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Abstract— In this work, the kinematics of the human wrist
during pointing tasks is assessed and discussed, especially in
relation to the use of wrist robots.

First, the existence of intrinsic kinematics constraints (or
Donders’ law, similarly to oculomotor system) for the human
wrist during pointing tasks is verified. To this end, a novel
approach based on a hand-held device is presented which allow
assessing wrist movements without any mechanical loading.

Second, similar pointing tasks are assessed by means of a
state-of-the-art wrist robot, typically used in robot-mediated
therapy as well as assessment tool.

By comparing experimental results relative to the pointing
task performed by healthy subjects with the hand-held device
and with the robot, a loading effect on the performance due
to the mechanisms of the robot is remarked. A functional
requirement for the next generation of rehabilitation robots
is thus provided.

Index Terms— Donders Law, Intrinsic Kinematic Con-
straints, Human Motor Control, Wrist Robots

I. INTRODUCTION

Recent years have witnessed an increase of interest in

robot-mediated motor therapy. Rehabilitators have focused

increasing attention on the quantitative evaluation of residual

motor abilities in the effort to obtain an objective evaluation

of rehabilitation and pharmacological treatment effects, espe-

cially after the acute phase of recovery following traumatic

brain injuries such as stroke. In the last two decades, various

robots have been proposed which specifically target different

areas of rehabilitation, ranging from upper to lower limbs,

from proximal to distal joints. In 1991, a novel robot (MIT-

MANUS, [6]) was proposed as a test bed to study the

potential of using robots to assist in and quantify the neuro-

rehabilitation of motor function. MIT-MANUS is a 2 DOF

(Degrees Of Freedom) planar robot, specifically designed for

the rehabilitation of shoulder and elbow. A typical session

with the robot consists of a ‘video-game’ [6] which guides

the patient through 2-dimensional planar motor tasks (e.g.

vertical, horizontal and diagonal movements from/to the

central position to/from a peripheral one) with the upper

limb while the patient’s hand grasps a handle attached to the

robot end-effector. The robot might be programmed to exert

force-fields, for example to help or to contrast the patient in

specific situations.

More recently, an extension of the MIT-MANUS robot

became available which also allows wrist rehabilitation [10].

Such a wrist module is a rotational 3 DOF robot, specifically

designed to kinematically conform to the natural rotations
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Fig. 1. Typical ’video-game’ for guiding a subject through pointing tasks.

of human wrist as well as to generate programmable torque-

fields used during rehabilitation. Typical rehabilitation ses-

sions for the wrist module also make use of ‘video-games’

as the one in Fig. 1: the patient, attached to a handle and

with his/her torso, upper and lower arm fastened to an arm

support, performs pointing tasks towards targets in the video-

game (from/to the central target to/from the peripheral ones)

with the only use of the 3 DOF wrist kinematics. In the

case of the planar robot, a one-to-one correspondence exists

between movements in the displayed video-game and the

movements of the end-effector. In the case of the wrist

module, a redundancy problem arises since more solutions

are available to the motor system to solve the task since

uncountably many elements of the 3-dimensional space of

wrist configurations correspond to the same solution in terms

of (2-dimensional) pointing task.

This problem closely resembles the one of eye movements,

studied since the mid of the 19th century. In a good ap-

proximation, the eye can be considered as a center-fixed

sphere rotated by the action of 6 (i.e. 3 agonist-antagonist

couples) extra ocular muscles (EOMs). EOMs provide 3

DOF kinematics allowing full mobility in the space of

rigid body rotations (SO(3), see next section) with only

limitations given in terms of range of motion.

Pointing tasks for the human wrist are kinematically

similar to gazing tasks for the oculomotor system. When

looking at some point in space, the gaze direction is fully

determined but not the amount of ocular torsion about the

line of sight. In other words, for a given line of sight,

uncountably many eye configurations exist which correspond

to the same gaze direction.

In 1847, Donders experimentally found that for a given

steady gaze direction there is only one eye configuration
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(Donders’ Law) [9]. In other words, physiological eye po-

sitions are described by a 2-dimensional surface embedded

into the 3-dimensional space of eye configurations: a solution

to redundancy. Two decades later, Listing and Helmholtz

went one step further, determining that such a 2-dimensional

surface is actually a plane: the eye assumes only those

positions that can be reached from primary position by a

single rotation about an axis in Listing’s plane, which lies

orthogonal to the gaze direction in primary position (Listing’s

Law) [9].

In the last two decades, Donders’ and Listing’s laws have

been found to well represent intrinsic strategies of the motor

system in areas that range from eye movements (both for

saccades and smooth pursuit) to head and limb movements,

the reader is referred to [2] for a comprehensive collection

of such works as well as to more recent papers such as [7]

and references therein.

The goal of this paper is twofold: i) verifying the existence

of a Donders’ law, or intrinsic kinematic constraint, also

for the human wrist during pointing tasks, in particular

quantifying such a constraint in terms of 2-dimensional

surfaces embedded in the 3-dimensional configuration space

of the human wrist; ii) checking whether current state-of-the-

art robots for motor therapy, when used as an assessment

tool, comply with such an intrinsic constraint, providing

recommendations for the next generation of rehabilitation

robots.

Before proceeding, basic mathematical tools for describing

the geometry of rotations will be briefly reviewed, the reader

is also referred to [5], [3], [4].

II. ROTATIONS, GIMBALS AND WRIST KINEMATICS

Rotations in the Euclidean space R
3 can be described by

the group of 3 × 3 orthonormal matrices:

SO(3) = {R ∈ R
3×3 : RT R = I, detR = +1}

where I is 3×3 identity matrix. Any orientation R ∈ SO(3)
is equivalent to a rotation about a fixed axis v ∈ R

3 through

an angle θ ∈ [0, 2π) [8, Euler’s Theorem].

A rotation matrix R can be seen as a mapping R : R
3 →

R
3 and represented in R

3 (i.e. the same space it acts upon)

via a rotation vector r = [rx, ry, rz]
T ∈ R

3 which defines the

axis (parallel to r itself) and the amount of rotation (‖r‖ =
tan(θ/2)). As shown in [3], for a generic rotation R, the

corresponding rotation vector is:

r =
1

1 + R1,1 + R2,2 + R3,3





R3,2 − R2,3

R1,3 − R3,1

R2,1 − R1,2



 (1)

where Ri,j represents the (i, j) element of the matrix R.

Rotations about principal axes (x-, y- and z-axis) can be

written as:

Rx(θ) =





1 0 0
0 cos θ − sin θ
0 sin θ cos θ



 (2)

Ry(θ) =





cos θ 0 sin θ
0 1 0

− sin θ 0 cos θ



 (3)

Rz(θ) =





cos θ − sin θ 0
sin θ cos θ 0

0 0 1



 (4)

For solving a pointing task, only 2 DOF would suffice.

vertical axis
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moving 

frame

fixed 

frame
moving 

frame
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frame

vertical axis
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Fick-gimbal Helmholtz-gimbal

Fig. 2. Gimbals

Examples of mechanical systems with 2 DOF are the Fick’s

and Helmholtz’s gimbals in Fig. 2, where the order of

rotation (of an angle θv about the vertical axis and θh about

the horizontal axis) is mechanically imposed by the structure

of the system:

RFick = Rz(θv)Ry(θh) (5)

RHelm = Ry(θh)Rz(θv) (6)

One of the main characteristics of SO(3) is the non-

commutativity property of the group since. in general,

RFick �= RHelm, i.e. in a sequence of rotations, the order

matters. In general, the couple of angles (θv, θh) that leads

to a given pointing direction, would be different according

to whether a Fick-gimbal or a Helmholtz-gimbal is used.

Via straightforward calculations, it can be verified that for

Fick and Helmholtz gimbals the following hold:

rx = −ry rz (Fick)
rx = +ry rz (Helmholtz)

(7)

where rx, ry and rz represent the components of r, the

rotation vector derived, respectively, from RFick and RHelm

according to Eq. (1).

Equations (7) represent, respectively for the Fick and the

Helmholtz gimbals, constraints for the achievable orienta-

tions. In particular, in the 3-dimensional SO(3) space, only

those orientations can be achieved whose rotation vectors lie

on the surfaces defined by the quadratic forms in Eq. (7).

Of course, this was expected since the mechanical structures

of the Fick and Helmholtz gimbals only allow 2 DOF and

this translates into a 2-dimensional manifold embedded in

SO(3).
On the other hand, the existence of a 2-dimensional

manifold (i.e. Donders’ and Listing’s laws) for a 3 DOF

systems such as the human eye is remarkable, since it denotes

a simplifying strategy of the motor system. In the last decade,

a number of works have shown the existence of Donders’ and
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Listing’s laws in the case of head and limbs movements, in

specific situations. Validation of such an hypothesis for the

kinematics of human wrist during pointing tasks is the focus

of next section.

III. DONDERS’ LAW FOR THE HUMAN WRIST

In this section, the proposed methodology and experi-

mental setup devised to test the hypothesis that intrinsic

kinematic constraints, such as Donders’ law, can account

for the geometric features of 3-dimensional wrist movements

during pointing tasks are presented.

A. Materials and Methods

Subjects: Three healthy subjects, aged between 28 and 33

years old, were asked to complete a series of pointing tasks.

Apparatus: Each subject was strapped to a chair and to an

arm-support by appropriate belts to minimize torso, shoulder

and elbow movements, so that only wrist rotations were left

unconstrained. The orientation R ∈ SO(3) of the wrist was

measured by means of a commercial Inertial Magnetic Unit

(IMU, MTx-28A33G25 device from XSens Inc.) mounted

on top of a hollow cylindrical handle (height: 150mm, outer

diameter: 50mm, inner diameter: 35mm) which each subject

was asked to grasp firmly during the experiment. In what

follows, such an apparatus is referred to as hand-held device.

The IMU, connected to a PC, was configured to con-

tinuously acquire the sequence of orientation matrices R i

at a rate of 100 samples/sec. Performance of the selected

commercial IMU in terms of static orientation accuracy

(< 1o) and sensing bandwidth (40 Hz) is more than adequate

considering the kinematic requirements of the motor task

Each subject, before starting each pointing task, was asked

to hold still in a posture of the wrist which would allow,

according to the subject’s perception, equal positive and

negative excursions in terms of flexion-extension, adduction-

abduction, and pronation-supination. This ‘zero’ position

defined the primary position, which was found to have inter-

subjective differences as well as minor differences from task

to task for the same subject.

With the wrist in the primary position, a fixed reference

frame {x0, y0, z0} was defined as:

- z0-axis: along the vertical direction (upwards);

- x0-axis: horizontal, aligned with the forearm (forward);

- y0-axis: horizontal and perpendicular to the forearm

(leftward).

A second reference frame {x, y, z} attached to the wrist

(moving frame) was defined so to coincide with the fixed

reference frame when the wrist is in the primary position.

In order to reduce computational complexity, the primary

position was also selected as the ‘home’ position for the

IMU, meaning that the coordinates of the x, y, and z
axes with respect to the fixed frame {x0, y0, z0} could be

determined as, respectively, the first, the second and the

third column of the matrix Ri. To this aim, a software reset

procedure for the IMU device must be performed while the

wrist is held still in the primary position.

For a generic orientation Ri, the pointing vector, (always

parallel with the moving x-axis after the reset procedure) can

then be determined as the first column of R i:

ni = Ri [1 0 0]T (8)

A computer screen was used to display the ‘videogame’

according to the protocol below where (see Fig. 1) the

position of a round cursor is determined, in real-time, directly

by the orientation of the subject’s wrist. In particular, the

screen was physically located on the vertical plane in front

of the subject (the y0-z0 plane) and the position of the cursor

was determined by the projection of the pointing vector n i

onto the y0-z0 plane. The position of the cursor is given by

the second and the third components of the vector n i. A

rotation of 30o (≈ 0.5 rad) of the wrist is required to move

the cursor from the central position to any of the peripheral

positions in Fig. 1.

Protocol: The session starts with the subject in the primary

position and, therefore, with the cursor projected onto the

central position. The subject is then instructed to move the

round cursor on the screen towards the peripheral position ‘1’

in Fig. 1 and then back to the central position. The same task

is then repeated for positions ‘2’, ‘3’ . . . ‘8’. This completes

a single trial.

After an initial trial used for the subject to get acquainted

with the experimental setup, each subject is asked to repeat

the trial 4 times.

B. Experimental Results for the Hand-Held Device

The sequences of rotation matrices Ri acquired during

each trial performed by the 3 subjects were analyzed as

follows.

Given the sequence Ri relative to each trial, the sequence

of rotation vectors ri and the sequence of pointing vectors

ni were derived via eq. (1) and eq. (8), respectively. As an

example, both sequences of a single trial are plotted in Fig. 3.

It is worth here recalling the geometrical interpretation of

0

0.5

1 −0.5

0

0.5

−0.5

0

0.5

 

r
y
 [rad]r

x
 [rad]

 

r z
 [
ra

d
]

n
i

r
i

Fig. 3. Rotation vectors (crosses) are represented (in radiants) in the 3-
dimensional space of the motor task together with the pointing vectors
(circles). A 2-dimensional quadratic surface (Donders’ surface) fits the
rotation vectors with a 0.029 rad (1.67o) deviation (thickness).
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ri: at any time ti, the orientation Ri of the wrist can be

achieved from the primary position by a single rotation

about the vector ri of an angle θi = 2 arctan(‖ri‖). Such

an interpretation allows representing rotations in the same

3-dimensional space of the motor task. In Fig. 3, both

the wrist pointing directions ni (circles) and the rotation

vectors1
ri (crosses) are represented. While the wrist pointing

directions necessarily lie in a 2-dimensional space2, the three

components rxi, ryi and rzi of a rotation vector ri, in

general, define points of a 3-dimensional space. Remarkably,

it can be observed that the rotation vectors tend to lie on

a 2-dimensional surface (Donders’ law) which can be well

approximated by a plane (Listing’s law) near the primary po-

sition. This verifies the hypothesis of existence of Donders’

law for the human wrist, during pointing tasks.

Numerically, the sequence ri = [rxi ryi rzi]
T was fitted

as in [9] with a generic quadratic surface:

rxi = C1 +C2ryi +C3rzi +C4r
2

yi +2C5ryirzi +C6r
2

zi (9)

where the coefficients C1 . . . C6 were determined via nonlin-

ear least-squares fitting methods3. The first three coefficients

(C1, C2 and C3) define a plane (Listing’s plane), while the

last three coefficients (C4, C5 and C6) are related to the

curvature of the fitted surface, see [1]. In particular, the

coefficient C5 denotes the amount of twisting of a quadratic

surface.

Deviation from the best fitting surface, i.e. the thickness

of a Donders’ surface, is defined as the standard deviation

of the sequence ri from eq. (9).

In Fig. 5, results relative to the three subjects are pre-

sented in terms of Donders’ surfaces as well as in terms

of histograms of the C1 . . . C6 coefficients for each trial. In

particular, thicknesses in the order of 1 − 3o for angular

excursions of 30o are found, in line with deviations found in

the oculomotor system [9] or for the upper limbs [7].

It is worth noting how simply the kinematic analysis

allows to clearly identify a personal motor ‘style’ for each

subject, i.e. a different motor strategy throughout the execu-

tion of the 4 motor trials in terms of curvature (C4 and C6)

and twisting (C5) of the Donders’ surfaces.

IV. DONDERS’ LAW FOR THE HUMAN WRIST WHEN

CONNECTED TO A WRIST ROBOT

In this section, Donders’ law for the human wrist during

pointing tasks is analyzed when the wrist is connected to

wrist robot, in particular the wrist extension module of

the MIT-MANUS robot. Such a robot, generally used for

therapy, is equipped with motors that can generate pro-

grammable torque-fields. Robots interacting with humans are

in general very different from industrial robots, especially as

1In fact, vectors of length θi instead of ‖ri‖ are represented so that the
amount of rotation (in radiants) can be visually derived.

2Pointing vectors ni are unit-length vectors and therefore their end-tips
lie on a sphere as clear in Fig. 3.

3The function nlinfit in the MATLAB environment from MathWorks
Inc. was used

long as mechanical loading and back-drivability 4 issues are

concerned. When used for assessment, the robots should not

influence the human performance.

In this work, the motors of the robot are excluded (turned-

off) in order to study the effects of mechanical loading of

the robot mechanisms on the kinematics of the human wrist.

A. Materials and Methods

Subjects: three healthy subjects, were asked to complete

a series of pointing tasks.

pronation-supination

abduction-adduction

flexion-extension

Fig. 4. Mechanism of the wrist robot as derived from [10]

Apparatus: each subject, one at a time, was strapped to a

chair and to an arm-support by appropriate belts to minimize

torso, shoulder and elbow movements, only wrist rotations

were left unconstrained. The subject was then attached to

the wrist module of a MIT-MANUS robot [10]. The wrist

module consists of a mechanism which is able to conform

to wrist rotations once the forearm of the subject is strapped

onto the module and the subject grasps a handle, also part

of the module. The sequence of mechanical joints that allow

the mechanism to conform to the 3 DOF wrist rotations,

as derived from [10], is represented in Fig. 4. In particular

the following angles can be sensed (and actuated by the

robot): i) θPS (Pronation-Supination); ii) θAA (Abduction-

Adduction); iii) θFE (Flexion-Extension). Knowledge of the

sequence of the mechanical joints allows to determine the

wrist orientation Rw from the angles as sensed by the wrist

module:

Rw = Rx(θPS)Ry(θAA)Rz(θFE) (10)

where x, y and z refer to the principal axes of a reference

frame initially (i.e. the primary or “zero” position) aligned

with the forearm (x direction) and with the mechanical

handle (z direction). For a given wrist orientation Rw, the

wrist pointing direction nw is given as in (8).

Protocol: once seated, each subject faces a computer

screen where a ‘video-game’ as in Fig. 1 is displayed. The

subject is then instructed about the task: starting from the

central position, the cursor on the screen shall be moved

towards the peripheral positions and then back to the central

position, from position ‘1’ to position ‘8’. The position of

the cursor on the screen is determined in real-time from the

4Back-drivability is the ability to move the end-effector in the workspace
without opposition. A back.driveable mechanism is characterized by high
kinematic efficiency (low friction losses) as well as low apparent inertia
when back-driven. Back drivability is therefore typically hindered by friction
in the motors and transmissions and by high ratio reduction gears and
mechanisms.
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wrist pointing direction n. Although the MIT-MANUS wrist

module allows actuation of the 3 DOF, this functionality was

disabled by turning the motors off. Only at the system start,

an off-setting procedure (linking the primary position of the

wrist module with the central position in the video-game)

requires the motors to be ‘on’. In a single session, each trial

is repeated 5 times but only the last 4 trials are considered

for each subject since the first task seemed to be always

influenced by the turning ‘on’ and ‘off’ of the motor relative

to the pronation-supination angle (with no effect on the zero

position of the video game but with off-setting effects on the

natural, initial posture of the subjects).

B. Experimental Results for the Wrist Robot

In this section, the data from 3 subjects are analyzed and

compared. During the execution of each task, data were

acquired at a rate of 200 Samples/sec, in particular the

three sequences of sampled angles θPSi, θAAi, and θFEi

(where i refers to i-th sample at time ti). Using eq. (10), the

sequence of wrist orientation Rwi at time ti was derived.

The sequence of wrist pointing directions n i was evaluated

via eq. (8) and finally the sequence of rotation vectors r i

was obtained via eq. (1). The sequence r i = [rxi ryi rzi]
T

was numerically fitted to a generic quadratic surface with

coefficients C1 . . . C6 as in (9).

Donders’ surfaces for the 3 subjects are shown in Fig. 6

where, for each subject, surfaces relative to the 4 trials

are superimposed. The best fitting surfaces do not change

significantly from trial to trial for the same subject. Slight

differences exist among subjects and can be better appreci-

ated in the bar-plots of the coefficients in Fig. 6.

V. DISCUSSION OF RESULTS

By comparing results relative to the hand-held devices, in

Fig. 5, with those relative to the wrist robot, in Fig. 6, it

is evident that the robot mechanism strongly influences the

subjects, losing thus a great deal of information about the

personal ‘style’ of each subject.

Referring to Fig. 6, the influence of the mechanism is

particularly evident in the Helmholtz-like behavior of the

surfaces, i.e.

i) inter-subjectively invariant and positive sign of the C5

coefficient;

ii) relatively small C4 and C6 coefficients.

It is worth recalling that the Fick and Helmholtz gimbals

are 2-dimensional mechanisms and therefore their rotation

vectors necessarily lie on 2-dimensional surfaces defined in

eq. (7), a particular case of eq. (9) where all the coefficients

are zero except for C5 = ±1/2. In particular, for the

Helmholtz gimbal C5 = 1/2 holds. A possible explanation

for this is that the pronation-supination axis of the robot,

see Fig. 4, provides excessive mechanical loading (especially

inertial) to the subject, limiting thus the natural torsion of

the wrist. When the pronation-supination axis is blocked,

the 3dof mechanism in Fig. 4 is actually equivalent to the

Helmholtz gimbal in Fig. 2 (right).

VI. CONCLUSIONS

In this work the kinematics of the human wrist during

pointing tasks is discussed with a twofold goal: i) verify-

ing the existence of a Donders’ law for the human wrist

during pointing tasks (or whenever redundancy issues arise),

similarly to what has been verified for other motor systems

such as eyes, head and arms; ii) verifying whether state-of-

the-art robots for wrist rehabilitation comply with such a law,

defining thus a functional requirement for the new generation

of rehabilitation robots.

The kinematics of the human wrist during pointing tasks

was first assessed by means of a hand-held device that would

not influence the performance of the subject. This allowed

characterizing the performance of each subject by a specific

Donders’ surface, emphasizing thus a personal ‘style’.

Second, similar tasks were repeated by means of a wrist

robot (wrist extension of the MIT-MANUS). A similar analy-

sis of the data was carried out and the results were compared

with previous ones. Such a comparison denoted the large

influence of the robot mechanisms on the performance of

the subject, leading to inter-subjectively invariant behaviors,

i.e. flattening out any personal ‘style’ in the performance of

the task.

The ability not to modify the personal style (in the sense

defined in this paper) in the performance of motor tasks is

a functional requirement for the new generation of rehabil-

itation robots. In particular, as future work, the response

of a subject to different mechanical loading conditions (a

combination of inertia, friction and also stiffness) in terms

of variations of Donders’ surfaces will be studied. Such

a knowledge could help defining subject-specific feedback

laws in robot-mediated therapy which do not alter each

subject’s motor style.
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Fig. 5. Experimental data relative to the tests performed with the hand-held device. Each column represents a subject. Top row: superimposed Donders’
surfaces fitting the rotation vectors (in degrees) for the 4 trials of a single subject. Bottom row: histogram of the C1 . . . C6 coefficients fitting each of the
4 trials.
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Fig. 6. Experimental data relative to the tests performed with the wrist robot. Each column represents a subject. Top row: superimposed Donders’ surfaces
fitting the rotation vectors (in degrees) for the 4 trials of a single subject. Bottom row: histogram of the C1 . . . C6 coefficients fitting each of the 4 trials.

1323


