Formula for Nested Rhombus Model

compliance, beam compliances, and the number of serial
connection for the k-th (k = 1, · · ·K) layer. This mechanism
involves NK−1 · NK−2 · · ·N1 PZT stack actuators.

By applying (17) and (18), the equivalent model for the
k-th layer can be represented by

k̃k=
kBOk(kBIkkJk+

k̃k−1
Nk−1

kJk+kBIkkpzt k)

(a2
kkBIkkBOk+kBIkkJk)+ k̃k−1

Nk−1
(a2

kkBOk+kJk+kBIk)
(19)

f̃k=
akkBIkkBOk

(a2
kkBIkkBOk+kBIkkJk)+ k̃k−1

Nk−1
(a2

kkBOk+kJk+kBIk)

× 1
Nk−1

Nk−1∑
i=1

f̃ i
k−1, (20)

where f̃ i
k−1 is the equivalent force of the i-th unit in the

(k − 1)-th layer.

V. PROTOTYPE ACTUATOR

A. Mechanical Design of Rhombus Mechanism

A prototype nested actuator with over 20% effective strain
is designed based on the structural compliance analysis.
Consider a nested structure with 2 amplification layers as
shown in Fig. 2. The APA50XS “Moonie” piezoelectric
actuators developed by Cedrat Inc. [15] are adopted for the
first layer. According to the preliminary design in Fig. 2,
over 20% of effective strain can be obtained by a two-layer
mechanism. By stacking 6 APA50XS actuators for the first
layer, i.e., N1 = 6, this large strain may be achieved with
a proper design of the second layer. From Table I, we have
k̃1=0.225 ×106 [N/m], and f̃ block

1 =18.0 [N] for the first layer
units. The remainder of this section focuses on the design of
the second-layer rhombus mechanism.

From (19) and (20) we obtain an equivalent model for the
second layer by substituting (17) and (18), which provides
a design guideline in terms of kBI2, kBO2 and kJ2 for the
target effective strain, i.e., 20%. As described in the previous
section, the stiffness in the admissible space, i.e., kJ2, must
be minimized. In addition, in order to increase the stiffness

TABLE I
CHARACTERISTICS OF THE APA50XS ACTUATOR [15] FOR THE FIRST

LAYER(DEFINITION OF THE DIMENSIONS HAS BEEN MODIFIED.)

Displacement 80 [µm]
Blocking Force f̃block

1 18.0 [N]
Stiffness k̃1 0.225 [N/µm]
Voltage range -20 – 150 [V]
Length (output actuation direction) 4.7 [mm]
Width (pzt stack actuation direction) 12.8 [mm]
Height 9.0 [mm]
Mass 2.0 [g]

30mm

12mm

3.5mm

3.5mm0.1mm

4.97 deg

1.3mm

Fig. 7. Design of Rhombus Mechanism for the 2nd Layer
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Fig. 8. Force and Displacement Property of Prototype Actuator

in the constrained space, i.e., kBI2 and kBO2, the oblique
beam need to have a sufficient thickness except the thin part
for the compliant joint.

Figure 7 shows the designed rhombus mechanism for the
second layer. Phosphor bronze (C54400, H08) is used for the
material. The length of the mechanism in actuation direction
is 12 [mm], and the width is 30 [mm]. The thickness of 0.1
[mm] is given to thin sections that work as compliant joints
considering electrical discharge machining. The thickness
of 1.3 [mm] is given to the oblique beams for sufficient
stiffness. The oblique angle of the beams is 4.97 [deg] that
gives the displacement amplification ratio of 11.5 assuming
the mechanism is ideal.

The lumped parameters are calibrated as k̂BI2 = 6.72 ×
106 [N/m], k̂BO2 = 5.21 × 104 [N/m], k̂J2 = 3.98 × 104

[N/m], and â2 = 11.4. Figure 8 shows the estimated force
and displacement property of the prototype actuator. The
analysis predicts that the maximum free-load displacement
is 2.64 [mm], which is equivalent to 22% effective strain.

B. Development and Performance Evaluation

Figure 9 shows the assembled actuator with 6 first-layer
units. The second layer mechanism weighs approximately
3 [g], resulting in the total weight of 15 [g]. Figure 10
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Fig. 9. Prototype Actuator
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Fig. 10. Snapshots of Free-load Displacement: Two Nested Rhombus
Mechanisms are Connected in Series.

shows snapshots of free-load displacement where 2 rhombus
mechanisms are connected in series. This actuator extends
since the first layer units are contractive.

The performance of this prototype is evaluated by mea-
suring free-load displacement and blocking force. Figure 11
(a) shows the maximum free-load displacement measured
using a laser displacement sensor (Micro-Epsilon optoNCDT
1401) when all 6 units are ON by applying 150 [V] actuation
voltage. The measured displacement is 2.49 [mm] that is
equivalent to 20.8% effective strain. Figure 11 (b) shows the
blocking force where a sinusoidal wave input ranging from 0
–150 [V] is applied. The maximum blocking force measured
using a compact load cell (Transducer Techniques MLP) is
1.7 [N]. As shown in Fig. 8, the estimated values by using
the lumped parameter model agree well with the experiment,
which confirms the validity of the approach.

VI. CONCLUSIONS AND FUTURE WORKS

In this paper, a static lumped parameter model for the
nested PZT cellular actuators with exponential strain amplifi-
cation mechanisms has been presented. Based on this model,
a prototype actuator system having 21% effective strain, 1.7N
blocking force, and 15g of body mass has been designed.
Future work includes (1) dynamic modeling to quantify high
frequency response, (2) analysis of a closed kinematic chain
formed by serial/parallel mixed configuration, (3) application
to robotic systems. The first author gratefully expresses his
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Fig. 11. Experimental Result
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