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Controllability for Pairs of Vehicles
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Abstract—This paper studies the controllability of pairs
of identical nonholonomic vehicles maintaining a constant
distance. The study provides controllability results for the five
most common types of robot vehicles: Dubins, Reeds-Shepp,
differential drive, car-like and convexified Reeds-Shepp. The
challenge of achieving controllability of such systems is that
their admissible control domains depend on configuration vari-
ables. A theorem of controllability specifical for such systems
has been obtained based on known controllability theorems.
As a result, we show that pairs of the latter three types are
completely controllable, i.e. can be steered between any two
arbitrary configurations. The same does not hold for pairs
of Dubins or Reeds-Shepp vehicles, and a description of the
reachable sets in these cases is provided. Finally, as direct
extension of controllability results of pairs of identical vehicles,
the controllability results for two kinds of formation of n
identical vehicles are presented.

I. INTRODUCTION

This paper provides the results of controllability for pairs
of identical vehicles maintaining a constant distance. The
controllability of a system answers the question about the
existence of an admissible trajectory between any given two
configurations, which is an important condition for a feasible
design of motion planning ([1]) and for the existence of
an optimal trajectory (see e.g. [2]). Moreover, the study of
pairs of vehicles maintaining a constant distance helps the
design of navigation strategies for a group of robots moving
in formation (see e.g. [3], [4] and [5]).

In this paper we adopt the notation used in [2],[6]. A
system 1is controllable if, for every pair of points p and
q in the configuration space, there exists a control that
steers the system from p to g¢. It is small-time locally
controllable (STLC) from a point p if the set of points
reachable before a given time 7' contains a neighborhood of
p for any T'. A control system will be said to be small-time
controllable if it is small-time controllable from any point of
the configuration space. The small-time controllability can be
used to answer the problem about existence of collision-free
admissible paths (see e.g. [1]). The challenging aspect in the
controllability of the considered systems is that admissible
controls depend on the configuration variables. Therefore,
based on existing controllability theorems and on the ac-
cessibility rank condition of weakly reversible systems, we
provide controllability theorems specific for such systems.
Furthermore, conditions to verify the controllability of such
systems are also provided.
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Fig. 1. The admissible controls for five types of robot vehicles.

This paper provides the results of controllability for the
five most common types of robot vehicles which are widely
discussed in the literature: Dubins [7], Reeds-Shepp (RS)
[8], differential drive (DDV) [9], [10], car-like (Car) [11],
[12] and convexified Reeds-Shepp (CRS) [2]. As a result,
we show that while pairs of the latter three types of vehicle
can be steered between any two arbitrary configurations, the
same does not hold for pairs of vehicles of the first two
types. For these two cases, a description of the reachable
sets is provided. To the authors best knowledge, in the current
literature no result on the controllability of pairs of vehicles
that maintain a given distance is reported.

II. CONTROLLABILITY THEOREMS

We first introduce the controllability theorems and lemmas
that we will use in the following sections to prove control-
lability for the considered systems.

A. Controllability Definitions and Theorems

The systems we will study are affine control systems that

can be written as
o &= f(z,u) = go(x) + D1t giwi; 1
Y e X CRY uel(z) CR™.

Let A := {f, = f(.,,u),u € U} be the set of system’s
vector fields.

Definition 1: The Lie algebra Ay 4 of vector fields A is
called the accessibility Lie algebra associated to the system.
The accessibility rank condition (ARC) holds at xy € X if
Apa(zo) = R™

Accessibility rank condition in [13] is also called control-
lability rank condition in [14], and Lie algebra rank condition
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in [2] and [15]. The verification of the accessibility rank
condition is not straightforward. However, from [16] and [13]
it holds

Lemma 1: If 0 € conv(U) and aff(if) = R™, then U is
called almost proper and Ara = {go, " s 9m}rA-

Where conv(U) and aff ({/) are the convex hull and the affine
hull of U, respectively.

Recall that a system is symmetric if every trajectory run
backwards in time is also a trajectory.

Theorem 1: For a symmetric system, if the accessibility
rank condition holds at every point xy € X, the system is
STLC from every xg. In particular, if X is connected, then
it is controllable.

The theorem follows from results in [2], [16] and [13].

B. Proposed Controllability Theorems

From the results on complete controllability for a weakly
reversible system which is stated in Theorem 2 in [13], we
can state the controllability theorem for the special systems
in which the control domains vary with configurations.

Definition 2: A system with state space X is weakly
reversible if 1 € R(xzo) if and only if zp € R(x1),
Vxg,x1 € X.

Theorem 2: [13] For a weakly reversible system, if the
accessibility rank condition holds at every state o € A’ and
X is connected, then the system is completely controllable.
Notice that any symmetric system is definitely a weakly
reversible system.

For systems in which there exists a set of points in X
such that the ARC does not hold, controllability can still be
ensured (based on a trivial extension of Theorem 2) whenever
from this set it is possible to reach points in which the ARC
holds:

Theorem 3: Given a weakly reversible affine control sys-
tem, such as 1, with X’ connected, and given S1 ¢ X such
that

1) Voo € S, U(xg) € R™ almost proper, Az (7o) =

R™;
2) Vag € 82 := X\ S, U(xo) CRL I < m, Apa(zo) #
R™; but R(zo) NSt # 0,
then the system is completely controllable. Moreover, if it is
symmetric, then it is also STLC.

Remark 1: Whenever S? does not have interior points and
it is such that its boundary function ®(x) is differentiable,
a sufficient condition for R(zg) N S' #  is that there
exists an admissible control w € U(xg), 9 € S? such
that <f(x0,w),‘g—,‘f> # 0. This condition will be used to
prove the controllability of Car and RS vehicles. And if
<f(x07w)7g—f> = 0, S? is invariant under all admissible
control w, hence the system is not controllable, see fig.2.

III. KINEMATIC MODELS

In this section the kinematic model for two identical
vehicles (Dubins, Reeds-Shepp, differential drive, car-like
and convexified Reeds-Shepp) traveling at constant distance
is obtained starting from the kinematic model of a single
vehicle. It is worthwhile noticing that the models will differ
in the control set and not in the kinematics.

Fig. 2. Tlustration of the sufficient condition for R(z0) N S # ) when
int(S?) = () and its boundary function ®(z) is differentiable.

A. Kinematic Models for Single Vehicles

The kinematic model of the considered vehicles can be
described as

Z; cosb; 0
y:i = sinf; Ju;+1 0 | 2)
0; 0 1

where & = (24, y:,0;) € R? x S denotes a configuration
of vehicle i, i.e. (x;,y;) is the position and 0; is the forward
direction angle with respect to the positive z-axis.

The controls u; and v; describe the linear and angular
velocities of vehicle 4, respectively. We write (u;,v;) € U,
where U is the admissible control domain. Fig. 1 shows
the different admissible control domains for the above five
types of vehicles. Without loss of generality, we consider
normalized maximal and minimal velocities and assume
that the minimum turning radius R, = 1 for Dubins,
RS and car-like robots, although in order to emphasize its
influence R,,;, often remains. For DDV the wheel angular
velocities are bounded, hence the admissible control domain
is a diamond (rhombus), i.e. Uppy = {(u;,v;))]|0 < |u;| <
1;0 < |v;] < 1— |u;| < 1}. For car-like vehicles, Ucyy =
{(u,v:))]0 < |vg| < Ju;| < 1}. A Dubins vehicle is a car-
like vehicle which is only able to move forward with constant
velocity, i.e. Upubins = 1 X [—1, 1]. RS vehicles, can move
both forward and backward at constant velocity 1, i.e. Urg =
{—1,1} x [—1, 1]. For CRS robots, Ucgrs = [—1,1] x [-1, 1]
is obtained by convexifying Urg and CRS is the kinematic
model of a tricycle.

B. Kinematic Models for Pairs of Vehicles

Consider a pair of vehicles (£{; and &») traveling while
maintaining a constant distance D. Let ¢ denote the angle
of vector (z3 — x1,y2 — y1) with respect to the x-axis, see
fig.3. Thus we can write:

To —x1 = Dcos@; yo —y1 = Dsin ¢. 3)

We choose &1 = (x1,y1,01, ¢, 02) as the configuration
vector of the system consisting of two identical vehicles
maintaining a constant distance. The nonholonomic con-
straint for each vehicle is:

Z;sinf; — y; cos0; = 0.
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vehicle 1

Fig. 3. The kinematic model of pairs of identical vehicles.

From (3), we have that 2o = ngZ.) sing + &1 and g, =
Docoso + 1.

Finally, the constraints for a pair of vehicles maintaining
distance D can be written as:

Z1sinfy — gy cosf; =0
(—D(ﬁ sin ¢ + 1) sin 6y — (Dqﬁcos ¢+ 1) cosfs = 0.
“4)

Hence, a system of 5 unknowns (21, 91, 91, (b, 92) and 2
linear equations (4) have been obtained. By computing the
null space of the constraint matrix we obtain that there exists
u such that the kinematic model of a pair of identical vehicles
maintaining distance D is:

1 D cos 01 cos(¢p — 62) 0 0
2 D sin 01 cos(¢ — 62) 0 0
61 = 0 u+ 1 v+ 0 va (5)
é sin(62 — 61) 0 0
bo 0 0 1

Let ¢ = (x1,y1,01,71,72) be the new configuration of
the system with v; = ¢ — 61, 72 = ¢ — 05. The kinematic
model of a pair of identical vehicles maintaining distance D
can be written as:

G = fiu+ four + faua, (6)

where the system vector fields are:

D cos 61 cos o 0 0
D sin 61 cos o 0 0
fi= 0 fa = L |sfs=1] 0
sin(y1 — 7y2) -1 0
sin(y1 — 7y2) 0 -1
(7

The relationship between w in (6) and u; and uo must be
found. To maintain distance D, the velocity of both vehicles
along distance direction should be the same, i.e.

U1 COS Y1 = Uz COSYa. ()

Hence, from (2) and (6), we obtain that

uy = uD cosyy; us = uD cos ;. 9)

The systems of pairs of identical vehicles maintaining a
constant distance will be denoted by X ppv, Xcar> 2 Dubinss

Fig. 4. The admissible Uppy at configurations with (a): y1 = y2 = %;
™

byv=7Fv2=7Tand(@:n=7372=7

Y rs and Y oRrg for differential drive, car-like, Dubins, RS
and CRS vehicles, respectively.

IV. CONTROLLABILITY FOR DDV, CAR AND CRS
SYSTEMS

A. Controllability for DDV

Theorem 4: X ppy is STLC and controllable on the con-
figuration space Mppy = R? x St x S x St
Proof: For DDV, the control is |u;] < 1, and no
constraint limits the configuration variables 61, ~; and ~,.
Hence the configuration space is Mppy = R? x S! x St x
81
Moreover, from (8) and |u;| < 1 it follows

lur| < min{'cosry2| 1}; |us| Smin{'cosvﬂ,l}.
2
(1

[cos |’

From |v;] < 1 — |us] < 1, we obtain that
if v = Yo = 5. its admissible control
set is  Uppvy = {(v1,v2,w)||v;| < 1;]u| < 1},
shown in fig. 4 (a); otherwise, Uppy =

(v1,v2,u)||vi] < 1;|u] < min{lcgs‘zg, 1;!:11\ , shown

in fig4 for two kinds of configuration with (b):
M= %% =1 ©m = 5,72 = 7F. Thus for any
configuration, it satisfies 0 € conv(U/) and aff () = R™.
Computing the vector fields (7), we have fy = [f1, fo]=
(D sin 6y cosy2, —D cos 61 cosyz, 0, cos(y1 — 72), cos(y1
—y)' and fs = [fi,f3]=
—Dsin 0, sin~ys, 0, —cos(y1 — 7¥2), — cos(y1 — 'yg))T.
Notice that rank([f1, ..., f5]) = 5, hence ARC holds at
every ¢ € Mppy. Eppy is also symmetric, thus from
Theorem 1, X ppy is STLC. Moreover M ppy is connected,
and the system is controllable. [ ]

B. Controllability for CRS

Theorem 5: Y crs is STLC and controllable on the con-
figuration space Mcprs = R? x 81 x S x S*.

Proof: Mcrs = R? x St x St x S! follows directly
from |u;| < 1 with the same reasoning used in the previous
theorem.

Similarly to the proof of Theorem 4, the admissible
control set is Ucrs = {(vi,ve,u)||vi] < 1;u] <1} if
M = 72 = %, shown in fig. 5 (a); otherwise, Ucrs =

ij(vl,vg,u)|vi| < 15 ul < min { b, ey |

shown in fig.5 (b) at a specified configuration. The
admissible control set Lo rg is proper for all configurations,
Ycrs is symmetric and M¢gpg is connected. Hence the
thesis. [ ]

(=D cos 01 sin 2,
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.

Fig. 5. The admissible Ucrs at configurations with (a): y1 = v2 = §;

®):m=%72=7

Fig. 6. The admissible Ucq, at configurations with (a): y1 = 2 = g;
Oy =Z%,v2=F;and (¢): 11 = 5,72 = 5.
w \
05 \\
1 \\ N
vy ° %%1 Vi
™~ o
Fig. 7. The admissible .q, at a configuration with cosy; = 0 and
cosy2 # 0.

C. Controllability for Car
Theorem 6: X, is STLC and controllable on the config-
uration space M., = R? x St x St x St
Proof: Mer = R2Z x St
follows directly from |u;| < 1.

x St x St
From (10) and

lvil < Jugl < 1, we can get that if v; = v = F,
Z/{CU«T = {(U1,’U2,U)||Ui| S 1, |U:| S 1}, otherwise uCar =
(vn, oo, wlfer] < min {52241 5 o] < min { {22524

1 .
cos7a]? Dcos ] } As shown in fig.6,

Ucqr is almost proper at all configurations except at y; = 5
and v; # 5, 1,j = 1,2. For such configurations U is shown
in fig.6(c) and aff (Ucq,) = R2. Considering y; = 5,72 #
(see fig.7), we have ®(z) = v — 5. If we choose
up = 1,v; = —1, then f(zo,w) = (*,%,%,1/D + 1, %)
and g—i = (0,0,0,1,0). Thus (f(zo,w), %) > 0. Thus the
thesis follows from Theorem 3. [ ]

1} ul < mm{D|

V. CONTROLLABILITY FOR RS

For RS vehicles, u; = +1. Hence, from (8), we have:

(an

Four possible angular relationships between two vehicles
can thus be obtained (see fig. 8 ):

cosyp = £ cosys.

Fig. 8. Four angular relationships for ¥ p s and configuration representation
by 4-dimensional parameters plus angular relationships {a1, a2, b1,b2}.

=2 Y= —7Y2 — T

2

M=72-7

Fig. 9. Four angular relationships for pairs of RS vehicles and the combined
cases.

171 = 725 A 1 Y1 =72 — T
bi:y1=—v; by:iyp=—vy—m.
For simplicity and clarity of configurations representation
for X rg, we reduce the variables to 4 (z1, y1, 61, 1) and
we use a parameter (a1, ag, by, or by) to denote the angular
relationship (12). In fig.9 four possible angular relationships
are represented together with the shared cases: |y1| = |y2| =
0 and |y1| = || =
We denote with E &g the system Y pgg when relation a;
or as holds (in this case v; = wvg). From (5), the kinematic
model of Eﬁs is

(12)

I cos 61 0
U1 sin 61 0
6, | = 0 w+ | 1 |, (13)
A 0 -1
o 0 -1
with u; € {—1,1} and v; € [-1,1].
Remark 2: Notice that ¥, = —91, hence there always

exists a control (u1,vy) that steers y; between any two values
keeping ¢ = 1 + 01 constant.
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Ronin Ronin

br:iy1=—" by:im=—y2—7

Fig. 10. Feasible configurations »B &g When D = Rpyin.
V1

T

Fig. 11. If D = Rpin, the admissible control v1 with respect to 1.

We denote with Egs the system X gs when relation by or
by holds (in this case vy = m%u —v1). From uD cos~y, =
up and (11), we have that the kinematic model of X5 is

T1 cos 01 0
7 sin 64 0
él = O up + 1 V1. (14)
72 — 0D 1

Let the 4-dimensional system igs be system Egs pro-
jected on the first four coordinates. Hence, the configuration
of ¥8¢ is ¢ = (x1,y1,61,7) and the vector fields are

cos 01 0
sin 6 0
a=| "y |ie=| (15)
2si571 1
Therefore, the kinematic model of igs is:
i = g1u1 + gav1, (16)

where u; € {—1,1} and

max{,l,‘mls%q} < gmm{‘wls#“,l}.
_an
—1<1land 143a3mn >

4uq sin vy
D

To satisfy (17) we have
—1, hence

SiS

[siny| < (18)

=1 Y1 up =—1
/. ¥ ”1|
—1 1
| “
— At
L o<—p —
-7 -z 0 20 . i
3 » 4=
up =—1 12 =1 2
Fig. 12. If D = 2Ryin, the admissible control v with respect to 1.
D = 4Rmin
A
w=1 Y1 ug = —1
|4 |4
X -
—7 /—g\ 0 ot a
/
//
. »
up =—1 w =1
Fig. 13. If D = 4Rin, the admissible control v; with respect to 1.

It is now important to explicit the dependence of the results
with respect to Rp,in. Indeed, (18) would be |siny;| <
If D > 2Ruin, 71 € S'. On the other hand, if

2Rm1n
D <2Rpim 11 € T U1 UT, where
=] - arcsin(g) arcsin(2)],
I’H =] — arcsin(%) + , arcsin(£2) + 7, (19)
Ly = {mnllsinm| = 5}-
For example, for D = R, feasible conﬁgurations are
represented in fig. 10 and admissible controls (I'y =] -5, &/

T bm Tm

FII:}SJ E[ and]-—‘s*{ 6°6° 6

in fig. 161. ‘

We denote with MB¢ = R2 x 8! x S! the configuration
space when D > 2Rmm, and with ./\/l = R2 x S x
;UT and MBg =R2x S x T, the conﬁguratron space
when D < 2R,;.. Notice that MB RS consists of singular
configurations.

Lemma 2: For $8g. ARC holds at any § € MB if D >
2Rmiy and § € ME if D < 2Ry, But ARC fails at
qEe /\/l

Proof. We start applying remark 1 for D < 2R, and
q € Mfzs In this case siny; = 2Rmm The only two ad-
missible controls are either (ul,vl) = —(u?,v}) = +(1,1)
or (ul,vi) = —(u},v}) = £(-1,1), see fig.12. Notice
that aff(i/) # R? implies that only one motion direction
is feasible at §. In this case ®(z) = v — arcsin(z2—).

For all possible controls, f(zg,w) = (x,*,%,0) and ‘%m

}) are represented
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|siny| = %

Fig. 14. All g € /\;tg; can only reached points on a circle through ¢ of
radius Ryin.

D 2 QRmin
by (b2) B A
T \ XBs
Zip = X0
_L bl(bg) \
D < 2B}miu
b1 (D2) ap A bi(az Aba)
>\ aj Abi(az A bs)
T TEs i A 7\ s )\
o
e \( = Y \
o
i bi(ba)

Fig. 15. Eg g 1s controllable for any given distance D.

(0,0,0,1). Thus (f(zo,w),%2) = 0. Hence, all reach-
able configurations from ¢ = (z9,49,09,~y) € ./\;lg;
lays on a circle with radius R,,;, and centered at (9:(1) —
Rumin sin @%sign(sin ), ¢ + Rumin cos @sign(sin~?)), see
fig.14.

For § € MB¢, or g € MBg, 0 € conv(U) and aff(U) =
R™, see fig.13, 11 and 12. From (15) and (16), we have:

sin 91 0
—cosf 0
(91, 92] = 0 Yoo Lo, ge]] = 0 (20
2cosm -1
D

The accessibility rank condition holds and hence the thesis.

|

Lemma 3: %8 is STLC at any § € M2 and any § €
M -

Proof rB Bg 1S symmetrlc because for any required
distance D, at any ¢ € MRS (or ME), if (ug,vp) is a
feasible control, then (—uy, —v7) is also feasible, see fig. 12.
From Theorem 1 and Lemma 2 the thesis follows. ]

If D > 2Ruin, /\;lgg is connected, so we can get the
following corollary.

Corollary 1: If D > 2Rmm, RS is also controllable.

We are now able to prove controllability for the 5-
dimensional system Y pg. With a slight abuse of notation
we denote with M#4g = R? x St x S' x {a1,a2} and
MEs = ME x {b1,bs} the configuration spaces for ZR§
and X8 Bg» respectively. Furthermore let, M /\/l
(MBG) if D > 2Rpin (D < 2Ruin). Finally, let M
be associated to relations a; and M5 to relations b;.

'/ o 1:} Y\ﬁ
ay Aby(az Aby) aylag)

(b)

Fig. 16. S# is controllable for both ¢ = ¢° and ¢ # ¢°.

Theorem 7: Y rs is controllable on Mpgrg = MRS U
ME,

Proof Corollary 1 states that X2 for D > 2R, is
controllable.

We now prove that for D < 2R, the system can be
steered between any two conﬁguratlons in MZE¢ crossing
M. Without loss of generahty let ¢° € M5, B =R*x8'x
I'B a trajectory from ¢° to q = (x1,y1,01,7) for some
(z1,y1,6,) that evolves in MP 71 always exists for Lemma 3,
see fig. 15. The system then evolves in M4 hg (as X RS)
and can reach ¢> = (xl,yl,Gl,O) for some (:cl,yl,&l) for
Remark 2. Then system can evolves in ./\;l? to achieve any
¢f € MP for lemma 3. There exists an equivalent control
law that steers the system from ¢° € ./\;1}3 to ¢/ € /\;1}31

We now prove that the system can be steered between
any two conﬁguratlons in M4 44 crossing ME. For ¢°
(29,49,09,99) € MRS, Remark 2 implies that any p01nt
with ¢ = y1+60; = Y +609 = ¢° can be reached in MRS, see
fig.16 (a). Referring to fig.16 (b), if the final point 1n MRS 1s
such that ¢ # ¢° we proceed as follows: 1) from ¢, achieve
a configuration ¢* = (2},yi,01,~7%) with 6] = ¢* = ¢°,
notice that ¢! € MEg with 4§ = 0. 2) from ¢!, reach ¢>
with 62 = ¢? = ¢/, evolving with X E. This is possible for
the first part of this proof. 3) from ¢2, reach ¢/ evolving
according to »4 g (Remark 2)

Finally, the four systems E ng and E R& are controllable
for each angular relationship. The switches between them are
shown in fig.9, so that ¥ rg is controllable. |

VI. CONTROLLABILITY FOR DUBINS

For Dubins vehicles, u; = 1, hence from (8), we have:

COS Y1 = COS V2. 21

Thus we have two possible angular relationships between
two vehicles

a:y1 =22 by =—7. (22)

Angular relationships and their intersection cases a A b :
Y1 =72 = km,k = 0,1 are reported in fig.17.

Using the same reasoning used for X g, when a : v1 = ¥
(v1 = vg), the kinematic model of ¥4 . s
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a:yy ="

Fig. 17. Two angular relationships a, b for ¥ pypins-
T cos 01 0
71 sin 01 0
0, = 0 + 1 vy, (23)
o 0 -1
A 0 -1
where u; € {—1,1} and v; € [-1,1].
If two vehicles have the angular relationship b, then
kinematics of X8 . is:
I cos 01 0
U1 sin 6, 0
01 - 0 + 1 V1. (24)
1 25tn -1
2 e !

The range of v; is given by max i)

{_1, 4siny; 1} <

v1 <min{ 28 41 1% and [siny| < 2.

The controllability of X pypins requires similar reasoning
as the controllability of ¥ pgs. However, it is much more
challenging to prove that ¥ p,uins 1S a weakly reversible
system, details of the proof can be found in [17]. For space
limitations, we only report the controllability results for
Y Dubins-

Let M3, ;... = R? x 8t x 8t x {a} and M5, . =
R2XS'XT pupins xb. Let also I pypins = {11||siny| < 2}
and FSDubins = {71” sin 71| = %}

Theorem 8: [17] X puybins 1S controllable on the configu-
ration space M pupins = MP pins UMB o

When D < Ruyin, if g € M2, = R2xS'xT%, . x
b, the reachable configurations is a limit circle.

VII. CONTROLLABILITY FOR n VEHICLES

This section gives a direct extension of above controllabil-
ity results for pairs of vehicles to n identical vehicles both
for a star formation with a leader and for a chain formation.

D = Ruin

™ m D= 2Ry
6

ol
[N S
.

>

Fig. 18. The admissible controls Uppins With respect to 7.

Fig. 19.

The star formation for n vehicles.

A. Controllability for n vehicles with star formation

Given n vehicles V;, i« = 1,--- ,n, let V; be a leader.
Assume the distances D;, i = 2,--- ,n between V; to V; are
different such that no collision between vehicle occurs. Let
Y1,i (Vi,1), © = 2,--- ,n denote the angle from the heading
direction of V7 (V;) to the distance direction from V; to V;,
see fig.19. Such system is denoted by X7.

Let g = (.1‘1, Y1, 01, Y1,2,72,15 0 V1,ns ’yml) be the con-
figuration of 7. If vehicles are all DDV, Car or CRS
types, the configuration spaces can be written as M =
R2xS! x .- x S. From Theorems4, 5 and 6 corresponding
27 are c021;l1plletely controllable.

For RS and Dubins vehicles, since for D; < 2R,.in
the admissible control v; does not exist for all possible
configurations, we assume that D; > 2R,,;, for all i =

1, ..., n. For RS vehicle, define S4 = S' with angular
relation a; V1, vi,1 and aso Y1,i Yi,1 — T,
SB = S with angular relation b; : vy1; = —7;1 and

by : 71, = —7i,1 — . For Dubins vehicles, define SA4 =81
with angular relation a : v1;, = 1 and SP = S' with
angular relation b : 7;; = —v;1. Then we can write
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Fig. 20. The chain formation for n vehicles.

M=R x8 xS xS USBx-- - x8' x54uUSE.

From Theorems7 and 8 corresponding nE?s are completely
controllable.
B. Controllability for n vehicles with chain formation

This part gives another extension of controllability results
for chain formations consisting of n vehicles V;, ¢ =

1,---,n. Assume the distances D;, ¢ = 1,---,n — 1
between V; to V;y; are specified such that no collision
between vehicle occurs. Let v; ;41 (Vig1,), ¢ =1,--- ,n—1

denote the angle from the heading direction of V; (V;41)
to the distance direction from V; to V.1, see fig.20. Such
system is denoted by X7.

Let ¢ = (x1,¥1,01,71,2,72.1, " s Yn—1,n> Yn,n—1) be the
configuration of X7. If vehicles are all DDV, Car or CRS
types, the configuration spaces can be written as M = R? x
S x --- x 8. From Theorems4, 5 and 6 corresponding -

2n—1
are completely controllable.

For RS and Dubins vehicles, we assume that all distance
D; > 2R,,in. For RS vehicle, define S4 = S' with angular
relation ail : Yii+1 = Vitla and a2 * Yii+1 = Yi+1l,4 — T,
SB = S! with angular relation by : 7; ;41 = —Yi41,; and by :
Vii+1 = —7Yi+1,; — 7. For Dubins vehicles, define 54 =81
with angular relation @ : 7; ;11 = i1, and SB = S* with
angular relation b : ; ;11 = —7;4+1,;. Then we can write
M =R xS xS'xSAUSEx... xS x SAUSE.

From Theorems7 and 8 corresponding nEQs are completely
controllable.

VIII. CONCLUSIONS

This paper has provided controllability results for pairs of
identical vehicles (Dubins, Reeds-Shepp, differential drive,
car-like and convexified Reeds-Shepp) that move maintaining
a constant distance. Known theorems of controllability have
been extended to solve the controllability problem for special
affine control systems whose admissible control domains
depend on their configurations. Furthermore, a practical
condition has been provided to apply the proposed theorem
for studied systems.

As a result, for differential drive, car-like and convexi-
fied Reeds-Shepp vehicles complete controllability has been

proved. The same does not hold for pairs of Dubins or Reeds-
Shepp vehicles, and a description of the reachable sets in
these cases has been provided. Limit circles for particular
configurations have been proved to exist in case of small
distance to be maintained.

Finally, controllability results have been presented, as a
direct extension of pairs, for n identical vehicles with star
formations and chain formations. The optimal control for
larger groups of robots are under study.
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