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Abstract— This paper presents the definition of a new type
of dynamic singularity for robotic manipulators. It is applicable
to all underactuated robotic systems that can be described by
Lagrange’s equations where the Lagrangian is the kinetic minus
potential energy. The approach is to decompose the velocity at
every point in the configuration space into velocity directions
that can be directly controlled and those that are uncontrolled
and orthogonal to the directly controlled directions. These
uncontrolled directions are controlled only through the dynamic
coupling with the controlled directions and the measure of a
dynamic singularity is then a measure of this degree of coupling.
When this coupling is zero, the mechanism is said to be at
a dynamic singularity. The practical implication is that, at
such points, the dynamics are decoupled and control over the
uncontrolled directions is very weak in that the mechanism will
have to move away from the singularity before the inputs can
affect the uncontrolled velocity directions. An example that is
realistically complicated is presented and simulations show the
effect on control inputs when the system is operating near a
dynamic singularity.

I. INTRODUCTION

This paper presents a proposed metric for dynamic sin-

gularities for robotic mechanical systems. Specifically for

an underactuated robotic system with equations of motion

that can be described by Lagrange’s equations, this metric

provides a measure of the degree of coupling between the

actuated and unactuated degrees of freedom for the system.

Since the unactuated degrees of freedom can only be con-

trolled through dynamic coupling with the directly controlled

degrees of freedom, configurations where such coupling is

zero are problematic if it is necessary to reject disturbances

in the uncontrolled degrees of freedom.

This work extends the applicability of some previous

results by the authors [10–12], which focused on the open

problem in nonlinear control of determining conditions for

controllability of mechanical systems starting from non-zero

velocity. The prior work generally focused on nonholonomic

mechanical systems such as the well-known snakeboard

[1, 5, 6, 13] or the rollerblader [8]; whereas, the focus in this

paper is directed more toward nonlinear manipulator-type

mechanisms. However, it is emphasized that the approach is

general and applicable to a very broad class of mechanical

systems as is much of the work on control of nonlinear

mechanical systems such as in [6, 7, 9]. As is nearly

universally true in the field, the results in this paper are

limited to nonlinear mechanical robotic systems which have
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Fig. 1. Underactuated three-link manipulator

with joints 2 and 3 actuated and joint 1

unactuated.

a Lagrangian that the difference between the kinetic and

potential energies of the system.

In this paper we establish a framework for using the metric

in mechanism design so that, if the disturbances that the

system will normally be subjected to can be characterized,

the system can be designed to either normally operate away

from the dynamically singular configurations or optimize the

location of the actuators for increased effectiveness. The

main contributions of this paper are 1) a demonstration

of the serious effects of the singularity; and 2) evaluation

of the metric on a system with realistically-complicated

dynamics (the underactuated triple-pendulum illustrated in

Figure 1). Without the general formulation and the aid of

a symbolic mathematics program, computing the metric and

location of the singularities would be practically impossible

for realistically-complicated robotic mechanisms.

This work refers to configurations in which there is com-

plete decoupling between the controlled and uncontrolled

velocity directions as dynamic singularities. This term has

been used previously in slightly different ways that, while not

identical to the present use, are similar to it in nature. For

example, [15] considers dynamic singularities to be states

of a robot that are impossible to attain for causes related

to the robot’s dynamics. Examples include configurations in

which the moment of inertia about an axis goes to zero,

which is physically impossible, but a common element of

many modeling approaches. In [14], a dynamic singularity is

a configuration in which a free-floating manipulator is unable
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to move its end-effector in some inertial direction.

Much like a kinematic singularity, our definition of a

dynamic singularity is a function of the robot’s configuration

and parameters and not a function of its joint velocities.

Unlike a kinematic singularity, however, it also depends on

the system’s inertial properties such as mass and moments

of inertia. Just as a kinematic singularity can be both bad

(necessitating large joint velocities) and good (large mechan-

ical advantage), a dynamic singularity has both desirable and

undesirable properties. The primary undesirable property is

the aforementioned lack of control authority. A desirable

property is that if the nature of the disturbances experienced

by the mechanism near a dynamic singularity are generally

aligned only with the controlled directions, the uncontrolled

directions are isolated from those disturbances.

II. DERIVATION OF DYNAMIC STABILITY METRIC

This section derives the relevant terms for the dynamic

singularity metric. A complete exposition on the basis for

the description of mechanical systems used in this work can

be found in [2, 4].

It is a standard result in mechanical systems theory that

for a mechanical system with a Lagrangian L = T −V , a

curve γ(t) satisfies the Lagrange-d’Alembert principle if it

satisfies

∇γ̇(t)γ̇(t) = G
♯ (F (t))−gradV (γ (t)) ,

where ∇ denotes the covariant derivative and G
♯ is standard

notation for mechanical systems and, in matrix form, is

simply the inverse of the inertia matrix. In coordinates, this

may be expressed as

θ̈ i +Γi
jkθ̇ jθ̇ k = τa

G
ikFa

k −G
ik ∂V

∂θk

, (1)

where superscripts on the inertia tensor indicate the usual

tensor notation that they are the components of its inverse,

Fk are the components of the applied torques, τa are the

magnitudes of the applied torques, and summation over

repeated indices is implied. The Christoffel symbols are

given by the usual formula

Γk
i j =

1

2
G

kl

(

∂Gil

∂θ j

+
∂G jl

∂θi

− ∂Gi j

∂θl

)

.

Because the θ̈ terms are isolated, Equation 1 is only one step

away from state space form and is a particularly convenient

representation of the equations of motion. Define the input

vector fields in the usual way by

Y j
a = G

jkFa
k .

The G-orthogonal complement to the input vector fields,

denoted by Y⊥, may be defined as a linearly independent

set of unit-normal vector field that satisfies

Y i
⊥Gi jG

jkFa
k = 〈〈Y⊥,GYa〉〉 = Y k

⊥Fk
a = 0

and has unit length with respect to G, i.e., Y i
⊥Gi jY

j

⊥ = 1.

For clarity of presentation, for the rest of this paper we

will assume that the systems is underactuated by one input;

however, we emphasize that the results are general and hold

for any degree of underactuation.

The foundation of the approach is that a given velocity v

can be decomposed in the direction of the input vector fields

and the orthogonal complement vector fields. In the case of

a system like the three link manipulator, this will be of the

form

v = w1Y1 +w2Y2 + sY⊥. (2)

Since the w1 and w2 terms are the coefficients of Y1 and Y2,

their rate of change is directly controlled by the inputs. In

contrast, s is the coefficient of the vector field orthogonal

to them and can only be affected by the inputs through

the coupling of the natural dynamics of the system. This

decomposition requires that the input vector fields be linearly

independent. If they are not, it may be assumed that a linearly

independent subset is used. If Equation 2 is multiplied on the

left by G and then Y⊥, an expression for s is obtained.

Recall that Y1 and Y2 are the input vector fields, so the w1-

and w2-components of the velocity are directly controlled. A

straight-forward, but detailed, computation gives an expres-

sion for the derivative of s. In intrinsic form, it is given by

d

dt
s(t) = −wa(t)wp(t)〈〈∇YaYp,Y⊥〉〉

−wa(t)s(t)〈〈∇YaY⊥,Y⊥〉〉
− s(t)wp(t)〈〈∇Y⊥Yp,Y⊥〉〉
− s(t)s(t)〈〈∇Y⊥Y⊥,Y⊥〉〉
−〈〈gradV,Y⊥〉〉,

(3)

where 〈〈,〉〉 is the inner product with respect to the inertia

tensor and summation over repeated indices is implied. A

complete derivation can be found in [10–12].

The critical point with respect to Equation 3 is that the

inputs do not directly affect it. This is notationally clear

simply from the fact that there are no inputs τ in the equation.

It is only through the coupling of the dynamics with the

directly controlled directions (the w velocity directions), or

the natural dynamics of the system, that s changes. Hence,

one measure of the control authority of the system is the

magnitude of the coupling between the controlled velocities

and s, which are the inner product terms on the first three

lines of the equation. In coordinates, this expression is

d

dt
s(t) = −wa(t)wp(t)

(

∂Y k
p

∂θ i
Y i

a +Γk
i jY

i
aY j

p

)

GklY
l
⊥

− s(t)wa(t)

(

∂Y k
⊥

∂θ i
Y i

a +Γk
i jY

i
aY

j

⊥

)

GklY
l
⊥

− s(t)wp(t)

(

∂Y k
p

∂θ i
Y i
⊥ +Γk

i jY
i
⊥Y j

p

)

GklY
l
⊥

− s2(t)

(

∂Y k
⊥

∂θ i
Y i
⊥ +Γk

i jY
i
⊥Y

j

⊥

)

GklY
l
⊥− ∂V

∂θ l
Y l
⊥.

(4)

In Equations 3 and 4, the terms multiplying the w and s terms

are what couple the dynamics between the directly controlled
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velocity directions and the velocity component orthogonal to

them. Hence, the relevant terms that provide a measure of

the dynamic coupling in the system are the three forms

B
ap
1 (Ya,Yp) =

(

∂Y k
p

∂θ i
Y i

a +Γk
i jY

i
aY j

p

)

GklY
l
⊥

Ba
2 (Ya) =

(

∂Y k
⊥

∂θ i
Y i

a +Γk
i jY

i
aY

j

⊥

)

GklY
l
⊥

B
p
3 (Yp) =

(

∂Y k
p

∂θ i
Y i
⊥ +Γk

i jY
i
⊥Y j

p

)

GklY
l
⊥.

(5)

It is these terms, when evaluated for all configurations along

a trajectory, that provide a measure of the robustness of

the control authority to disturbances in the uncontrolled

velocity directions. These equations are presented for the

case where the system is underactuated by one degree of

freedom. Each additional degree of underactuation will add

one additional set of these equations. For example, for a

system underactuated by two, there will be six forms to

consider. The term multiplying s2 does not depend on either

of the controlled velocities. Hence, it affects the rate of

change of s, but does not provide any measure of how the

control inputs can affect s. Note that these terms are directly

computable and can be determined for any system for which

the Lagrangian dynamics can be formulated.

III. EXAMPLE: THREE LINK MANIPULATOR

As a specific example, consider the three-link manipulator

(triple pendulum) in Figure 1 subjected to gravity with the

base joint free and the other two actuated. The actuator at

joint 2 is attached to link 2, so a positive actuator torque

τ1 applies a positive torque to link 2 and a negative torque

to link 1. Similarly, a positive actuator torque τ2 at joint 3

imparts a positive torque on link 3 and a negative torque

on link 2. The system configuration is parametrized by the

angles θ1, θ2 and θ3. The notation for the physical parameters

is indicated in the figure.

The inertia tensor is given by

G =





1
4
(m1 +4(m2 +9m3))l

2
1 + J1

1
4
l1l2(m2 +6m3)cosθ12

1
4
l1l2(m2 +6m3)cosθ12

1
4
(m2 +4m3)l

2
2 + J2

3
4
l1l3m3 cosθ13

1
4
l2l3m3 cosθ23

3
4
l1l3m3 cosθ13

1
4
l2l3m3 cosθ23

m3l2
3

4
+ J3






,

where θi j = θi −θ j. Using this metric, the kinetic energy is

T = 1
2
θ̇ T

Gθ̇ , where θ̇ =
[

θ̇1 θ̇2 θ̇3

]T
. Since the system

is subjected to gravity, we must consider the potential energy

which is given by

V =
1

2
g(l1(m1 +2m2 +6m3)sinθ1

+ l2(m2 +2m3)sinθ2 + l3m3 sinθ3). (6)

For L = T − V , the equations of motion are given by

Lagrange’s equations

d

dt

(

∂L

∂ θ̇i

)

− ∂L

∂θi

= F1
i +F2

j ,

where

F1 = τ1





−1

1

0



 , and F2 = τ2





0

−1

1



 .

The idea is to consider velocity components aligned with

and orthogonal to the inputs (orthogonal with respect to the

kinetic energy metric). Thus, a velocity is expressed in terms

of the magnitude of three components, w1, w2 and s, where

v =





θ̇1

θ̇2

θ̇3





= w1G
−1





−1

1

0



+w2G
−1





0

−1

1



+ s





1

1

1



 .

(7)

Note that w1 and w2 are directly aligned with the input

torques and the s component is orthogonal (specifically, G-

orthogonal) to both. The presence of the inverse of the inertia

tensor before the first two vectors arises from converting

Lagrange’s equations to state space form, as detailed subse-

quently.

Since the first two terms are directly aligned with the

inputs, they can be directly controlled. An expression for

how s changes with time provides a measure of the cou-

pling between the controlled velocities, w1 and w2, and the

orthogonal velocity s. Unsurprisingly, this coupling depends

on the configuration of the robot. In some configurations,

the dynamics are completely decoupled, indicating that there

is no instantaneous control authority over the orthogonal

direction. In other configurations, there is tight coupling.

The practical implication is that the expression for this

coupling provides a measure of instantaneous (i.e., high-

bandwidth) control authority over the orthogonal direction,

which may be interpreted as a measure of a type of dynamic

mechanical advantage.

The following simulations show the dynamic response of

the three-link manipulator in three configurations subjected

to large inputs. In all cases, the acceleration of gravity g = 1,

and the parameters are

l1 = 1 m1 = 4 J1 = 7

l2 = 2 m2 = 5 J2 = 8

l3 = 3 m3 = 6 J3 = 9.

These values were specifically selected to avoid any simpli-

fications that may occur in more symmetric designs, and the

intentionally omitted units are taken to be consistent. The

three configurations considered are illustrated in Figure 2.

For configuration 1,

(θ1,θ2,θ3) = (0.25,3.74,2.84) ,
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Fig. 2. The three configurations of the three-

link manipulator.

which places the manipulator near a dynamic singularity,

although this fact is not at all obvious from a simple

inspection of the configuration. For configuration 2,

(θ1,θ2,θ3) = (0,5,1) ,

which places the manipulator away from a dynamic singu-

larity. Finally, for configuration 3,

(θ1,θ2,θ3) =
(

−π

2
,−π

2
,−π

2

)

,

which corresponds to both a kinematic and a dynamic

singularity of the mechanism. Note that neither of the first

two configurations is near a kinematic singularity.
To give a feel for the relative complexity of the equations,

Y1, Y2 and Y⊥ are given in vector form as

Y1 =








4(178cosθ12−27cos(θ1+θ2−2θ3)−18cos2θ23+352)
6191cos2θ12+3780cos2θ13+2610cos2θ23−82151

2(−356cosθ12+54cos(θ1+θ2−2θ3)+81cos2θ13−1259)
6191cos2θ12+3780cos2θ13+2610cos2θ23−82151

2(−362cosθ13−123cos(2θ12−θ3)+413cosθ23+82cos(θ1−2θ2+θ3))
6191cos2θ12+3780cos2θ13+2610cos2θ23−82151









Y2 =








− 4(178cosθ12−27cos(θ1+θ2−2θ3)−181cosθ13+41cos(θ1−2θ2+θ3))
6191cos2θ12+3780cos2θ13+2610cos2θ23−82151

2(−81cos2θ13−123cos(2θ12−θ3)+413cosθ23+1259)
6191cos2θ12+3780cos2θ13+2610cos2θ23−82151

2(1681cos2θ12+1107cos(2θ12−θ3)−7(531cosθ23+2593))
9(6191cos2θ12+3780cos2θ13+2610cos2θ23−82151)









Y⊥ =







2√
164cosθ12+108cosθ13+72cosθ23+506

2√
164cosθ12+108cosθ13+72cosθ23+506

2√
164cosθ12+108cosθ13+72cosθ23+506






.

Observe that Y⊥ is the same form as in Equation 7 except

for a configuration-dependent scaling.

The response of the system is computed for nine cases,

three for each of the three configurations:

1) no input torques;

2) case 1: τ1 = 1000 and τ2 = −1000; and,

3) case 2: τ1 = −1000 and τ2 = 1000.

The velocities for the initial conditions in the simulations

were chosen to give the same non-zero magnitude of the

uncontrolled velocity direction. While the degree of coupling

88
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96

98

100

102

0 0.02 0.04 0.06 0.08 0.1

s

t

no torques
case 1
case 2

Fig. 3. Good control authority illustrated in the

response away from a dynamic singularity in

configuration 2.

is a function of the configuration and system parameters

only, the coupling itself is proportional to the velocities, so a

non-zero velocity is necessary for there to be any coupling.

Furthermore, nonzero velocities are more representative of a

robotic manipulator or system performing some task.

The responses of the uncontrolled velocity direction for

the non-singular configuration 2 are illustrated in Figure 3,

and for the dynamically singular configuration 1 in Figure 4

and the dynamically singular case 3 in Figure 5. Relatively

large torques and a short time interval were chosen to

be representative of the dynamics and characteristic of a

manipulator performing a dynamically demanding task. Note

that away from a dynamic singularity (the right-hand plot

in Figure 2), there is significant control authority in that the

application of the inputs significantly alters the magnitude of

the uncontrolled velocity. In contrast, for the configurations

near the dynamic singularities illustrated in Figures 4 and 5,

there is only a very limited response.

The proper interpretation of the responses is the difference

between the “no torques” curves and the two numbered

cases. Where there is a significant difference with and

without applied torques, significant coupling exists between

the controlled and uncontrolled directions. Where there is

little difference, the responses are illustrative of a dynamic

singularity. The fact that there is any difference at all in the

singular cases is due to the fact that the system has non-

zero initial velocity and leaves the singularity. Therefore, in

Figure 3, the large difference between the middle and outer

curves is a manifestation of strong coupling and hence good

control authority. The small differences between the three

curves in the plots in Figures 4 and 5 is a manifestation of

the dynamic singularity and hence poor control authority.

The expression for the coupling forms in Equation 5

are too long to present with the parameter values unspec-

ified. For the same numerical parameter values as in the

simulations, direct computations give expressions for these

coupling terms. In particular, the first form B1, which is the
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Fig. 4. Response near configuration 1, a dy-

namic singularity, illustrating a weak control

response.
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Fig. 5. Response near configuration 3, which is

at both a dynamic and a kinematic singularity

(the responses for cases 1 and 2 are the same

for this configuration), illustrating a weak re-

sponse.

term multiplying wa(t)wp(t), is identically zero. The second

and third forms are not zero and are relatively complicated.

The numerator of the second form B2, the term multiplying

s(t)w1(t), is

−2(69251sin(θ12)+12382sin(2(θ12))+

9(−155sin(θ1 +θ2 −2θ3)+1702sin(θ13)+

420sin(2(θ13))+453sin(2θ12 −θ3)−1903sin(θ23)−
290sin(2(θ23))+302sin(θ1 −2θ2 +θ3))) ,

and the denominator is

(82cos(θ12)+54cos(θ13)+36cos(θ23)+253)

(6191cos(2(θ12))+3780cos(2(θ13))+

2610cos(2(θ23))−82151) .

The numerator of the third form B3, the term multiplying

s(t)wp(t), is

−2(−44383sin(θ12)−6191sin(2(θ12))+

3915sin(θ1 +θ2 −2θ3)+43465sin(θ13)+

3780sin(2(θ13))+1663sin(2θ12 −θ3)+

44327sin(θ23)+5220sin(2(θ23))−
5945sin(θ1 −2θ2 +θ3)) ,

and the denominator is the same. When these coupling terms

are zero, the system is at a dynamic singularity because

the orthogonal velocity component is not affected at all by

the controlled velocity directions. Hence, from a disturbance

rejection perspective, it is desirable for the coupling terms

to be large.

While complicated, it is relatively simple to find con-

figurations where these coupling terms are zero. The an-

gles of singular configuration 1 in the simulation example,

(θ1,θ2,θ3) = (0.25,3.74,2.84), were readily computed nu-

merically. More intuitively, by inspection of the numerator

terms, it is clear that they are zero when all the angles have

the same value. The consequence, again, is that if these terms

are zero even with arbitrarily large torques, the s velocity

cannot be altered until the mechanism moves away from

the configuration. In contrast, away from such points, the

control authority is much better. Such configurations with

large coupling will exist when the denominator term is small

and the numerators are large.

IV. CONCLUSIONS AND FUTURE WORK

This paper presents a measure of dynamic singularities

for mechanical robotic systems and demonstrated with a

realistically-complicated example the effect and nature of

dynamic singularities for such systems. They are clearly

problematic for underactuated systems because dynamic

coupling is necessary for complete control authority, and

in some configurations this dynamic coupling will be zero.

Simulation results demonstrated that, analogous to kinematic

singularities, near a dynamic singularity even with very large

input torques there is very little effect on the underactuated

velocity directions. The measure is very general in that

it applies to any underactuated mechanical system that is

governed by Lagrange’s equations where the Lagrangian is

kinetic minus potential energy.

There are three areas of future work we intend to pursue.

1) The analysis of dynamic singularities should be very

useful in feedback control design for disturbance re-

jection. Analogous to the notion of the controllability

index for linear systems (see [3]) the expressions for

the forms given in Equation 5 provides a measure

of control authority over the unactuated degrees of

freedom. In the case where some of the disturbances

are likely to be in the uncontrolled directions, it will

generally be desirable to operate the system away from

the dynamic singularities. On the other hand, if the

disturbances are generally aligned with the controlled
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directions, then operating near a dynamic singularity

would be advantageous because the uncontrolled di-

rections will actually be isolated from the disturbances

due to the lack of dynamic coupling.

2) With a computable expression for the degree of cou-

pling between the controlled and uncontrolled direc-

tions, mechanisms may be designed to minimize or

eliminate dynamic singularities or to ensure they are

in configurations where they are as inconsequential as

possible. In the latter case, it may be desirable the

singularities can be placed in a region of the config-

uration space where the mechanism is not intended

to operate. Of course, this would make operating in

the unintended configurations even more problematic,

but that is a consideration the designer would have to

consider.

3) The above two considerations will be applied to the

specific problem of dynamic bipedal robotic locomo-

tion. Specifically, when designing a gait for a robot,

ensuring maximal coupling throughout the gait will

provide additional robustness for the gait. This can be

accomplished in two stages, first during the design of

the robot and then secondly when designing baseline

locomotion gaits for it.
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