
  

Abstract— This paper presents two approaches developed to 

control our CyCab mobile robot. The first one introduces the 

notion of virtual axle to determine a flat Inverse Kinematics 

Model; the second one, based on the Escape Lanes method, 

uses the Direct Kinematics Model. In the last part of this 

paper, a comparison between the two methods is carried out in 

order to validate the inverse model and to discuss the two 

methods respective advantages. 

I. INTRODUCTION 

he control of autonomous robots relies on mathematical 

models providing relationships between robot 

trajectories and system inputs. For wheeled mobile 

robots, kinematics models are common and easy to use as 

they directly relate the robot displacements in its 

environment with respect to the inputs. However, using 

these models implies the assumption that ground slipping is 

negligible [3]. 

The direct kinematics model (DKM), qJX && .= , allows 

to express the robot displacement velocities -typically in the 

Cartesian space- as a function of the inputs in the articular 

space; this function is always well defined. However, 

determining articular inputs, corresponding to a desired 

trajectory in the Cartesian space using an inverse kinematics 

model (IKM), is not always possible due to non-holonomy 

or to several existing solutions (i.e. singularity): the J matrix 

is rarely a square matrix. 

Navigation systems for mobile robots are generally based 

on inverse models and use analytic methods to solve these 

problems [1][12][14]. These methods are often difficult to 

apply in practice; they require important computation 

capacities and are specific of a given robot, and do not 

always guarantee a solution. Navigators based on direct 

kinematics models are easier to implement. They typically 

use trajectory projections and are limited to the local 

environment of the robot [2][10]. The complete trajectory is 

built part after part and the global behavior is hardly 

predictable. 

In this paper, we first introduce the notion of virtual axle 

to determine an inverse kinematics model for the CyCab 

automated vehicle. In the second part, a navigation method 

 
 

based on the robot DKM is presented in order to validate, in 

the last part of this paper, the IKM. 

 

II. INVERSE KINEMATICS MODEL BASED ON FLATNESS 

Our CyCab robot is an electrical bi-steerable car with 

four driving and steering wheels (fig. 1). When performing a 

turn, the CyCab front wheels present an antagonist angle to 

the rear wheels, in order to minimize the robot turning 

radius. This property enhances the robot maneuverability in 

cluttered environments. Moreover, there is a proportionality 

coefficient k between the rear and the front steering angle: 

i.e. for a front wheels steering angle of ξ, the rear wheels 

steering angle value is k.ξ (k Є R
+
). 

 

 
Fig. 1.  The CyCab robot1  

A. Control point of the robot 

When considering a top view of such a robot during a 

turning maneuver (fig. 2), we can assume there is a non-

steering virtual axle between the front and the rear axles. 

This virtual axle is orthogonal to the main axis of the 

vehicle, and the instantaneous center of gyration belongs to 

this axle. If L is the distance between the rear and front 

axles, the virtual axle passes through the point C, at χL from 

the front axle.  

When choosing point C as the control point of our mobile 

robot, we can directly benefit from the flat model of 

classical car-like robots. 

The distance from the control point to the front and rear 

axles is given by (Fig. 2): 
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By dividing these two equations leads to: 
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From equation (2), the control point position on the robot 

is determined. Two different cases can be studied: k = 1 

(front and rear steering angles are equal) and k ≠ 1. 

 

  
Fig. 2.  The CyCab mechanical system 

B. Definition of a flat system 

A system ),( uXfX =&  is said to be differentially flat if 

there exist flat (or linearized) outputs 

)...,,( 21 mzzzZ = differentially independent such that: 

- any system variable (state, controls…) can be expressed 

only from the linearized outputs and their successive 

derivatives 

- the flat outputs can be expressed as a function of the 

system variables and their successive derivatives [15] 

Under these conditions, this kind of system is equivalent 

to a linear one when using an endogenous feedback [6]. 

However, the main problem about flatness, remain the fact 

that there exists no systematical method to compute the flat 

outputs of a system. In part C, we present a method to 

calculate flat outputs (x, y) of the Cycab bi-steerable system 

given on the control point of the robot. 

C. Case k = 1: identical rear/ front steering angle 

In this case χ = 0.5 and point C is fixed on the 

barycenter M of the four wheels. We obtain almost the same 

kinematics equations as the car-like vehicle ones: 
 

θcos.vxC =&  and θsin.vyC =&  (3) 
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Where (xC, yC, θ, ξ) are the Cartesian coordinates of the 

control point C, the robot orientation and the front steering 

angle, respectively.  

This model is a differentially flat system, so we can 

express the inputs (v, ξ) of the robot using flat outputs z1, z2, 

and a finite number of its derivatives: 
 

)()(1 txtz C=  and )()(2 tytz C=  (5) 

 

The inverse kinematics model of the robot is given by: 
 









=

1

2arctan
z

z

&

&
θ  and 2

2

2

1 zzv && +=  

( ) 















+

−
=

2

3
2

2

2

1

2121.arctan

zz

zzzz
L

&&

&&&&&&
χξ  

(6) 

D. Case k ≠ 1: different front/rear steering angle 

In this case, we can note that χ becomes a trigonometric 

function of the steering angle ξ (2); this means that the 

control point C will move along the main axis of the robot. 

The relation between the barycenter M of the four wheels 

and the control point C is given by: 
 

θχ cos.).5.0( Lxx MC −+=  (7) 

θχ sin.).5.0( Lyy MC −+=  (8) 

 

However, the inputs (v, ξ) using flat outputs xC and yC are 

not obtained similarly to the k=1 case as the control point 

position becomes a function of the steering angle.  

On the previous CyCab prototype, the k value measured 

experimentally is about 0.7. On the CyCab presented here, 

this value can be modified to 1 by adding an extra 

mechanical piece onto the physical link between the two 

axles. Hence, it was decided to study cases where k ranges 

from 0.5 to 2 (k=2 corresponds to the inverse 

configuration). Fig. 3 shows that, for a steering angle 

ranging from –30° to 30° (maximum practical angles), the 

control point position is almost constant when ξ varies. 

 As the steering angle position presents small variations, 

we can assume it is constant in order to express the flat 

outputs model of the robot. Taylor Series are used to 

compute χ from (2): 

 

)(tan 3ξσξξ +=  (9) 
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 (10) 

The robot inverse kinematics model is the same as in 

equation (6), but the control point C position, knowing the 

position of the barycenter M, is determined using formulas 

(7), (8) and (10). 
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Fig. 3.  Position of the control point 

III. DIRECT KINEMATICS MODEL BASED ON ESCAPE LANES 

In this part, a navigation method to generate trajectories 

for our CyCab robot is presented. This method uses the 

robot direct kinematics model. 

Similarly to animal strategy, our navigation is based on 

direct models. For a mobile robot considered in a given 

state, we can project on a few seconds horizon all 

trajectories it can perform. These trajectories can be merged 

with the environment and with the motion goal in order to 

select the most appropriate trajectory. These selected 

trajectories become the new set points of the robot. In order 

to give the ability for the robot to react in real time in its 

environment, the process is repeated periodically. 

The different steps of the escape lanes method are to:  

 - generate all acceptable trajectories Γ to be performed 

by the robot (called escape lanes) on a temporal horizon τ, 

 - eliminate the blocked escape lanes (e.g. intersecting or 

passing too close to obstacles), 

 - choose a free escape lane, using a selection criterion. 
 

 
Fig. 4  Escape Lanes principle 

 

The strong asset of this method is that the IKM does not 

need to be defined. The whole operation is reiterated 

periodically and is represented on Fig. 4. 

A. Acceptable Trajectories by the Robot and Escape 

Lanes  

An input function ω = (v, ξ), belonging to the input space 

U of the robot, is acceptable on an interval [t0, t0+ τ] when it 

respects the following constraints on: 

-the direct kinematics model of the robot 

-the actuators saturation, 

-the dynamics of the actuators (maximum accelerations, 

saturations…)    

Ω[t0, t0+ τ] is called the set of the acceptable input 

functions on the interval [t0, t0+ τ]: 
 

[ ] { [ ] }acceptablettUtt ωτωτ /,, 0000 +∈=+Ω  (11) 

 

A trajectory Γ defined on an interval of time [t0, t0+ τ] is 

composed by the simplified state function ζ and the input 

function ω defined on the same interval: Γ = (ζ, ω) [16]. 

Λ[t0, t0+ τ] is called the set of the robot acceptable 

trajectories on the interval [t0, t0+ τ]. It corresponds to the 

set of trajectories associated with the input function ω є 

Ω[t0, t0+ τ]. Λ[t0, t0+ τ]  is also called the robot escape lanes 

at time t0 and on the temporal horizon τ. 
 

[ ] { [ ] }τωωζτ +Ω∈=Γ=+Λ 0000 ,/),(, tttt  (12) 

 

It is then necessary to choose a family of acceptable input 

functions that must be selected according to the robot 

capacities. For example, a car-like robot may not be 

controlled the same way as a robot with differential wheels. 

Linear functions are used for the CyCab robot (Fig. 5). 

 
Fig. 5. Function of entry 

 

This family of input functions can be expressed by:    
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Where ω1(t) = v(t) and ω2(t) = ξ(t). From this family of 

acceptable input functions, a family of acceptable 

trajectories Λlimited is given by: 
 

[ ]{ }τζ +Ω∈=Γ=Λ 00,/),( ttww famillyfamillyLIMITED
 (14) 

 

where:  

),,(

))(),((

θζ

ξ

&&& yx

ttvw T

familly

=

=
 (15) 

2242



 

 

 

 

The corresponding trajectories are obtained using the 

robot DKM. R and F represent the middle points of the rear 

and the front axles, respectively (fig. 2). We express the 

distances between the control point C and these two points: 
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 The turning radius on the front (ρF) and on the rear (ρR) 

are given by: 
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The derivative of the robot orientation is: 
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The kinematics of the point M, which is the middle of the 

[RF] segment, can be expressed: 
 

( )

( ))sin()sin(
2

1

)cos()cos(
2

1

)cos(.

)sin(
.

ξθξθ

ξθξθ

ξ

ξξ
θ

+++=

+++=

+
=

kvy

kvx

L

k
v

M

M

M

&

&

&

 (19) 

 

Where 
MMM yx ,, &&θ  are the rotation velocity and the 

translation velocities, respectively, of point M in the robot 

configuration space. 

Fig. 6 presents a sample of possible trajectories, which 

can be performed by the robot, projected from different 

kinematics states. 

 

 
Fig. 6. Sample of possible trajectories of the robot 

 

B. Blocked Escape Lanes Elimination 

The next stage consists in comparing the image of each 

trajectory Γ belonging to Λ in the output space Ψ to the 

obstacles map called Θ. This map contains the obstacles 

position with respect to the robot position. Using an 

elimination criterion Cel, escape lanes which pass too close 

to the obstacles are eliminated. The remaining escape lanes 

constitute the free escape lanes set  ΛL .   

The ensemble of the free acceptable input functions ΩL 

can be defined as the entire set of the input functions ω 

which correspond to the free escape lanes ΛL.   
 

{ }LL Λ∈ΓΩ∈=Ω ,/ω  (20) 

  

To determine the obstacles map Θ, a local model of the 

robot environment is used [4], built in-line using 2 laser-

range finders [3]. This map is composed as a set of 

segments of known two ends coordinates. These segments 

represent the obstacles perimeter in the robot local 

environment, projected within the moving plane of the 

robot. The Cel elimination criterion is used between its 

image Λi in the output space and each obstacle segment of 

Θ. Cel (λi, Θ) = 0 if: 
 

{ } .0)arg(/)( jinmlsgmttdist ji ∀>+−λ  (21) 

 

Where l is the maximum distance between the periphery 

of the robot and the control point C; dist{λi(t) / sgmtj} is the 

minimal distance between λi points and segment j. The 

ensemble of the remaining escape lanes is ΛL / limited. 

To improve the relevance of the elimination criterion Cel, 

the margin value in the formula (24) may be adjusted 

according to the orientation of the robot with respect to the 

obstacle position (C-obstacles [9]).   
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C. Selection of the Best Free Escape Lane 

Finally, a criterion is used to choose the escape lane to be 

kept for the robot. The choice of this criterion takes into 

account the distance and the orientation of the robot, at the 

end of the trajectory, compared to a passing point ε 

provided by a path planner. Indeed, the efficiency of this 

method can be enhanced when used with a path planner 

working on a global map of the environment. The path 

planner will provide a set of passing points to the escape 

lane navigator in order to reach a final goal. To select the 

best free escape lane, we used the following criterion: 
 

factytyxtxC iiichoice ×−++−+=Γ 2

0

2

0 ))(())((),( εε ττε  (22) 
 

roboti tkfact /0 )(1 εθ θτθ −+×+=  (23) 

 

where kθ is a positive real chosen empirically by carrying 

out simulations and experimentations. 

This criterion computes the Cartesian distance from the 

robot to ε; this criterion is weighted by the robot orientation 

with respect to ε. The chosen ΛL/limited escape lane which 

minimizes this criterion is called Γchosen. The associated 

input function ωchosen is applied to the robot. 

The input function corresponding to the selected 

trajectory (ωchosen) is actually applied to the robot. Indeed, 

the complete operation (from the generation of escape lanes 

to the selection of Γchosen and ωchosen), is performed 

periodically, and with a period Te about ten times smaller 

than the temporal horizon τ. Therefore, only a short part of 

the Γchosen trajectory is actually followed by the robot; a new 

one is proposed every Te. 

D. Simulation results 

Fig. 7 shows simulation results representing 

displacements of our CyCab robot evolving on a 40
2
 m² 

area. The trace of the displacements achieved by the control 

point is represented in blue, and each iteration of the 

navigation program is symbolized by a short line 

perpendicular to the trace. The red crosses represent the 

passing points provided to the navigator. 

The distance between the robot and its nearest obstacle 

along the path is represented on fig. 8. The robot never 

enters in collision with the obstacles as the distance from 

obstacles is always larger than the robot width (1.44m).  

This simulation validates the escape lanes direct model 

for bi-steerable like vehicles, such as CyCab. Moreover, an 

important advantage of this method is its intrinsic robustness 

to the perturbations. Indeed, since the robot moves are 

projected in an on-line refreshed local map, the errors on the 

real position of the robot are not integrated; this aspect 

guarantees the robustness of the method. 

 

 
Fig. 7. Simulation results of obtained trajectories 

 

 
Fig. 8. Distances from obstacles along the path 

IV. SYNTHESIS: FLAT OUTPUTS VS ESCAPE LANES 

A comparison between the two models (the direct and the 

inverse one) is done. Starting from the trajectories obtained 

in the simulation described above, the robot velocities are 

computed along the path ( v̂ ) using the flat output inverse 

kinematics model (fig. 9). Hence, the input velocities, sent 

as inputs for the Escape Lanes method ( v ), can be 

compared to those computed by the flat outputs model.  
 

 
Fig. 9. Comparison principle 

 

Fig. 10 shows the results for a front steering angle 2 times 

lower than the rear one. On this figure, the two velocities 

(input of the direct model and output of the inverse model) 

are represented, and the second graph shows the difference 

between them. For this test, in order to test the robustness of 

the model, a value of 2 was chosen for k as it corresponds to 

the maximal error on the control point position. 

We notice that the output articular velocities are very 

close to those sent as input functions for each iteration of the 

Escape lanes method. These results show that our 

approximation, when the control point C position is 
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considered as a constant, does not generate a large error : in 

the worst case, the velocity error is less than 0.3 m.s
-1

. This 

can be explained by the fact that the χ coefficient (3) shows 

little variations when the steering angle ξ remains (Fig. 3) 

within the angles range control (i.e. less than 30°) we use for 

the Cycab robot.  
 

 
Fig. 10. Velocities along the path for k=2 

V. CONCLUSION 

In this paper, we developed an inverse kinematics model 

to control our CyCab mobile robot and we introduced the 

notion of virtual axle to carry out the robot control point. 

These results can be extended to the bi-steerable cars 

families whose rear steering angle is proportional to the 

front steering angle. Simulations have been presented in 

order to validate the Escape Lanes navigation method. Our 

CyCab has four driving and steering wheels, with a 

proportionality between the rear and front wheels steering 

angle. However, thanks to a linearization on the position of 

the control point, we have been able to apply almost the 

same flat output model as for a car-like robot. Then, the 

inverse kinematics model has been validated by a 

simulation. Currently, this model is going to be tested on the 

robot platform in order to check the validity of our 

simulation predictions.  

Applications fields for these two models are different. 

The Escape Lanes method has been developed to control 

autonomous mobile robots in an unknown environment. The 

aim of this method is to generate dependable and reliable 

trajectories for the robot. However, this method has to be 

used complementary to a global path planning method in 

order to receive path points. 

The Flat Output inverse kinematics model is foreseen to 

be used for trajectory following. Indeed, inverse kinematics 

goal is to calculate the inputs corresponding to a given 

trajectory (meaning that the trajectory has to be known). For 

example, inverse model can be used in order to tele-operate 

the mobile robot or to perform leader robot trajectory 

following for robots cooperation. 

In this study, our interest is focused on two kinds of 

approaches. Our goal is to build a control architecture able 

to generate a reliable control approach, integrating tele-

operation and autonomy switch modes; this appears as a 

necessity to counter the latencies inherent to tele-operation 

via the internet networks in order to perform complex tasks. 
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