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Abstract— In this paper the design and the experimental
verification of a Constrained Finite Time Optimal (CFTO)
control scheme for the attitude control of an Unmanned
Quadrotor Helicopter (UqH) subject to wind gusts is being
presented. In the proposed design the UqH has been modeled
by a set of Piecewise Affine (PWA) linear equations while the
wind gusts effects are embedded in the system model description
as the affine terms. In this approach the switching among the
PWA model descriptions are ruled by the rate of the rotation
angles. In the design of the stabilizing CFTO–controller both
the magnitude of external disturbances (worst case applied
wind gust), and the mechanical constraints of the UqH such as
maximum thrust in the rotors and UqH’s angles rate are taken
under consideration in order to design an off–line controller
that could rapidly be applied to a UqH in a form of a look–up
table. The proposed control scheme is applied in experimental
studies and multiple test–cases are presented that prove the
efficiency of the proposed scheme.

I. INTRODUCTION

Over the last years, the area of Unmanned Aerial Vehicles
(UAVs), and specially the quadrotor helicopters [1, 2] are
gaining an increasing scientific attention. These helicopters
are a special member of the rotorcraft family and excluding
its high energy consumption, the quadrotor has outstanding
capabilities on the issues of maneuverability, survivability,
simplicity of mechanics and increased payload [3].

The UqH’s hovering ability makes possible an extended
area of applications for which fixed wing aircrafts are
not suitable, due to their flight characteristics. Examples
include forest fire surveillance [4], inspection of buildings
and bridges [5], wildfire monitoring, law enforcement [6],
and military applications. During all these missions precise,
trajectory tracking with robustness with respect to distur-
bances is required.

From another point of view these UqHs, when flying
in low–altitudes, which is the most typical characteristic
for their flight, are prone to sudden wind–gusts. In most
of the cases the windgusts density and direction can be
detrimental in the performance and the overall stability of
the UqH (e.g. path declination, crash). Handling of these
sudden and unpredicted wind disturbances on the UqHs
flight, requires that the atmospheric turbulence is modeled
appropriately as random disturbances affecting the nominal
system’s description.
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The development and experimental verification of con-
strained finite time optimal controllers that could take under
consideration: (a) the disturbances from the environment, and
b) the physical and mechanical constraints of the system is
the main contribution of this article. In the proposed control
scheme, these factors that degrade the system’s performance
are embedded in the system model during the modeling phase
for the control problem synthesis.

Until now in the relevant literature of UqHs, the problem
of control design has been addressed using several methods
such as the development of PID and LQR controllers in [7,
8], a Sliding Mode controller in [9, 10], and Nonlinear
Dynamic Inversion and Backstepping in [11]. However, the
main focus of this article is to: a) present an optimal
constrained finite time control design approach, b) to apply
the proposed control scheme in experimental results, and c)
evaluate the overall experimental performance under various
wind gusts and modeling approaches using PWA systems.
To the authors’ best knowledge this is the first time that
a CFTO–control scheme is designed and experimentally
applied for attitude control of a UqH under the effect of
atmospheric turbulence.

This paper is structured as follows. In Section II, the mod-
eling approach for the UqH is presented while in Section III
the design and the development of the CFTO–control scheme
is analyzed. In Section IV, the experimental results that prove
the efficacy of the proposed scheme are presented, followed
by conclusions.

II. QUADROTOR HELICOPTER MODELING

The modeling of the Unmanned quadrotor Helicopter
shown in Figure 1, assumes that the structure is rigid and
symmetrical, the center of gravity and the body fixed frame
origin coincide, the propellers are rigid and the thrust and
drag forces are proportional to the square of propeller’s
speed.

The UqH’s nonlinear dynamics [11] is characterized by a
set of twelve high non–linear state equations in the form:

Ẋ = f (X,U)+W (1)

with f a non–linear function, W corresponds to the additive
effects of the environmental (wind) disturbances, X the state
vector, and U the input vector, where:

X = [φ φ̇ θ θ̇ ψ ψ̇ z ż x ẋ y ẏ] (2)
U = [U1 U2 U3 U4 Ωr] . (3)
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Fig. 1. Quadrotor helicopter configuration frame system

The control inputs in (1) are produced by the following
combinations of the angular speeds of the four UqH’s rotors
as:

U1 = b(Ω2
1 +Ω2

2 +Ω2
3 +Ω2

4)
U2 = b(−Ω2

2 +Ω2
4)

U3 = b(Ω2
1 −Ω2

3)
U4 = d(−Ω2

1 +Ω2
3 −Ω2

3 +Ω2
4)

Ωr = −Ω1 +Ω2 −Ω3 +Ω4

where b is the thrust coefficient, and d is the drag coefficient,
while the input U1 is related with the total thrust and the in-
puts U2, U3, U4 are related with the rotations of the quadrotor
and Ωr is the overall residual angular velocity of the motors.
Under a small angle approximation and other assumptions
and further simplifications that can be found in [11, 12] the
system can be decoupled in two independent but connected
subsystems. The first one is related to the linear translations
and the second one deals with the angular rotations. The
attitude equations correspond to the first six equations of
the nonlinear ODEs in (1); small perturbations around the
operating points x◦,j =

[
0, φ̇ ◦, j,0, θ̇ ◦, j,0, ψ̇◦, j

]T
, j = 1, . . . ,M

results in the following state space form for the jth operating
point:

ẋ = Ajx+Bju+ w̃ (4)

x =
[
δφ ,δ φ̇ ,δθ ,δ θ̇ ,δψ ,δψ̇

]T

u = [δU1,δU2,δU3,δU4,δΩr]
T

where,

Aj =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

0 1 0 0 0 0
0 0 0 Iyy−Izz

Ixx
ψ̇◦, j 0 Iyy−Izz

Ixx
θ̇◦, j

0 0 0 1 0 0
0 Izz−Ixx

Iyy
ψ̇◦, j 0 0 0 Iyy−Ixx

Iyy
ϕ̇◦, j

0 0 0 0 0 1
0 Ixx−Iyy

Izz
θ̇◦, j 0 Ixx−Iyy

Izz
ϕ̇◦, j 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(5)

Bj =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 0
0 la

Ixx
0 0 Jr

Ixx
θ̇◦, j

0 0 0 0 0
0 0 la

Iyy
0 Jr

Iyy
θ̇◦, j

0 0 0 0 0
0 0 0 1

Izz
0

⎤
⎥⎥⎥⎥⎥⎥⎦

(6)

and w̃ is the additive external disturbance vector that affects
the flight of the UqH.

The utilized parameters for the UqH attitude modeling in
equations (5) and (6) are presented in Table I.

TABLE I
LINEARIZED UQH MODEL PARAMETERS

Ixx Moment of Inertia of the UqH about the X axis
Iyy Moment of Inertia of the UqH about the Y axis
Izz Moment of Inertia of the UqH about the Z axis
la Arm length
Jp Propeller inertia
Jr Moment of inertia of the rotor about its axis of rotation

III. UQH CONSTRAINED FINITE TIME OPTIMAL
CONTROL DESIGN

The constrained finite time optimal control scheme [13]
is designed and experimentally applied for performing stabi-
lization of the quadrotor around deviations from the nominal
angles of operation (attitude control). The proposed control
action affects only the angular rotations of the quadrotor,
while a feed–forward controller is utilized in order to apply
the necessary elevation thrust to the UqH. The overall control
scheme is presented in Figure 2.

UqH

Σ

W
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ZOH
Samplerφ,θ,ψ

U ,U ,U2 3 4, rΩ

Feed Forward
Control

U1

Reference
Thrust

φ,θ,ψ
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Fig. 2. UqH CFTO–control Scheme

For each operating point x◦,j, the UqH is assumed to
operate within a regime specified by certain boundaries of
its angular rates, or

γ◦, j −Δγ j = γ◦, j
min ≤ δγ ≤ γ◦, j +Δγ j = γ◦, j

max, γ ∈ {
φ̇ , θ̇ , ψ̇

}
. (7)

In a similar manner, there are constraints related to the
control inputs and the differential angles, denoted as

δUmin
i ≤ δUi ≤ δUmax

i , i ∈ {1,2,3,4} (8)
δΩmax

r ≤ δΩr ≤ δΩmax
r (9)

−Δγ ≤ δγ ≤ Δγ, γ ∈ {φ ,θ ,ψ} . (10)

The systems’ (4) discrete representations under the assump-
tion of a Ts sampling period are:

xk+1 = A∗
j x(k)+B∗

j +w∗ . (11)

For each discrete PWA-system in (11), 22–constraints from
(7) thru (10) define its operating regime; these constraints

1637



(guard functions in the CFTOC–terminology) can be written
in a compact form as

Hi, jx+Ji, ju ≤ Di, j, i = 1, . . . ,22, j = 1, . . . ,M. (12)

The CFTOC approach consists of computing the optimum
control vector UN = [u(0), . . . ,u(N −1)], with N the predic-
tion horizon, which minimizes the following quadratic cost
function:

JN(x0) = min
UN

{
x(N)PNx(N)+

N−1

∑
k=0

u(k)T Ru(k)+x(k)T Qx(k)

}
(13)

subject to the PWA-system dynamics (11) and the state/input
constraints (13). In the quadratic cost function in (13), x(0) is
the currently available sample of the state vector, while x(k),
with k = 0, . . . ,N − 1 are the predicted values of the state
vector through equation (11) starting from x(0) and applying
the input sequence UN . The positive definite and symmetric
Q, R and PN weighting matrices apply the necessary penalty
to the predicted states, control effort and the desired final
state, respectively. The predicted final state x(N) belongs to
a predefined set x(N) in X a choice typically dictated by
stability and feasibility requirements.

It is well known [13–16], that the CFTOC optimizer is a
continuous PWA–state feedback of the following form:

u(k) = Flx(k)+Gl , i f x(k) in Rl (14)

defined over convex polyhedra Rl , l = 1, . . . , lmax referred as
“regions”, which are also generated by the CFTO-algorithm.
It should be noted that the number of polyhedra, lmax

increases significantly with the number of operating points
M, the dimension of the state vector (in the UqH-case,
x ∈ ℜ6), and the number of guard functions (M×22).

It should be noticed that the polyhedra and the feedback
gains in (14) are computed in an off–line manner, and for the
CFTOC’s real–time implementation there is a search over the
polyhedra–space and a subsequent mapping of the feedback
gains from a lookup–table. The number of polyhedra, lmax

is crucial for the real–time implementation of the CFTOC,
since not only it affects the time needed for the search but
also results in a large number of feedback gain transitions
between regions [17, 18].

IV. EXPERIMENTAL STUDIES

For the experimental set–up the Draganfly Vti quadro-
tor helicopter has been utilized. The capabilities of this
model have been increased in order to provide a computer–
based feedback control of the UqH’s attitude (Euler Angles
and their derivatives). The radio control link between the
computer and the UqH is achieved using a USB-6229
NI–board [19], connected with a FUTABA 6EXAP radio
transmitter [20] operating in training mode. The feedback of
the UqH’s states is provided by the integration of the Xsens
MTi-G [21] Attitude and Heading Reference System (AHRS)
running a modification of the Extended Kalman Filter, with
a wired data link between the AHRS unit and the computer.
The wind gust velocities where measured using a rotary vane
anemometer. The components of the experimental set–up are

presented in Figure 3. In this figure the UqH is attached to
a Heli-SafeT M flight test stand slightly modified in order to
allow only attitude control. The wind–gust disturbances are
created using an electric fan and an appropriately modified
tunnel.

Fig. 3. UqH Attitude Control Experimental Set–Up

The parameters of the UqH considered were calculated
using Computational Fluid Dynamics software and the tech-
nical data in [22] and have the values Ixx = Iyy = 5.0 ·
10−3kg m2, Izz = 8.9 · 10−3kg m2, la = 0.21m, and Jr =
5.51 ·10−5kg m2.

For the design and experimental application of the CFTO–
control scheme various test cases were considered where the
UqH model was approached by M–PWA systems with M ∈
{1,3,5}. In all these cases the sampling period was set to
Ts = 0.5sec, while for the case of the 3–PWA systems the
utilized discrete time state space matrices in the simulation
studies are:

A∗
1 =

⎡
⎢⎢⎢⎢⎢⎣

1 0.5 0 0 0 0
0 1 0 0 0 0
0 0 1 0.5 0 0
0 0 0 1 0 0
0 0 0 0 1 0.5
0 0 0 0 0 1

⎤
⎥⎥⎥⎥⎥⎦ ,

B∗
1 =

⎡
⎢⎢⎢⎢⎢⎣

0 5.3571 0 0 0
0 21.4286 0 0 0
0 0 5.3571 0 0
0 0 21.4286 0 0
0 0 0 14.2045 0
0 0 0 56.8182 0

⎤
⎥⎥⎥⎥⎥⎦

for −0.01 < θ̇ , φ̇ , ψ̇ < 0.01,

A∗
2 =

⎡
⎢⎢⎢⎢⎢⎣

1 0.5 0 −0.0015 0 −0.0015
0 1 0 −0.0060 0 −0.0060
0 0.0015 1 0.5 0 0.0015
0 0.0060 0 1 0 0.0060
0 0 0 0 1 0.5
0 0 0 0 0 1

⎤
⎥⎥⎥⎥⎥⎦ ,

B∗
2 =

⎡
⎢⎢⎢⎢⎢⎣

0 5.3571 −0.0107 −0.0283 0
0 21.4284 −0.0640 −0.1699 0.0002
0 0.0107 5.3571 0.0282 0
0 0.0640 21.4284 0.1692 0.002
0 0 0 14.2045 0
0 0 0 56.8182 0

⎤
⎥⎥⎥⎥⎥⎦
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for 0.01 < θ̇ , φ̇ , ψ̇ < 0.05, and

A∗
3 =

⎡
⎢⎢⎢⎢⎢⎣

1 0.5 0 0.0015 0 0.0015
0 1 0 0.0060 0 0.0060
0 −0.0015 1 0.5 0 −0.0015
0 −0.0060 0 1 0 −0.0060
0 0 0 0 1 0.5
0 0 0 0 0 1

⎤
⎥⎥⎥⎥⎥⎦ ,

B∗
3 =

⎡
⎢⎢⎢⎢⎢⎣

0 5.3571 0.0107 0.0282 0
0 21.4284 0.0640 0.1692 −0.0002
0 −0.0107 5.3571 −0.0283 0
0 −0.0640 21.4284 −0.1699 −0.0002
0 0 0 14.2045 0
0 0 0 56.8182 0

⎤
⎥⎥⎥⎥⎥⎦

for −0.05 < θ̇ , φ̇ , ψ̇ < −0.01.
The tuning parameters of the CFTO–controller were Q =

106 · I6×6, R = 100 · I5×5, and the prediction horizon was
set to N = 4, and x(N) = 0 (regulation case).The initial
state vector was x(0) = 06×1. The constraints on the inputs
have been computed based on the physical parameters of the
system and specifically: a) the maximum angular velocity
of the motor for maximum efficiency as provided from
the manufacturer specifications [23], b) the thrust factor in
hovering mode, computed as b = 2.8 ·10−5, and c) the drag
factor in hovering computed as d = 8 · 10−7. Using these
data, the following constraints on the inputs and the outputs
were computed: 0 ≤ U1 ≤ 11.23, |U2| ≤ 5.61, |U3| ≤ 5.61,
|U4| ≤ 0.16. The constraints on the states were set:

⎡
⎢⎢⎢⎢⎢⎣

−π/2
−1

−π/2
−1
−π
−1

⎤
⎥⎥⎥⎥⎥⎦ <

⎡
⎢⎢⎢⎢⎢⎣

φ
φ̇
θ
θ̇
ψ
ψ̇

⎤
⎥⎥⎥⎥⎥⎦ <

⎡
⎢⎢⎢⎢⎢⎣

π/2
1

π/2
1
π
1

⎤
⎥⎥⎥⎥⎥⎦ .

The responses of the UqH’s rotation angles (upper part),
angular velocities (middle part), and the controller’s effort
(lower part) for a prediction horizon N = 4, with 3–PWA
systems and without wind gusts are presented in Figure 4.
The occurred steady state errors are obtained due to: a)
calibration deviations of the IMU, and b) the non–linearities
of the UqH’s real model.

The responses for the roll (upper part), pitch (middle part)
and yaw (lower part) for controllers computed based on
different number of PWA systems (1, 3 and 5) are presented
in Figure 5. The results obtained with the controller based
on the 3–PWAs were slightly better (faster response, smaller
steady state error) than the ones obtained with the other two
controllers.

In the case where a 3–directional wind gust applied to the
UqH (with a directional magnitude of x-1.38m/, y-3.86m/s,
and z-1.67m/s) the responses of the rotational angles, for
M ∈ {1,3,5}–PWA systems, are presented in Figure 6. In
the beginning of the experiment, the UqH is close to its
regulation point (until the 25th second); afterwards a steady
wind gust is applied till the 125th second. From these results
it is shown that as the number of PWA–systems increases in
the controller design, the response of the UqH also improves.
It should be noted that for the real–time implementation,
when M = 5 the computer needed 0.49 seconds to compute
the control effort, unlike the other cases in which the control
effort could be generated in a significantly shorter period.
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Fig. 4. UqH’s Attitude Response and Control Effort (M = 3)
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Fig. 5. UqH’s RPY–angle responses in the absence of wind–gusts (M ∈
{1,3,5})

There is a tradeoff between the complexity of the controller
which stems from a large number of operating points and
results in a smoother response, and the control effort needed
to implement such an effective controller.

Rather than providing a large number of operating points
in the CFTOC design process, a single (M = 1) point was
selected resulting in a reduction of the sampling period due
to the ease of implementation of the controller. In Figure 7 a
comparison of the response for CFTO–controllers based on
a single PWA and for sampling times equal to 0.5 and 0.1
seconds are presented, while the corresponding results for
the case of presence of a three–directional wind–gusts are
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Fig. 6. UqH’s RPY–angle responses subject to x(1.38 m/s), y(3.86m/s)
and z(1.67m/s) directional wind gust (M ∈ {1,3,5})

presented in Figure 8.
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V. CONCLUSIONS

In this paper a CFTO–control scheme for the attitude
control of an UqH subject to wind gusts has been presented.
The resulting controller has been applied to an experimental
set–up with a Draganfly Vti helicopter that has been modeled
as a set of linear PWA systems. Multiple experimental results
have been presented that prove the efficacy of the proposed
controller both in nominal value regulation and wind gust
disturbances attenuation.
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Fig. 8. UqH’s RPY–angle responses subject to a x(1.38m/s), y(3.86m/s)
and z(1.67m/s) directional wind–gust (M = 1,Ts ∈ {0.1, 0.5} sec)
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