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Fig. 2 Operation Principle of Series Elastic Actuator (SEA).  

(a) Energy Storing, (b) Energy Releasing 

components of Fig. 2 can be redrawn as shown in Fig. 3. 
Indeed, Fig. 3 is a spring-mass model which is written as: 

               s distF Mx F F= = − ,                           (1) 

0( )sF k L x s= − − ,                           (2) 
where x denotes a position of the mass (or the displacement of 
liner actuator), Fs is a spring force with spring coefficient k, so 
is a free length of the spring, and Fdist is a disturbance force. 
For simplicity, a gravitational force is neglected through the 
paper. Hence, an acceleration of the mass is obtained as 
follows:  

{ }0
1 ( ) distx k L x s F

M
= − − −                     (3) 

Since the liner actuator is composed of a pulley and a tendon 
wire, we should notice that the displacement of linear actuator 
may not be equal to the position of the mass if the wire can be 
freely released without the tension. Thus, we add an 
assumption that the tendon wire in the linear actuator is 
operated with an appropriate tendon force. 
 

 

 
Second, according as linear actuator is operated, the 

corresponding spring force is changed as shown in Fig. 3. For 
instance, if the actuator displacement is reduced, then the 
energy is stored in the spring by increasing the spring force. 
On the contrary, if the actuator displacement is gradually 
enlarged, then the energy is released in the spring by 
decreasing the spring force. Also, if the spring force is larger 
than the disturbance force, then we can neglect Fdist  in Eq. (3). 
Thus, the inertial force of M becomes equal to the spring 
force stored in the spring. This spring force can make fast 
motion by using the energy stored in the spring. This is one of 
the main advantages obtained by using SEA system. However, 

to realize the SEA system with high performance, the linear 
actuator must have the following three conditions; the one is 
to store energy as fast as possible, another is to store energy as 
large as possible, and the other is to release energy in a 
wanted way in terms of desired speed and desired force. The 
following section will suggest new linear actuator system to 
satisfy above three conditions. 

 

 
B. Characteristic of the DuMP 

In this section, we proposes a new actuator system referred 
to as a Dual-motors system using a Movable Pulley, in short, 
DuMP, as shown in Fig. 4. The suggested DuMP improves 
the speed-force performance by making two motors operate 
in one movable pulley. Fig. 4(a) illustrates the concept of the 
DuMP, in which fa , fb denote the applied input forces of each 
motor, and va , vb the applied input velocities of each motor, 
and f , v denote the output force and the output velocity of the 
movable pulley, respectively.  

To obtain the relationship between input and output at the 
movable pulley system, let us consider the works done by 
each motor as follows: 

                        

δ

δ
a a a

b b b

w f x

w f x

=

=
 
,                                 (4) 

where δxa 
and δxb 

imply the infinitesimal displacements of 
each motor, respectively. Also, the infinitesimal displacement 
of the pulley, δx, is described as 

1 1
2 2

δ δ δa bx x x= +  .                         (5) 

The work of the center of movable pulley can be expressed as  
δa bw w w f x= + =  .                        (6) 

By applying Eq. (4) to Eq. (6), we can obtain the following 
equations: 

δ δ δa a b bf x f x f x+ =  ,                      (7) 

                     

δ δ

δ
a a b bf x f x

f
x

+
=  .                        (8) 

Also, by applying Eq. (5) to Eq. (8), we can get the resultant 
force and displacement equations at the movable pulley: 

 
Fig.4. Concept of Dual-motors system using a Movable Pulley  

Fig.3 Spring-Mass Model 
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2
δ δ

δ a bx x
x

+
=                             (9) 

2
δ δ

δ δ
a a b b

a b

f x f x
f

x x
+

=
+

                     (10) 

Now, by replacing the infinitesimal displacements with the 
corresponding velocity components, above Eq. (9) and Eq. 
(10) are rewritten as follows: 

2
a bv v

v
+

=                                  (11) 

2 a a b b

a b

f v f v
f

v v
+

=
+

.                          (12) 

Fig. 5 shows a typical speed-force characteristic of a 
conventional DC electric motor. In this paper, the motor is 
assumed to be operated in the continuous operation region. 
Fig. 6 shows the characteristics of DuMP calculated by Eq. 
(11) and Eq. (12). In this figure, (I) region is the speed-force 
characteristic of motor with low gear reduction, (II) region is 
the speed-force characteristic of motor with high gear 
reduction, and (III) lines are the combined speed-force 
characteristic that results from the DuMP. In other words, the 
speed-force characteristic of (III) lines implies the combined 
operating range of DuMP. To deal with the combined 
operating range easily, we will define a function Ω(FLOAD) 
which gives the maximum velocity as an output when a load 
force FLOAD is applied to the DuMP. This will be utilized later 
and this is referred to as an M-func in this paper 

 

 

 
Here, let us consider kinematics of the DuMP as shown in 

Fig. 4(a) and (b). The kinematic relation between joint angles 
of motors and displacement/angle of a movable pulley are 
described as following forms: 

1 1
2 2
1 1
2 2

α

a a b b

a a b b

x e q e q

e q e q
r r

= +

= −

.

                        (13) 

where ea and eb are the conversion rates that are products of 
gear reduction ratio and pulley radius, respectively. Now if 
we take the time derivative, then, we can get the velocity 
relation as follow:  

1 1
2 2
1 1
2 2

α

a b
a

b
a b

e e qx

q
e e

r r

=

−

⎡ ⎤
⎢ ⎥ ⎡ ⎤⎡ ⎤
⎢ ⎥ ⎢ ⎥⎢ ⎥⎣ ⎦ ⎣ ⎦⎢ ⎥
⎢ ⎥⎣ ⎦

 .              (14) 

Above equation can be expressed as following compact form: 

               
u Jq=  ,                                  (15) 

where J is a Jacobian matrix. In this system, a rotation angle 
of pulley does not affect the movement of DuMP. Here, we 
consider only the position of movable pulley, x, as an output 
variable which is controlled by using two input variables. 
Thus, the DuMP has one kinematic redundancy and Eq. (13), 
Eq. (14) are rewritten as  

         

1 1
2 2a a b bx e q e q= +  ,                       (16) 

     
             

[ ] 1 1
2 2

a

a b
b

q
x e e

q
=

⎡ ⎤⎡ ⎤
⎢ ⎥⎢ ⎥⎣ ⎦ ⎣ ⎦  

.          
        

(17) 

Eq.(17) can be also expressed as following compact form: 
                ax J q= .

                               
(18) 

Finally, let us obtain the general solution of Eq. (18) like 
this:  

( )( )εa a a

P
q J x I J J

q
+ + ∂

= + − −
∂

 .            (19) 

where q , x and Ja denote the input velocity vector, output 

velocity vector, and the Jacobain of kinematically redundant 
system, respectively[9][10]. The constant ε  is a positive 
value, which can be determined arbitrarily based on the given 
task. Here, the control algorithm for each motor is carried out 
by using the homogeneous solution described by the second 
term of above equation. If the DuMP is operated for a long 
time, tendon wire around one side may be loosened. To 
prevent this situation, the rotation angle of pulley should be 
minimized without affecting the position of movable pulley, x. 
Now, the performance index to be minimized is defined as  

( )
2

2 1 1
0

2 2
α a a b bP e q e q

r r
= − = −⎛ ⎞

⎜ ⎟
⎝ ⎠

.             (20) 

As a result, we are able to control not only the position of the 
pulley (output variable of the DuMP) but also the length of 
the wire (internal variable) to prevent the wire from being 
released freely. 

C.  DuMP-SEA 
The speed-force characteristic of DuMP can be extended 

 
 

Fig.6. The speed-force characteristic of the DuMP. 
(a) Input characteristic, (b) Output characteristic. 

 
Fig. 5 Operating Range of Motor (RPM–Torque). 
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satisfying the three conditions mentioned in the previous 
section. Fig. 7 depicts the extended speed-force 
characteristics of the suggested DuMP-SEA (dashed line (I)) 
by using the energy stored in the spring, in which the solid 
line (II) expresses the characteristic of DuMP itself, In this 
figure, Tn is a pre-action time required to store the energy in 
the spring, Fs,n is the stored spring force during the pre-action 
time and, at the same time, the released instant spring force 
when being released. And Ve is the maximal velocity of 
DuMP system. In other words, when the displacement of 
linear actuator decreases during pre-action time, the stored 
spring energy increases. Using the stored energy during 
pre-action time, M-func is extended like the property of 
SEA[1]. As a result, the suggested DuMP-SEA has not only 
advantage of DuMP such as high-speed and large-force, but 
also advantage of SEA obtained by using storage spring force 
at instance.  

 

 
 

III. TRAJECTORY GENERATION METHOD 
This section explains a trajectory generation method of the 

suggested DuMP-SEA with 1 DOF as shown in Fig. 2. The 
trajectory generation method to quickly satisfy the desired 
angular displacement within the allowable performance range 
of DuMP is required as shown in Fig. 8. In previous section, 
since the M-func implies the allowable speed-force range of 
DuMP, we make use of the M-func to generate the available 
desired trajectory of angular displacement. More detail, the 
operation speed of DuMP must be limited according to 
loading force exerted on the DuMP. This can be realized 
using the function Ω(FLOAD) which gives the maximum 
velocity as an output when a load force FLOAD is applied to the 

DuMP. In other words, for given FLOAD, we can get the 
allowable maximum speed by the function Ω(FLOAD). 
Ultimately, we can get the desired trajectory of angular 
displacement through the numerical integration of speed. 
Through these procedures, we can get the smooth desired 
trajectory of angular displacement as shown in Fig. 8.  
 

IV. SIMULATION AND EXPERIMENT 
Firstly, we assume that two identical motors are used for 

simulations and experiments, the simulations of DuMP are 
implemented with various gear ratios. Also, by operating a 
real DuMP and a real DuMP-SEA as shown in Fig. 1, the 
effectiveness of the suggested methods is verified through 
experiments.  
 

A. Simulation 
Fig. 9.(a) shows the 1DOF simulation model. Here, the 

pre-action to store spring energy gets started at 1[s] and the 
released time is 6[s]. Also, the corresponding desired 
set-point θd is 140o at 1[s] and 0o at 6[s], respectively. The 
desired trajectory θd

*(t) is generated in such a way to satisfy 
the M-func as suggested in the previous section. The 
displacement of DuMP, x, is controlled by the desired angular 
displacement, θd

*(t), and the spring force stored or released, fs, 
is exactly proportional to θd

*(t). 
 

 
 
1) Case 1: DuMP-SEA,  Motor- A (20:1)  Motor- B(80:1) 
Two 6.0[W] motors (continuous max. torque 6.77[mNm] 

and continuous max. speed 1000 [RPM]) are used for the 
simulation. All conditions are made identical to compare 
simulation results under various load force (FLOAD) conditions. 
Here, four spring constants are chosen as four steps, such as 
1/4*11000[N/m] 1/2*11000[N/m], 3/4*11000[N/m] and 
11000[N/m], for four simulations. Fig. 10 shows the 
speed-force characteristics (M-func) of the case 1. Fig. 11 is 
the simulation results. As shown in Fig 11.(a), the small load 
force (line(I), k =11000*1/4) in pre-action (wind up) shows 
the maximum speed to approach the set-point θd. Also, the 
large load force (line(II), k =11000) in pre-action (wind up) 
shows that θ quickly increases at the beginning but slows 
down at the latter part because of the operation region of 

Fig.9. 1-DOF Simulation Model,  
Fig.8. Trajectory Generation. 

 
 

Fig. 7.  Extended Speed-Force Characteristic of DuMP-SEA. 
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M-func. All simulation results satisfy the given M-func range 
as shown in Fig. 11.(c).  

 
 

 
2) Case 2: DuMP-SEA , Motor- A (4:1), Motor- B(80:1) 
In the second simulation, the spring constants are newly 
chosen as four steps such as 1/4*8800[N/m], 1/2*8800[N/m], 
3/4*8800[N/m] and 8800[N/m] for four simulations. The 
M-func as shown in Fig. 12 shows the increased speed region 
thanks to the lowered gear reduction ratio of the motor-A 
compared to Fig. 10.  

 
 

Fig. 13 shows the simulation results of case 2. The small 
load force (line(I), k =1/4*8800) case approaches quicker to 
the set-point θd than case 1. However, when the load force 
becomes larger as shown in lines(II), (III), (IV), the 
pre-action takes much time and is slower than case 1. Also, 
we can see that all simulation results satisfy the given M-func 
range as shown in Fig. 13.(c). 

 
3) Case 3 :  Conventional SEA - Single Motor  (4:1)  
The motor is assumed to have two-times power (12.0[W]) of 
motor compared to the case 1 and 2 (6.0[W]). And the spring 
constants are the same as the case 2.  
 

 
Fig. 14 shows the simulation results. As shown in Fig. 

14.(a),  though the different spring constants are used for 
simulations, the pre-action takes almost same time. This does 
not offer a variety of speed-force characteristics differently 
from the DuMP of cases 1 and 2. Also, we can see that all 
simulation results satisfy the given M-func range as shown in 
Fig. 14.(c). 

B. Real DuMP-SEA, Motor A (1:1), Motor B (5:1)  
To verify the applicability of the real-hardware, we made a 
prototype DuMP-SEA system. The prototype of DuMP-SEA 
consists of low cost motors with 4 pulses encoder per one 
rotation. In addition, we make use of an absolute encoder to 
measure the position of the link and the DSP (TMS320F2406) 
as a control system. In this experiment, the motor-A and B are 
operated by PWM driven method. For performance 
comparison, we assume that 100% duty-cycle is applied to 
the motor-A and 50% duty-cycle is applied to the motor-B. 
The Fig. 15.(a) shows the behavior of DuMP-SEA according 
to the change of load force. In there, line (I) shows when the 
spring constant is 80 [Nm] and line (II) shows when 
two-times spring constant (160[Nm]) is applied. Also, we can 
see that the released speeds of two cases are almost the same. 
As shown in Fig 15.(a), the small load force (line(I), k 
=80[N/m]) in pre-action (wind up) shows the fast speed to 
approach the set-point θd. On the contrary, the large load force 

Fig.14. Simulation Results of Case 3. 

Fig.13. Simulation Results of Case 2. 

 
Fig.12. Speed – Force characteristic (M-func). 

 
Fig.11. Simulation Results of Case 1. 

 
Fig.10. Speed – Force characteristic (M-func) of the Case 1.
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(line(II), k =160) shows that θ quickly increases at the 
beginning but slows down at the latter part, similarly with the 
previous simulation results In addition, we can make the slow 
motion pattern as well as the fast motion by adjusting the 
duty-cycle of PWM input as shown in Fig. 15.(b). As a result, 
we could confirm the applicability of the suggested DuMP 
system for practical use. 
 

C. Experimental Results  
Previous simulation results have shown the existence of 
M-func region and the time taken to move to the desired 
set-point as the pre-action differs according to the load forces 
(spring constants). The energy stored in the spring during 
pre-action was utilized for the maximum speed of M-func at 
the released time. In addition, we have shown that the 
prototype of DuMP-SEA also operates in accordance to the 
simulation. The Fig. 16 shows the extended M-func of 
DuMP-SEA according as the pre-action time increases.  

 

 
 
In order to operate the suggested DuMP-SEA up to 500[N], 

approximately 4.8[s] and 5.8[s] for pre-action are required for 
case 1 and 2, respectively. When comparing case 1 and 2, 

case 1 is advantageous in terms of pre-action time and case 2 
has advantage of faster movement. Lastly, we have shown 
that both high speed and large force could be generated by the 
suggested new actuator system (DuMP-SEA), even though 
small motors were utilized for the DuMP. 

V. CONCLUDING REMARKS 
The Dual-motors actuator system using a Movable Pulley 
(DuMP) has been designed and analyzed in this paper. Also, 
the DuMP was applied to the conventional SEA system 
(DuMP-SEA). Through simulations and experiments, we 
have shown the validity of the suggested DuMP-SEA, which 
is able to offer the high speed and large force to the 
bio-mimetic system and rehabilitation robots. Also, the 
suggested actuator mechanism was very simple in the 
mechanical structure. Also, the suggested would be able to 
softly contact to the human because the suggested could be 
made as a form of light-weighted, compact-sized and 
safety-assured system. For future works, we are planning to 
design elaborate hardware system and to apply to wearable 
robots or rehabilitation robots. 
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Fig.16.  Extended M-func. 

(a) Simulation of Case 1 (b) Simulation of Case 2. 

 
Fig.15. Experimental Results of Real DuMP-SEA. 

2188


