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An Analysis of the Operational Space Control of Robots

Ngoc Dung Vuong, Marcelo H Ang Jr, Tao Ming Lim, Ser Yong Lim

Abstract— Theoretically, the operational space control
framework [1] can be regarded to be the most advanced control
framework for redundant robots. However, in practice, the
control performance of this framework is significantly
degraded in the presence of model uncertainties and
discretizing effects. Using the singular perturbation theory, this
paper shows that the same model uncertainties can create
different effects on the task space and joint space control
performance. From the analysis, a multi-rate operational space
control was proposed to minimize the effects of model
uncertainties on the control performance and while
maintaining the advantages of the original operational space
framework [2]. In this paper, we present a stability analysis of
the multi-rate operational space control framework using the
Lyapunov’s direct method.

1. INTRODUCTION

Generally, most operational space (or task space) control
approaches relate to directly closing the control loop in
the operational space. Task space commands from the
operational space controller are then translated into joint
space commands through kinematic transformations.
Operational space control approaches can be divided into
three groups based on the way they handle the redundancy
[3]. The first group resolves the redundancy at the velocity
level [4-5] while the second [6-7] and the third groups [1]
are based on the acceleration. The main difference between
the second and the third group is whether the task-space and
null-space are ‘“kinematically” (second) or dynamically
(third) decoupled. Because of the dynamically decoupling
property, the third approach sometime has been referred as
the force-based operational space control [3].

Theoretically, the force-based operational space control is
one of the most advanced control framework for redundant
robots. One main reason is because it uses the system’s
inertial matrix to weight the pseudo-inverse solution. Thus,
the solution provided by this framework is an optimal
solution since the instantaneous kinetic energy is minimized
along the path [8]. In other words, the force-based
operational space framework provides a natural choice to
decouple the task-space dynamics from its internal (or null-
space) dynamics. In order to address the nonlinear effects
due to the link inertia, the gravity and so on in task space,
Khatib introduced the concept of task-space dynamics [1].
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He also suggested a model-based PD controller to achieve
asymptotical performance. It is worth noting that this
asymptotical performance is only valid when the robot
model is accurately known and the controller is continuously
implemented. However, the assumption of perfect
knowledge is always violated in practice, and therefore the
control performance can be significantly degraded due to the
imperfect model as has been experimentally shown in [2-3].
In order to overcome this uncertainty issue, a number of
approaches such as robust control approaches, adaptive
control approaches and so on, have been proposed in the
literature.

This paper looks at the model uncertainty issue from a
different aspect: a multi-rate operational space control [2].
This approach has also been referred to as the inner-outer
loop approach in the literature although the initial motivation
is different. One of the main initial motivations for the inner-
outer loop approach comes from the fact that most of the
industrial robot come with a motion controller at each joint
[9]. As a result, the task-space commands can only be
realized by creating an outer loop in the operational space.
On the other hand, the motivation in our case is the
inadequate performance when we implemented the
conventional operational space controller [1] on our
experimental platform, the Mitsubishi 7-degree-of-freedom
(DOF) (from now on, the force-based operational space
control introduced by Khaib [1] will be referred to as the
conventional operational space control). One explanation for
this poor performance is the inaccuracy of the task space
inertial matrix [3].

It is also worth noting that the subject of model uncertainties
in control has received a considerable attention from the
research community. For example, Qu [10] proved that the
continuous PD computed-torque is robust with respect to the
unknown dynamics. Moreover, the stability of the error
system can be made asymptotically stable with a finite-high
control gains if the static balancing torque is known. In
practice, however, the control gains have been shown to
have upper limits due to the presence of model uncertainties
and discretizing effects [11]. So far, it is not known whether
these upper limits of the control gains can have any adverse
effects on the control performance. By analyzing the closed-
loop systems of two control schemes (the digital PD joint
space computed-torque control and the digital PD task space
computed torque control), we provide a detailed explanation
why the theoretical more advanced force-based operational
space control cannot perform well in the presence of model
uncertainties.

Based on the above analysis, a multi-rate control structure



which was proposed in [2] is reviewed in the next section.
Note that this control structure is not new in the sense that it
has been mentioned in some previous works such as [9, 12-
13]. The contribution here is that the feedback linearization
concept has been shifted from the operational space [1] into
joint space in order to minimize the effects (if possible) of
the model uncertainties. Details of the multi-rate control
structure are given in section 2-3. It is also important to
point out that in most of the previous works, the robot model
is either perfectly known [12] or ignored [9, 13]. As a result,
the performance of the inner-loop can be degraded if the
nonlinear effects of the robot model are significant.

The main contributions of this paper are as follows:

- An explicit explanation on how the model uncertainties
affect the control performance of the force-based
operational space control.

- An analysis on the stability of the multi-rate operational
space control framework under the presence of model
uncertainties.

- The multi-rate operational space controller and its stability
are verified experimentally.

The rest of the paper is presented as follows: firstly, the

discrete high-gain computed-torque controls are analyzed by

the singular perturbation theory. Next, the multi-rate
operational space control is reviewed and finally, the
stability of the proposed controller is given using

Lyapunov’s direct method.

II. COMPUTED-TORQUE CONTROL FOR JOINT SPACE AND
TASK SPACE: AN ANALYSIS

A. High-gain computed-torque control
The following discussion is motivated from [11]. Consider a
simple rigid dynamic model of an n-DOF robot (without
gravity and joint friction) in joint space and task space:
Ag+C(¢.9)=T (M
A(X)X+ pu(x,x)=F 2)
where ¢ and x are the generalized coordinate, I"and F are

the generalized force in joint space and task space
accordingly. For simplicity, let us only consider non-
redundant robots at singular-free configuration in this
section. The relationship between the joint space dynamics
and task space dynamics can be stated as follows [1]:

A=J7T4J"! 3)
u=J"C-AJg “
r=J'F (5)

Consider the two set-point PD computed-torque controllers
in joint space and task space as follows:

l":lzluq+CA':/AI(—k‘,qq+kW(qd—q))+(:’ (6)
F:/A\ux+/}:[\(—kmx+kpx(xd —x))+/} @)
where g, and x, are the desired set point, k, .k,  are the

control gains and A,C,A and fi are the estimated/identified

dynamic model of the robot. The closed-loop equations in
joint space and task space become:
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j= —gi A'4s, - A'Ci= —ELA_][A\S‘, A (8-9)
q x
where:
k k
kvq = L,O!q - ﬂ’kvx — i,ax __rx
g, k,, e, k, (10-11)

s, :q—aq(qd —q),sx :)'c—ax(xd —x)
After introducing a fast time scale 7=7/¢, the joint space
and task space closed-loop system become:

da_, dx _
ar ! a (12-13)
ds " ds

d—::—A"/Alqurgq(aqq'—A"é) df;:—/\"/A\sX-#sX(aYX—A",D)
At high-gain ie. ¢, —0, (12-13) reduces to the fast

reduced subsystem by the singular perturbation theory [14]:
&: —A'4s, =-Q s and s, _ ~A'As, =—Qs. (14)
dr ¢ 7 dr g o

Note that the inertia matrices A4,Aare always positive

definite, thus if the estimated/identified inertia matrices

A, A is also positive definite (please refer to [15] for detailed

discussion on how to obtain an positive definite inertia

matrix), the eigenvalues of {Qq,QX}will be all positive

[16]. As a result, s,

discussed in [11].

As is seen from above analysis, as long as the control gains
can be increased, the effects of the model uncertainties (12-
13):

and s tend to O exponentially as

D =ag¢-A'C
q q (15)

D =ai-A"j
on the close-loop response can be made arbitrary small and

the behavior of the closed-loop systems (8-9) can be defined
by adjusting «, and «,. Practically, because the control

laws (6-7) are usually implemented using digital computers,
thus, the control gains will have upper limits as discussed in
[11] and section IV of [17]. This observation raises a
question on how these gain’s limits restrict the response of
the closed-loop systems (8-9) in practice.

B. Discrete high-gain computed torque control

Before discussing the effects of the discrete high-gain
computed-torque control in joint space and task space, let us
summarize the question in hand again:

(i) Assume that we have an identified dynamic model of
the robot in joint space (21,6‘ ). The equivalent task space
dynamics can be obtained using (3-4).

(i1) Let the task in joint space and task space be exactly
the same ie. x, =F,,(q,), where F,, is the forward

kinematics of the robot. In addition, let us assume that the
kinematics model is accurately known.

(iii) Let the control laws (6-7) be digitally implemented
with the same sampling period 7, and assume that the
control gains are chosen high enough so that the closed-loop
systems can be approximated by (14).

The question we are interested in here is how the responses



of the closed-loop systems (12-13) will be.

Let us first consider the following Lemma:

Lemma 1: Under the above assumptions (i, ii, iii), the upper
limits of the control gains of the joint space and task space
controller (6-7) are the same.

Proof: note that (14) can be rewritten as follows:

ds N 0 1 0
Boo gids, o472 Tl (16)
dr T dt| g 0 -a,|lq A Au,

) 0 1 0
Ly e L N (17)
dr Yoodt|x] |0 —a, || x| | ATAu,

The discrete forms of the above equations, under the
assumption that the computation time of the control law is
negligible, are:

1 a1 R ]
{q[kﬂ]}:L a—q(l—e ,T)Q, = (1= -a,1)0, {q[k]}(lg)

) R 1]

< Qlk+1]= @, 0[k]

q

and

i(l—e’“ -aT)Q, %(1—6“ -aT)Q,
[x[kﬂ]}: 1|a, a’ [x[k]}(lg)
He+1]] e, (e”’*T—l)QX ai(ew‘rfl)gx x[k]

o X[k+1]= CD_XX[k]
where Tis the sampling period. Substitute (3-5) into Q_

leads to:
Q =A"A=J4"4)"=JQJ" (20)
Thus, @ _can be rewritten as:
1 > 1 .
. _[J o} | Z(l—e "-aT)Q, a—f(l—e "-aT)Q,
o J] e, i(efa\l‘ 71)911 20

(e -1)Q, ”

x

{J OT [J 0}, [J 0}"
= O]
0 J 0o J] ‘10 J
Note that by similar matrix property, ®_ and ® , have the

same set of eigenvalues [16]. Because the stability of (18)
and (19) can only be guaranteed if and only if the
eigenvalues of @ and @, are inside the unit circle [18] (this

is where the upper limits of the control gains occur), (21)
implies that the upper limits of the control gains for both
systems are the same. [

From Lemma 1, it is clear that the responses of the closed-
loop systems (12-13) will now depend on how significant
the disturbances (15) are. The reason is because ¢, cannot

be arbitrarily reduced to zero to eliminate the effects of the
model uncertainties, as in the continuous case.

To see the effects of model uncertainties on the closed-loop
systems (12-13), let us further expand the disturbance terms
(15):

D,=aq4-A4"'C (22)

D, :ax)'c—/\"/}:J(axq—A’IC)+(I—JA",:IJ’I)Jq (23)
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As is seen, the joint space closed-loop system (12) is
disturbed by (22) and the responses can be transformed to
the operational space using the kinematics relationship
between the joint space and task space. However, if the
control is done in task space, the closed-loop system (13) has
to cope with the disturbance (23) which is the result of the
joint-space disturbance (22) multiplied by the Jacobian.
Moreover, the uncertainties of the inertial matrix also appear
as an extra term in the disturbance equation (23). As a result,
if the kinematics model of the robot happens to magnify the
modeling errors, the control performance of the task space
controller (7) can be much worse than the one in joint space
(6). The main reason is because the control gains cannot be
further increased to compensate for the model uncertainties.
To verify the above observation, let us consider the
simulation of a 1-DOF robot as shown in Figure 1:

y m=20kg) y=Isin(q),J =/cos(q)

0.1(m) .
A=1I_=27.68,4=66.7
C=0,=0
T=0.001(s)
q=r/6y, =1

I=2(m)

Figure 1: One-DOF arm

For simplicity, let us choose the control gains k,,k, as
(Hurwitz polynomial):

24

1 1
k, :ZW:f,kp =w=a—
£ £

The control laws for joint space and task space are (6) and
(7) accordingly. Based on the above discussion, the upper
limit of the control gains is w < 200 for both joint space and
task space. Figure 2(a) shows the response of the joint space
controller (6) for some w (the responses in task space are
similar as the previously proved). This simulation was done
using SimMechanics Toolbox® under MatLAB/Simulink
environment. Clearly that when wis near to the theoretical
unstable value (200), chattering occurred. In order to
evaluate the control performances, the difference between
the task space responsesy, =y, —y, is plotted in Figure

2(b). Here, y, =Isin(q)is the response of the controller (6)
and y_ =/sin(g) is the response of the controller (7). As is
seen, the difference y,tends to be negative which implies
that the overshoot of y, is less. In other words, under the

same control gains (the maximum gains that the discrete
high-gain system can take), the PD joint space controller (6)
provides a better response in comparison to the task space
cc;tgtroller .

0.005 —
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=170
06 ol
- I w =150
W

3 H)M i | -unnsl ‘\y"‘

= 001

=03 I

| i
“_‘ 2015
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time(s)
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Figure 2: System responses with various gains



In conclusion, the analysis on this section indicates that for
an inaccurate identified robot model, it is better to use this
dynamic model in joint space rather than task space unless
one can guarantee that the disturbance in (22) is much larger
than the one in (23).

III. MULTI-RATE OPERATIONAL SPACE CONTROL

As discussed in the previous section, if the “joint space
disturbance” (22) is smaller than the “task space
disturbance” (23), the computed-torque control should be
done in the joint space to minimize the effects of model
uncertainties on the control performance. A natural question
should be raised is how to get the joint space commands
from tasks which are specified in the operational space. As
point out in [19], the inverse kinematics approach has
several disadvantages such as it ignores the robot dynamics
and the complexity is significantly increased for redundant
robots. On the other hand, the operational space control
framework [1] is supposed to take care of the robot
dynamics and dynamically decouple the null space from the
task space. To maintain the advantages of the operational
space framework and still minimize the model uncertainties
on the control performance, the following multi-rate
operational space control has been proposed [2]:

- Quter loop: the operational space command force is
computed as in [1] using the identified dynamics model as a
reference [2]. This task space command is then applied to the
joint space identified model to get the joint acceleration
command:

4, =7 (u,~Jq)+(1-T7) 'z, (25)
u, =%, +K, (%, —%)+K,(x,—x) (26)

where K, , K, is the control gains in task space, and:
J=ar(sar) 7)

It is worth noting that (27) is actually a inertia-weighted
pseudo-inverse at the acceleration level [8]. Thus, equation
(27) will give a joint space response with respect to a task
space command {X,,x,,x,} through the identified dynamic

model A . In other words, the purpose of the outer loop is to
“transform” the task space command to the joint space
command using the identified dynamic model. The output of
this outer loop is then realized by the PI computed-torque
control at the inner loop as below.

- Inner loop: a P computed torque controller is used to
control the joint velocity of the robots. The use of the
dynamics model here will enhance the performance as in
[15]. The input of this controller is the reference joint
velocities. The controller can be stated as:

Fz/]uq+é+§+f" (28)

29

Fric
u, =G, +K(q,—d)+K, [ (G, -t
where K, K, are the control gains in joint space.

The desired joint velocity g, can be obtained by integrating
the desired joint acceleration (25):
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1+ At

qe+an, 2 [ (o), dt

t

with the initial condition as the current {q,q} . Clearly, if the

(30)

inner velocity control loop is able to bring the manipulator
from the current state {G(¢),q(#)}to {q(t+At),q(t+ At)}

after Ar (sec), the behavior of the robot will be exactly
determined by the identified dynamic model as depicted in
Figure 3. Because the assumption that the inner velocity
control loop can change the system states in Af(sec) is
usually violated in practice, an outer loop, which is the
force-based operational space control, is always necessary to
ensure the task space performance.

The efficiency of the proposed multi-rate operational space
control has been experimentally verified on the Mitsubishi
7-DOF PA10 manipulator as described in the following
section.

A. Experiment testbed

The proposed controller has been implemented on the
Mitsubishi 7-DOF PA10 manipulator. In order to achieve
real-time torque control capability (which is necessary for
the inner-loop controller), the original controller of the PA10
has been replaced by our custom controllers. QNX®
Neutrino Real-time Operated System (6.3) has been used to
implement the above multi-rate control laws as depicted in
Figure 3. Note that because the robot is redundant, the
following simple null-space controller is used throughout
this paper:

Tyur = —K,pg=VV, (31

1
=500, (32)

where ¢q,,, is some preferred joint configuration.

{X,X,IX,F}

desired

T SKHz _ . _._. - |
1 ! : 1
1
Operational | F r T ! Computed- i |
C o 9] 1 T.
space X Igorwar'd ——pitorque —>| Robot |
control YNAMICS W jesirgaloontrol ! '
1 |
A A INull- ; :
Space 4
control
4> Foner
X Forward
kinematics

1KHz nr
Figure 3: The proposed controller: (dot frame): outer loop, (dot%dl‘;h
frame): inner loop -

B. Experiment results

In order to evaluate the control performance, the end-
effector of the manipulator was commanded to move 0.2
meter in the y-direction of the base frame in 2 seconds from
the same initial configuration (Figure 4a) using two different
controllers: (I): the conventional operational space control
introduced by Khatib [1] and (II): the proposed multi-rate
operational space control. Both controllers has been tuned
the first sign of instability appears i.e. chattering occurs at
any control variables.
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Figure 4: (a) Experiment setup. (b) Tracking error in x-direction. (c)
Tracking error in y-direction. (d) Tracking error in z-direction.

As is seen in Figure 4, the tracking performance of the
conventional operational space control (I) is poorer than the
one using the proposed controller (II). One explanation as
discussed in section 2 is because the modeling errors, such
as inertial parameters and joint frictions, are magnified
through the Jacobian as in (23).

IV. STABILITY ANALYSIS OF THE MULTI-RATE OS CONTROL

The discussion from section 2 and the experimental results
from the previous section is consistent in justifying the
usefulness of the proposed multi-rate operational space
controller over the conventional one. However, it is still
necessary to investigate the stability of the proposed
controller, at least for the continuous case. It is important to
stress that the stability analysis in this section only serves as
a necessary condition for the usefulness of the proposed
controller because we do not account for discretizing effects,
signal noise and so on. If the control law is digitally
implemented, the performance of the closed-loop system
will now depend on how high the control gains can take as
discussed in section 2. Note that only a sketch of proof is
given here due to the limited space.

A. Problem statements

Consider the rigid dynamic model of an n-DOF robot as
follows:

A@i+C4.q)+8(@)+ g, +Dp =T (33)
where {4,C,g,D,} are inertial matrix, Coriolis-
Centrifugal, gravity, friction torque and unknown

disturbance in joint space. By applying the control law (25-
29), the closed-loop control becomes:

¥+ K, 5+ K,%=Jw

Wt A AK+ AT AK,z = A7 A, + AH

Z=Ww

(34
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i 0 1 0 0 i
d| x| |-k, K, —JAAK —JAAK, X
Ta B 0 0 —aAK-ACoad M- AK A K, —ad'C|
zJ Lo o0 1 0 z
0
JA 4G, +JATH
" (A'C+ad ' d)iv+(-ad 'C)z+ A" AG, + A'H (35)
0
SX=QX+B (36)
where:
¥=i, -ix=x,-%F=x,-x
W:q;:q.d*q.s";"zézqd*q (37)

I'N[:C“’g"'rmc"'Dr_é_‘é_f‘mf
Here, we are interested in the stability property of the
[ & % z] =[0 0 0 0] of the
nonlinear system (34). Note that there are extra terms (
—A"'C—aAd'A— A'K ) in the o matrix, and they have been
canceled out later in vector B . The purpose of these terms is
to simplify the analysis for the nominal system as shown in
the next section.
To analyze the stability of (34), we adopt the methodology
proposed by Khalil [20], that is:
- Firstly, the asymptotic stability property of the nominal
system X = QX is studied.

- Next, the solution of the overall system (34) is shown to be
uniformly ultimately bounded.

equilibrium

B. Stability of the nominal system

Consider the following Lyapunov function candidate
inspired by [10]:

V=X"PX (38)
where:
K, I 0 0
pol 10 0 39)
200 0 4 ad
0 0 ad aK+a’4

is positive definite when kv >1,k >0, > 0. The derivative
of V' is (after making use of the skew-symmetric property of
the inertial matrix X7 (/l -c-C" )X =0):

17K, 0 JAAK JATAK, |5

. x K, K, -1 {A”AK JA:'AK, )E —_xTox (40)
wilo 0 AK+K 4K, |[W
2o 0 adk  adk, |LF

After some manipulation, it can be shown that Q > 0 when:
kp>0,kv>A/4kp+1,1>a>0
(17 2)(kp + kv =1 = Jkp® + (kp — kv + 1)*)

> (a +Dk2k} 1 (1+ (1+a2)47\/(1 +(1+a®)A) —4a’l)
where A =4

‘min

(41)

(121) is the smallest eigenvalues of A . Assume
that the induced norm of the Jacobian is bounded by
| J|<k, then k, =k,A (A", (21). As is seen, if the

control gain kis fixed (i.e. after the inner-loop control is



tuned), (41) can always be satisfied by increasing the task
space gains {kp,kv}. As a result, the nominal system

X = QX is exponentially stable because:
V=-X'0X <20 (Q) | X |, 4 (Q) > 0

‘max ‘max

(42)

C. Stability of the overall system

Because the disturbance B is a function of joint position and
acceleration, using the similar approach as in [21], it can be
shown that:

Bl + &I X I+ X (43)
where ¢,,4,,4, >0 are the system parameters. Using the

same Lyapunov function (38), ¥ now becomes:
V=-X'OX+ X' B X[ (5 +(&~ A QDI X+S 1 XTP) (44)
Thus, by applying Lemma 3.5 in [22], the overall system is
uniformly ultimately bounded. Note that the purpose of this
stability analysis is only to show that the proposed control
law can be stabilized by a proper choice of control gains.
However, in practice, the size of the uniform/uniform
ultimate bound cannot be made arbitrarily small because of
the upper limits on the control gains. This proposed
controller performed better than the conventional operational
space control because the model uncertainties has been
shifted from task space to joint space as the discussion in
section 2-3. Intensive experiments had been done in order to
validate the performance of the proposed controller [2].

V. CONCLUSION

In this paper, we had explicitly shown that the control
performance of the conventional operational space control
can be significant degraded due to model uncertainties and
discretizing effects. As a result, the computed torque
technique should be done in joint space to avoid magnifying
the modeling errors through the robot kinematics. In order to
maintain the advantages of the force-based operational space
control, a multi-rate operational space controller was
proposed. Experimental results showed significant
improvements in comparison to the conventional one.
Stability analysis had been carried out to show that the
proposed controller is stable in the continuous domain. Since
the joint space control of the proposed controller is a simple
PI controller, further improvements on the inner loop control
can be done in order to enhance the overall performance of
the system.
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