
  

  

Abstract—This paper describes the integration of several 
techniques for cooperative control of both tele-operated and 
autonomous redundant manipulators with overlapping 
workspaces.  Motivating this research is a tele-operated 
surgical manipulator(s) supported by autonomous robot(s) that 
insert/remove items from the surgical workspace. The dynamic 
and unpredictable location of obstacles in a small workspace 
requires a complete strategy to avoid collisions when 
completing critical tasks and minimizes the need for user (i.e. 
the surgeon) intervention to make path planning decisions or 
resolve impasse situations. Three techniques are integrated into 
the decision-making for the manipulators: an intelligent and 
intuitive EEF velocity scaling, coordinated null-space 
optimization across affected manipulators, and collision 
detection.  Central to all three techniques is an estimated time-
to-collision formulation that combines distances between 
objects with their higher order properties, thus only objects 
currently moving towards each other are included in the 
collision avoidance techniques. The use of multiple techniques 
derived from the terms of a single metric results in a 
computationally efficient strategy for tele-operated and 
autonomous manipulators sharing the same workspace. 

I. INTRODUCTION 
URGEONS and scrub nurses complete varied and complex 
interactions that occur in rapid succession and in close 

proximity to the surgical site.  The generally higher priority 
of tasks completed by the surgeon is understood, and yet the 
surgeon will inevitably shift his elbow, move to right, or 
even modify the orientation of his hands (task permitting) if 
the scrub nurse needs additional space to complete his 
prescribed task.  The scrub nurse must be able to retrieve 
items from various locations around the surgical site and 
then present them into the surgeon’s field of view from a 
direction that does not impede his vision and allows him to 
easily interact with the new items.  In other words, the 
doctor and nurse must perform a continuous negotiation of 
how to share the limited workspace to complete a set of 
critical, unstructured tasks without collision or impasse.  
 There is a large body of body of work in robotics focusing 
on a manipulator’s ability to complete tasks in cluttered, 
dynamically changing environments while avoiding 
collisions.  Research topics in this area can be generally 
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categorized as exploiting the null-space motion of redundant 
systems [1][2][3], etc., collision detection [4][5][6], off-line 
path planning [7][8], real-time path alteration [9][10], 
computational efficiency [11][12], self-collision [13][14], 
mobility [9], and human machine interaction [15][16]. 
Additionally, for tele-operated systems, researchers have 
evaluated virtual fixtures to assist the operator in avoiding 
collisions and/or target acquisition for the end-effector 
(EEF) [17][18]. 
 

 
Fig. 1.  An example of a surgical and nurse (support) manipulator in the 
compact surgical workspace. 
 
 Yet the application targeted in this research – tele-
operated and autonomous manipulators sharing a small 
workspace – creates a unique subset of requirements that 
must be completely addressed by the collision avoidance 
strategy: 
 
• Autonomous support manipulators must avoid not only all 

collisions, but also erratic motions that may lead the 
operator to suspect an imminent collision and delay a 
critical task. 

• Autonomous support manipulators need to behave in an 
intuitive manner slowing down as they approach the 
surgical arms and moving away quickly when a task is 
done in order to free the workspace from obstacles and 
quickly prepare for their next task. 

• In an enclosed workspace, the autonomous support 
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manipulators will need to perform tasks to either side of 
the surgical workspace and approach the workspace 
with items from different entry locations as directed by 
the operator. 

• The manipulators must be able to exchange tools or items 
in either direction in the compact workspace. 

 
 Some researchers have addressed aspects of these 
requirements in their research.  Khatib [19] effectively 
applied a framework of conceptual elastic strips to an 
autonomous multi-robot workcell which added a reactive 
component to each robot in the workcell.  He additionally 
showed how manipulator velocities could be tuned as a 
conflict resolution strategy. Although the proposed methods 
are effective for fully autonomous workcells, it may lead to 
unexpected motions and other unpredictable behaviors due 
to the high priority, tele-operated presence in the compact 
workspace (in contrast to the examined workcell in [19] 
where workspaces temporarily overlapped).  Dubey [20] 
demonstrated sensor and model based velocity mapping to 
dynamically optimize the command ratio between a master 
and slave arm to perform a tele-operated docking task 
involving a single manipulator. Additionally, [21] developed 
a velocity-bounded collidability metric implemented in a 
dynamic control law potentially useful in compact 
workspaces since it “reduce[s] the magnitude of the obstacle 
avoidance action considerably, especially when manipulator 
links move away from obstacles.”  

II. KINEMATIC FRAMEWORK 
 
Thomas and Tesar [22] developed the Kinematic 

Influence Coefficients (KICs) representation for mapping 
system input to output parameters. KICs are useful for 
succinctly modeling multi-robot systems. The first order 
KICs (G functions) map the first derivative of joint angles 
with respect to time to the EEF velocity through the 
relationship 
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where θ is the joint position of the system, P is the output 
parameter and 

PG⎡ ⎤⎣ ⎦  is commonly known as the Jacobian 

and the matrices 
( )p PG⎡ ⎤

⎣ ⎦
and 

( )jk PG⎡ ⎤
⎣ ⎦

 are the translational 

and rotational specific elements respectively. The second 
order KICs are referred to as H functions, which map the 
first and second derivatives with respect to time of the joint 
positions to the second derivative of the output parameter 
through the relationship 
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KICs are only a function of θ , meaning that they are 

determined only by the instantaneous geometry of the 
system and are equivalent for any time derivatives of θ . 

Harden and Tesar [3] describe a modeling system for 
manipulators using cylisphere primitives – cylinders with 
spherical ends created by sweeping a radius around a line 
segment. Distance calculations between these primitives are 
compact and efficient requiring only the computation of a 
distance between two line segments. Using this primitive, 
the first order time derivative of the distance between two 
cylisphere primitives i and j (referred to as the closing 
velocity) between links on two moving manipulators can be 
described as 
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where ( , )i jd  is the distance between the primitives, 

( , )i j
diG⎡ ⎤⎣ ⎦  and ( , )i j

djG⎡ ⎤⎣ ⎦  are the KICs for a given primitive 

pair ( ),i j , θ is the joint position for the manipulator 

associated with primitive i and φ is the joint position for the 
manipulator associated with primitive j.  

 If we then define the witness points 
( , )i j
iW  and 

( , )i j
jW  to 

be the endpoints of the line segment representing the 

smallest distance between two primitives, then ( , )i j
diG⎡ ⎤⎣ ⎦  and 

( , )i j
djG⎡ ⎤⎣ ⎦  can be defined as the product of the translational 

set of KICs relative to these witness points on each primitive 

and a unit vector, ,
ˆ

i jd , that points from 
( , )i j
jW to 

( , )i j
iW . 

This means that  
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The matrix ( )ip WG⎡ ⎤⎣ ⎦  is the set of translational KICs that 

relate the system inputs to the witness point on the ith 

primitive, and ( )jp WG⎡ ⎤
⎣ ⎦  is the set of translational KICs that 

relate system inputs to the witness point on jth primitive. 
Similarly the second order time derivative of distance 

between primitives i and j can be written using first and 
second order KICs as 
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The derivations for the second order KICs are presented in 
[23] and an efficient method of determining KIC values in 
general is presented in [22].  

III. ESTIMATED TIME-TO-COLLISION FORMULATION 
 
It is now possible to formulate first and second order 

instantaneous estimates of the time-to-collision using the 
kinematic framework outlined in the previous section.  It can 
also be inferred from the complexity of (6) that estimates 
based on even higher order approximations of the system 
will be computationally infeasible.   

For a first-order approximation assuming an initial 
distance 0d  , the distance as a function of time is  
 ( ) 0d t vt d= +  (7) 

Substituting in the current values for ( , )i jd  and ( , )i jd� , a 

first order instantaneous estimate for time-to-collision 
between two primitives can be written as 
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Substituting the KIC relationships between the inputs and 
the distance primitive pair (i, j) outlined in the previous 
section, we see that 
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This metric can be used as direct substitute for ( , )i jd  in 

distance-based obstacle avoidance techniques. Like distance 
and other metrics proposed in the literature, this metric will 
approach zero due to an impending collision. However, the 
inclusion of the closing velocity in the calculation of the 
metric gives a more accurate representation of the current 
obstacle avoidance state for the system as it includes 
information both about the distance between manipulators as 
well as an approximation of how quickly the distance is 
closing, allowing an algorithm or human operator to 
distinguish between critical and non-critical distance pairs. 

Similarly we can formulate a 2nd order estimate of the 
time-to-collision. Given an initial velocity 0v  and constant 
acceleration a , the distance as a function of time is 

 ( ) 2
0 0

1
2

d t at v t d= + +  (10) 

With the knowledge of current values for ( , )i jd , 

( , )i jd� and ( , )i jd�� , a second order instantaneous estimate for 

time to collision between two primitives can be written as 
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which is completed by substituting in equations (3) and (6). 
It is clear that (11) is computationally expensive and yields 
two solutions which will require further evaluation.  For 
example, complex conjugate solutions imply that, although 
the manipulators are currently approaching one another, they 
are accelerating at a sufficient rate away from one another to 
avoid collision. A potentially more relevant concern will be 
the numerical stability of the ( , )i j

diH⎡ ⎤⎣ ⎦  term containing 

primitives associated with a tele-operated manipulator, since 
the start/stop nature of tele-operated surgical motions may 
lead to large and varied changes in the velocity of a 
primitive on one manipulator relative to a primitive on 
another manipulator. 

IV. INPUT JOINT VELOCITY SCALING 
 
Velocity scaling only occurs in manipulators with the 

lower priority in a given scenario (i.e. the scrub nurse robot). 
Thus we can only modify the impact its velocity has in order 
to maximize the time-to-collision when necessary.  Thus, if 
one manipulator is stationary, (9) reduces to 

 ( , )
( , ) ( , )

i jest
i j i j

di

d
t

G θ
= −

⎡ ⎤⎣ ⎦
�

 (12)  

and (11) reduces to 
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Let ( , )

est
i jT be the set of all estimated time-to-collisions ( , )

est
i jt  

for all primitive pairs between manipulators, and mint  be the 
specified minimum allowable time-to-collision. If we then 
define ( , )

est
I Jt  as the smallest estimated time-to-collision in 

the set ( , )
est
i jT then  
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We can than calculate the ratio between mint  and ( , )

est
i jt  as 
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where θ� is the initial joint velocity of the system and θ′� is 
the required velocity to maintain the minimum time-to-

collision mint . Using this relationship θ′� can be calculated 

from θ� as 

 ( ),

min

est
I Jt

t
θ θ′ =� �  (16) 

This result allows a joint velocity θ� to be scaled to an 

alternate joint velocity θ′� , using the smallest estimated 
time-to-collision metric of (8), which will maintain the user 
specified minimum time to collision mint . 

Because the instantaneous mapping of joint velocities to 
velocities in task space is linear, a similar relationship can be 
written for end-effector velocity scaling. 

V. NULL SPACE OPTIMIZATION 
. There are two key advantages to using a criterion 

derived from ( , )
est
i jT when exploiting redundancies in the 

manipulator system. 
• They account for implicit directionality when 

attempting to find a direction around an obstacle.  In 
other words, by including the higher order properties 
of  ( , )i jd , we can better choose joint configurations 

taking into account whether our motion is towards, or 
away from, the obstacle. 

• Although computationally expensive, ( , )
est
i jT  is already 

calculated in order to perform velocity scaling, even 
if the metric’s effectiveness is similar to others in the 
literature. 

Many methods exist for searching a redundant 
manipulator’s null space in order to optimize for obstacle 
avoidance and other metrics [2][3][19].  For example, [3] 
demonstrates a simple direct search method that maximizes 
the distance between manipulator and environment 
primitives in tandem with other performance objectives, 
such as avoiding joint limits. One described metric takes the 
form of an aggregate of inverse distances, and can be 
referred to as the Average Reciprocal Minimum Distance, or 
ARMD, which is defined by 

 
 

( )1 1 ,
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i j i j
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MN d= =
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where M is the total number of manipulator primitives and N 
is the total number of environment primitives. 

Because the estimated time-to-collision metrics in (12) 
and (13) exhibit the same properties as the distance metric, it 
can be substituted into (17) resulting in the Average 

Reciprocal Estimated Time-to-Collision criterion, or ARTC. 
 

1 1 ( , )

1 1M N

est
i j i j

ARTC
MN t= =
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Because this criterion works to maximize the estimated 

time-to-collision, it will give more efficient results than 
those obtained from ARMD. In other words, movements 
within the null space which cause primitive pair distances to 
increase at a high rate of speed are given a higher priority, 
which is not true in criteria based only on distance. This 
distinction is especially important in manipulators with 
many extra degrees of freedom, where more complex 
movements are possible and more easily managed. 

VI. COLLISION DETECTION 
The third leg of the proposed collision avoidance strategy 

is a final check for collisions in the system, which can be 
simply stated as ( ) min,i jd d≤ for all ( ),i jD  where ( ),i jD  is 

the set of all primitive-to-primitive distance calculations and 

mind is a user specific allowable approach distance. 
Due to the compact workspace and the close proximity of 

the manipulators, the low resolution cylisphere model must 
be replaced with a high resolution geometry model for 
collision detection.  In practice, these models are derived 
from the CAD models of the system components and the 
collision detection algorithms are run in a separate 
computational process than the robot decision making 
system as an additional factor of safety. [24] 

VII. IMPLEMENTATION AND SIMULATION 
 
The presented techniques for input velocity scaling, null 

space optimization and collision detection were simulated in 
a multiple manipulator workcell. The manipulators are fixed 
with base locations very close relative to their workspace 
volumes, presenting many opportunities for collision. Both 
manipulators are Mitsubishi PA10-7C seven degree-of-
freedom serial robots as shown in Figure 2. The left 
manipulator, representing an autonomous support (i.e. 
nurse) manipulator, was directed along the path shown in the 
Figure 2. The other, referred to as the priority (i.e. surgical) 
manipulator is thus approached by the support manipulator 
representation of a task where an item or tool is exchanged. 

During the simulation, the end-effector velocity of the 
support manipulator was scaled to maintain a minimum 
estimated time-to-collision between the manipulators. At the 
same time, both manipulator configurations were optimized 
within their null space in order to avoid collisions. The 
performance criterion used for the optimization was the 
Average Reciprocal Estimated Time to Collision metric 
presented in the previous section.  The simulation was 
completed using UTA’s Operational Software for Advanced 
Robotics (OSCAR) [25][26] and Roboworks [27] for 
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visualization.  The simulation path was selected to 
demonstrate all three techniques during a single task. 

Fig. 2.  Initial configuration and cylisphere model for each the manipulator 
workspace.  For this simulation, the left PA-10 is considered the surgical 
(priority) manipulator. The arrow represents the approximate path the nurse 
manipulator will follow to as it approaches the priority manipulator’s EEF. 

 
Because the current movement of the priority manipulator 

is unknown to the support manipulator, the formulation of 
estimated time-to-collision that assumes static environment 
obstacles was used for optimizing the supporting robot’s 
configuration. Once the velocity state of the support 
manipulator is calculated, the combined kinematic 
information was then used to determine the movement of the 
priority manipulator. 

 
Fig. 3.  Impact of ( , )

est
I Jt on the magnitude of the support manipulator’s EEF 

velocity during the prescribed path.  Configurations at the time stamps 1-4 
are illustrated in Figure 5.  

 
When the prescribed path brings the nurse manipulator’s 

EEF near the elbow of the priority manipulator, the effects 
of both velocity scaling and obstacle avoidance via self 
motions in the surgical manipulator are observed, 
automatically preventing a collision while maintaining the 
end-effector position and orientation of the priority 
manipulator.  The velocity scaling and relative values of the 
null space metric are shown in Figures 3 and 4. Note the 
oscillations in ( , )

est
I Jt  were due to switching between witness 

points in the minimum distance calculations. Practical 
experience demonstrated this was not an issue when the 

( , )
est
I Jt was small enough to warrant EEF velocity scaling. 

A second opportunity for collision occurs as the end-

effectors approach each other at the end of the prescribed 
path. Since the complete position and orientation 
information for both end-effectors is specified, null space 
optimization can not prevent the collision (in fact, if the task 
is to exchange an item or tool, a ‘collision’ is the desired 
outcome of the move). Instead the end-effector velocity is 
scaled as the EEFs approach one another after the user 
defined minimum estimated time-to-collision boundary is 
violated. At this point the velocity of the support 
manipulator was slowed, causing the estimated time to 
collision to stay constant despite the decreasing minimum 
distance between the manipulators. Because the minimum 
distance between the manipulators is calculated within the 
estimated time to collision metric, it can easily be monitored 
preventing an actual collision. 

In reality, this collision pair may be exempted from the 
final check if the task dictates an interaction. Additionally, 
because the velocity of the support manipulator will be 
continuously decreasing due to velocity scaling, the halt 
command will be the final step of the velocity profile that 
approaches zero, preventing a sudden jerk due to the 
emergency stop. 

 
Fig. 4.  The value of the null-space optimization metric ARTC for both 
manipulators during the prescribed path. 

 
Another positive aspect of this velocity scaling technique 

is that it accounts for the directional aspect of the obstacle 
avoidance problem. If the support manipulator starts a short 
distance away from the surgical manipulator and its end-
effector is commanded to move in a way that decreases this 
distance, the estimated time-to-collision will be small 
causing the scaling algorithm to slow the movement and 
maintain safety within the workcell. Reciprocally, if a 
command increases the distance, the constraint imposed by 
the user specified minimum estimated time-to-collision will 
not be violated and the manipulator will be allowed to move 
away at full speed. This intuitive behavior would not occur 
with an obstacle avoidance metric based solely on scalar 
distance between the manipulators which did not include its 
higher order properties. 
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VIII. CONCLUSION 
This paper reviews several techniques that allow multiple 

robots – tele-robotic and autonomous – to avoid collisions 
and impasse scenarios when working in a compact 
workspace.  Of particular interest is a workspace that 
contains one or more arms tele-operated by a surgeon that 
are supported by one or more supporting manipulators that 
transport tools and supplies to and from the surgical site. 

These techniques were then presented in a simple 
workcell that contained two 7DOF manipulators with their 
bases fixed in close proximity.   A simple task was then 
selected that demonstrated all three proposed techniques 
(velocity scaling, null-space optimization, and collision 
detection) all using the single metric that estimates the time-
to-collision between manipulators in the workcell. 

 
Fig. 5. Representative workcell configurations at four key instances noted in 
Figure 3. 

 
The path and configurations shown in this simulation 

provide a clear visualization as well as performance data 
which illustrate salient aspects of the algorithms.  These 
methods will further advance our goal of an operating room 
where the patient is the only individual in the room.  
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