
  

  

Abstract—Wheelchair-bound persons with upper limb motion 
limitations can utilize a wheelchair-mounted robotic arm 
(WMRA) to perform activities of daily living (ADL) tasks. In 
this paper, an optimized control of our 9-DoF system, 
consisting of a 7-DoF robotic arm and a 2-DoF power 
wheelchair, is achieved. For effective ADL task execution, 
positioning the end-effector with proper wheelchair orientation 
was optimized as part of the control algorithm. Separate 
wheelchair and end-effector trajectories were simultaneously 
followed to execute a “Go To and Open the Door” task. The 
control methodology, implementation and test results in 
simulation are presented in this paper. 
  

Index Terms – Dual-Trajectory, Mobile Robot, Manipulator, 
redundancy, ADL 

 
I.  INTRODUCTION 

 
  According to the latest available data from the US Census 
Bureau [1], about 54.4 million Americans had some level of 
disability, 34.9 million of them had a severe disability. 
About 11 million Americans older than 6 years of age 
needed personal assistance with one or more activities of 
daily living (ADL). This work focuses on people with 
limited upper and lower extremity mobility due to spinal 
cord injury or dysfunction, or genetic predispositions.  
Robotic aides used in these applications vary from advanced 
limb orthosis to robotic arms [2]. A wheelchair mounted 
robotic arm can enhance the manipulation capabilities of 
individuals with disabilities that are using power 
wheelchairs, and reduce dependence on human aides. 

Two prototypes of the wheelchair-mounted robotic arm 
(WMRA) have been designed and developed to enhance the 
capabilities of mobility-impaired persons with limited upper 
extremities limitations exceeding previous models 
specifications and performance [3, 4]. The combination of 
the wheelchair mobility and the arm manipulation in an 
optimized redundancy resolution algorithm [3] allowed for 
the possibility of programming pre-set ADL tasks to be 
autonomously executed. Some ADL tasks, such as “Go To 
and Open the Door” task, require wheelchair orientation 
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control to place the WMRA in a configuration that makes 
the task possible. In this context, having a secondary 
trajectory for the wheelchair to follow while the arm is 
following its main trajectory allows for an easier task 
execution. 

This work utilizes redundancy to control 2 separate 
trajectories, a primary trajectory for the end-effector and an 
optimized secondary trajectory for the wheelchair. Even 
though this work presents results and implementation in the 
WMRA virtual reality simulation environment, this 
approach offers expandability to many wheeled base mobile 
manipulators in different types of applications.  
 

II. BACKGROUND 
 

Redundant mobile manipulators as a research topic has 
gained interest with its potential for a wide range of 
applications. In [5], a 7 DoF mobile manipulator consisting 
of a 5 DoF arm mounted on a 2 DoF wheeled platform was 
controlled by coordinating the platform motion and the 
gripper motion. The platform was driven to a destination that 
put the target within the gripper’s workspace. 

The non-holonomic wheeled platform of manipulators 
was addressed in [6], where redundancy for a planar mobile 
manipulator was resolved using extended reduced gradient 
and projected gradient optimization-based methods. This 
approach was tested in simulation by having the end effector 
pointing at a pre-specified orientation while the wheelchair 
followed a circular trajectory, however they did not attempt 
to control two separate trajectories for the end effector and 
the non-holonomic base. 

Path planning for non-holonomic mobile robots has been 
addressed by researchers for more than 2 decades. In [7], 
this was implemented for obstacle avoidance and 
implemented using the non-holonomic constrains of the 
platform. However, combining this constrains with a 
redundant manipulator was not considered at that time. In 
[8], an on-line planner for obstacle avoidance with moving 
targets was presented. Their model is suitable for real time 
generation of trajectories and it was tested in crowded 
simulated environments. 

Recent work in redundancy resolution of mobile robots 
has accomplished the task of sustaining separate trajectories 
for the end effector and the platform. In [9] they 
implemented redundancy resolution of a 2D mobile 
manipulator using independent controllers developed within 
each other’s decoupled space, which facilitated the 
redundancy resolution at a dynamic level. The separate 
trajectories will be controlled by extending the weighted 
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least norm solution method [10] to constrain or prioritize the 
motion of the platform to follow certain trajectories. This 
method was intended for resolving redundancy while 
minimizing unnecessary motion of the joints. This approach 
has also been used along with specific criterion functions to 
avoid joint limits [11].  

In this work, we develop and optimize a control system 
that combines the manipulation of the robotic arm and the 
mobility of the wheelchair in a single control algorithm. 
Redundancy resolution is to be optimally solved to avoid 
singularities and joint limits. While the end-effector follows 
a primary trajectory, we introduce a secondary trajectory to 
be followed by the wheelchair as part of the redundancy 
resolution and optimization algorithm. 
 

III. DUAL-TRAJECTORY CONTROL 
 

A.  WMRA combined Kinematics 
Two of the DoFs are provided by the non-holonomic 

motion of the wheelchair. This subsystem is controlled using 
2 input variables: the linear position of the wheelchair along 
its x-axis, and the angular position of the wheelchair about 
its z-axis (see figure 1). The planar motion of the wheelchair 
includes three variables: the x and y positions, and the z-
orientation of the wheelchair [12].  

 

 
Figure 1. WMRA coordinate frames 

 
Assuming that the manipulator is mounted on the 

wheelchair with L2 and L3 offset distances from the center 
of the differential drive across the x and y coordinates 
respectively (see figure 1), the mapping of the wheels’ 
velocities to the manipulator’s end effector velocities along 
its coordinates is defined by: 

 c c W cr J J V= ⋅ ⋅  (1) 
where Jc and Jw are the jacobians that map the end-effector 
velocities to the arm base velocities (without arm motion) 
and the arm base velocities to the wheels’ velocities 

respectively and the end effector velocity and manipulator 
velocity are: 
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where Pxg and Pyg are the x-y coordinates of the end-effector 
based on the arm base frame, ϕ  is the angle of the arm base 
frame, which is the same as the angle of the wheelchair 
based on the ground frame, and L5 is the wheels’ radius. The 
above Jacobian can be used to control the wheelchair with 
the Jacobian of the arm after combining them together. 

The wheelchair will move forward when both wheels have 
the same speed and direction while rotational motion will be 
created when both wheels rotate at the same velocity but in 
opposite directions. Since the wheelchair’s position and 
orientation are our control variables rather than the left and 
right wheels’ velocities, Vc can be redefined as: 
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Seven DoFs are provided by the robotic arm mounted on 
the wheelchair. From the DH parameters of the robotic arm 
specified in earlier publications [13], the 6x7 Jacobian that 
relates the joint rates to the Cartesian speeds of the end 
effector based on the base frame is generated according to 
Craig’s notation [14]: 
 

A A Ar J V= ⋅

 (2) 

where: 
T

Ar x y z = α β γ 


     is the task vector, and 
T

A 1 2 3 4 5 6 7V  = θ θ θ θ θ θ θ 
       is the joint rate vector, and 

JA is the robotic arm’s Jacobian. 
Combining the wheelchair and arm kinematics yields the 

total system kinematics. In the case of combined control, let 
the task vector be: 
 

c Ar f (q ,q )= , (3) 

where qc and qA are the control variables of the wheelchair 
and arm respectively.  Differentiating (3) with respect to 
time gives: 
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where: T
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[ ] TT
A c 1 2 3 4 5 6 7V V V X = = θ θ θ θ θ θ θ ϕ 

       

 . 
 
B. Redundancy resolution and optimization 

Redundancy is resolved in the algorithm using S-R 
inverse of the Jacobian [15] to give a better approximation 
around singularities, and use the optimization for different 
subtasks. Manipulability measure [16] is used as a factor to 
measure how far is the current configuration from 
singularity. This measure is defined as Tw det(J *J )= . The 
S-R Inverse of the Jacobian in this case is defined as: 
 * T T 1

6J J *(J *J k *I )−= +   (5) 

where I6 is a 6x6 identity matrix, and k is a scale factor. It 
has been known that this method reduces the joint velocities 
near singularities, but compromises the accuracy of the 
solution by increasing the joint velocities error. Choosing the 
scale factor k is critical to minimize the error. Since the 
point in using this factor is to give approximate solution near 
and at singularities, an adaptive scale factor is updated at 
every time step to put the proper factor as needed: 
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− <
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where w0 is the manipulability measure at the start of the 
boundary chosen when singularity is approached, and k0 is 
the scale factor at singularity. 

Weighted Least Norm solution proposed by [10] can be 
integrated to the control algorithm to optimize for secondary 
tasks. In order to put a motion preference of one joint rather 
than the other (such as the wheelchair wheels and the arm 
joints), a weighted norm of the joint velocity vector can be 
defined as: 
 T

W
V V WV=  (7) 

where W is a 9x9 symmetric and positive definite weighting 
matrix, and for simplicity, it can be a diagonal matrix that 
represent the motion preference of each joint of the system. 
For the purpose of analysis, the following transformations 
are introduced: 
 1/2

WJ J W−=  , and  1/2
WV W V−=  (8) 

Using (5), (7) and (8), it can be shown that the weighted 
least norm solution integrated to the S-R inverse is: 
 ( ) 11 T 1 T

6W
V W J J W J k *I r

−− −= +   (9) 
The above method has been used in simulation of the 9-

DoF WMRA system with the nine control variables (V) that 
represent the seven joint velocities of the arm and the linear 
and angular wheelchair’s velocities. An optimization of 
criteria functions can be accomplished when used in the 
weighting matrix W. 

 
C. Secondary trajectory planning 

For the completion of an activity of daily living, the main 
task will be given as a set of trajectories for the end -effector 
to follow. Although the main task is followed, wheelchair 
position and orientation can be important for the task to be 
successfully completed. A secondary subtask representing 
the best position and orientation of the wheelchair is 

represented as a secondary set of trajectories for the 
wheelchair to follow. An optimal position/orientation 
combination of the non-holonomic motion of the wheelchair 
can be achieved if the secondary trajectory is divided into 3 
stages. The first one is to orient the wheelchair facing its 
desired linear trajectory. The second stage is to proceed with 
a linear motion along the secondary trajectory to approach 
the final planar coordinates. Once the wheelchair reaches its 
final position, the third stage will be to orient the wheelchair 
to its final desired orientation. Figure 2 shows the three 
stages implemented for the secondary trajectory. 

  
Figure 2. A general case of the three stages for the secondary trajectory to 

be followed by the wheelchair 
 
The three stages to be applied for the secondary trajectory 

will only involve the position “X” and orientation “ ϕ “ 
variables of the wheelchair. As shown in figure 3, knowing 
the initial and final transformations of the wheelchair base, 
the trajectory angle α can be defined as: 

 [ ]f i f ia tan 2 (y y ) , (x x )α = − −  
(10) 

 

 
Figure 3. Definition of the optimization variables 

 
That defines the amount of motion needed for the three 

stages to be followed in the following order: 
1) Rotation by the amount of  

1 iβ = α − ϕ  
2) Translation by the amount of  2 2

f i f itr (x x ) (y y )= − + −  
3) Rotation by the amount of  

2 fβ = ϕ − α  
 The above three wheelchair motion values can be utilized 
in the weight matrix as criteria to enforce the wheelchair 
motion.  
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D. Criteria functions for weighted optimization 
The criteria functions used in the weight matrix for 

optimization can be defined based on different requirements. 
For the robotic arm, the physical joint limits can be avoided 
by minimizing an objective function that represents this 
criterion. One of these mathematical representations was 
proposed by [10] as follows: 

 

27
i,max i,min

i 1 i,max i,current i,current i,min

(q q )1H(q)
4 (q q ) (q q )=

−
= ⋅

− ⋅ −∑
 

(11) 

where “qi” is the angle of joint “i”. This criterion function 
becomes “1” when the current joint angle is in the middle of 
its range, and it becomes “infinity” when the joint reaches 
either of its limits. The gradient projection of the criterion 
function can be defined as: 

 

2
i,max i,min i,current i,max i,min

2 2
i i,max i,current i,current i,min

(q q ) (2 q q q )H(q)
q 4 (q q ) (q q )

− ⋅ ⋅ − −∂
=

∂ ⋅ − ⋅ −
 (12) 

When any particular joint is in the middle of the joint 
range, (12) becomes zero for that joint, and when it is at its 
limit, (12) becomes “infinity”, which means that the joint 
will carry an infinite weight that makes it impossible to 
move any further. 

For the wheelchair, the criteria functions can be defined 
for each stage of its trajectory based on the desired motion of 
the wheelchair. Similar to the arm, mathematical 
representations can be obtained by treating the range of 
desired wheelchair motion as a motion limit. The upper limit 
in this case is set to be the current initial orientation (or 
position for the second trajectory stage) of the wheelchair. 
The lower limit is set to be double the rotation angle β1 or β2 
(or double the translation distance tr for the second 
trajectory stage). In this case, the middle of that range will 
be the desired orientation/position of the wheelchair, and 
either limit will be avoided. Figure 4 shows an example of 
the limits for the first wheelchair trajectory stage.  

 
Figure 4. Gradient variable limits for the first wheelchair trajectory stage 
 

To generalize the representation of the objective function, 
let variable “P” be a representative for β1, β2 or tr. The 
objective function in this case is: 

 
2

max min

max current current min

(P P )1L(P)
4 (P P ) (P P )

−
= ⋅

− ⋅ −
 (13) 

and the gradient of the criterion function can be defined as: 

 
2

max min current max min
2 2

max current current min

(P P ) (2 P P P )L(P)
P 4 (P P ) (P P )

− ⋅ ⋅ − −∂
=
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 (14) 

For the first stage, when the wheelchair‘s angle is in the 

middle of its allowable range, (14) becomes zero, and when 
it is at its limit, (14) becomes “infinity”, which means that 
the variable will carry an infinite weight that makes it 
impossible to move any further. This value of the gradient 
will be placed at the translational part of the weight matrix. 
The rotational part on the other hand will start with a very 
low value for (14). This way, rotational motion in the first 
stage will be active (with small weight), and the translational 
motion will be inactive (with high weight). The diagonal 
weight matrix W can then be constructed as:

1
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where for stages 1 and 3:

2
max min current max min

min max2 2
max current current min

2
max min current max min

2 2
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At the start of these stages 
L(X)

X
∂

∂
= ∞ and 

L( )∂ β
∂β

=0 

And for stage 2:
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2 2
max current current min

2
max min current max min

min max2 2
max current current min

( ) (2 )L( ) , tol
4 ( ) ( )

(X X ) (2 X X X )L(X) ,X X X
X 4 (X X ) (X X )

β −β ⋅ ⋅β −β −β∂ β
= β <

∂β ⋅ β −β ⋅ β −β

− ⋅ ⋅ − −∂
= < <

∂ ⋅ − ⋅ −

 

At the start of stage 2 
L(X)

X
∂

∂
= 0 and 

L( )∂ β
∂β

=∞

 

where wi is a user-set preference value for each joint and the 
position/orientation of the wheelchair. These values can 
achieve the user preference if joint limits are not approached 
and wheelchair motion is at its desired position.  

This procedure can achieve the desired trajectory 
combinations to successfully execute tasks that require 
separate end-effector and wheelchair trajectories. An 
example of ADL task was tested in simulation and the 
results will be presented in the next section.
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IV. RESULTS 
 

To illustrate the simulation, a virtual reality WMRA 
environment was developed for several activities of daily 
living [17]. In this paper, a “Go To and Open the Door” task 
was selected to proof the concept. For illustration purposes 
the initial and final transformations of the end-effector 
trajectory are known. The initial and final transformations of 
the wheelchair approach trajectory are also given.  

The task process is divided into two sub-tasks. The first 
task is to approach the door knob while both the end-effector 
and the wheelchair are following their respective 
trajectories. In this sub-task, the end-effector follows its 
straight-line trajectory from start to end, and the wheelchair 
follows the three stages of its trajectory to approach the door 
approximately at the desired position and orientation. The 
second sub-task is to open the door inwards while the 
wheelchair is backing up away from the door. In this sub-
task, the end-effector follows its circular trajectory to open 
the door, and the wheelchair follows a single-stage straight-
line trajectory to back up away from the door. The 
wheelchair orientation during this sub-task is kept constant.  

Figure 5 shows the complete task execution; reaching the 
door and following a circular path to open it. In that 
sequence, the transition between figures 5-I and 5-II shows 
how the end-effector was following its 3D trajectory while 
the wheelchair was rotating without translation to reach its 
trajectory orientation. After reaching an approximate angle 
equivalent to that of the trajectory line, the wheelchair 
started moving forward without rotation, while the end-
effector was still following its trajectory as shown in figures 
5-III and 5-IV. The transition between figures 5-IV and 5-V 
shows how the end-effector kept following its 3D trajectory 
while the wheelchair was rotating back without translation to 
the desired orientation. 

Figure 5-VI shows the end-effector following the circular 
trajectory to open the door, and the wheelchair was moving 
backwards to clear the space for the door to open. Figures 5-
VII and 5-VIII show the completed task of opening the door 
and arriving at the final pose. Notice here that a third sub-
task can be added to have the WMRA go through the door. 
In that case, the end-effector will need to stay stationary 
while the wheelchair moves forward to go through the door. 

Note that the secondary trajectory will not be followed in 
a precise motion. As the weights of the wheelchair position 
and orientation are updated at every iteration in the weight 
matrix, the relative motion is kept to minimum for the 
undesired variable motion, while the relative motion of the 
desired variable is kept to maximum. Figures 6 and 7 show 
the resulting wheelchair motion in its three 
position/orientation stages for the first sub-task of 
approaching the door. In figure 6, it can be seen that the 
position stayed close to its desired trajectory throughout the 
wheelchair motion. Orientation, however, seems to have 
slightly higher error in following its desired orientation as 
seen in figure 7. In some extreme cases, fail can occur when 
this algorithm is used due to the fact that it is impossible to 
achieve both trajectories at the same time. An example of 
that is when the end-effector is commanded to go in a 

direction that is deviating away from the desired wheelchair 
direction. 

 
Figure 5. VR simulation sequence for sample task 

Initial Position Wheelchair Rotation

Forward Motion Forward Motion

Wheelchair Rotation Opening Door

Opening Door Final Position

---Wheelchair path
---Gripper path

---Wheelchair path
---Gripper path

---Wheelchair path
---Gripper path

---Wheelchair path
---Gripper path

---Wheelchair path
---Gripper path

---Wheelchair path
---Gripper path

---Wheelchair path
---Gripper path

---Wheelchair path
---Gripper path
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It is shown, however, that even if the sub-task that is 
being performed by the wheelchair fails at certain instances, 
the trajectory-following of the end-effector stays unaffected. 

 
Figure 6. Wheelchair position vs. time for approaching task 

 

 
Figure 7. Wheelchair Orientation vs. time for approaching task 

 
This example assumes that the door opens towards the 

wheelchair and towards the left side of the user as shown in 
figure 5. If the door opens to the right side of the user while 
the robotic arm is mounted on the left side of the user, a 
more complicated trajectory is required to achieve 
acceptable results. Programming several sequences of 
trajectories for both the wheelchair and the end-effector can 
be utilized to form a complete set of tasks that can be 
autonomously preformed to make the WMRA system a task-
oriented system. 
 

V. CONCLUSIONS AND FUTURE WORK 
 

Optimized dual-trajectory following control system was 
presented for a 9-DoF redundant wheelchair-mounted 
robotic arm system to be used for people with disabilities to 
help them in their ADL tasks. S-R inverse was used with a 
weighting matrix to solve for the resolved rate solution to 
follow a primary trajectory. A secondary trajectory for the 
wheelchair to follow was mathematically represented and 
implemented for a “Go To and Open the Door” task. Joint 
limits for the manipulator joint variables and the 
position/orientation variables for the wheelchair were used 
in the weight matrix to prioritize or penalize the motion of 
the nine control variables. A simulation of the task was 
presented in virtual reality simulation, and the results were 
presented. Although these results are presented in 
simulation, ongoing efforts will test human subjects in 
simulation and in the physical system. These results are 
intended for future publications. More complicated 
environments will also be simulated and tested. 

Future work includes the addition of a pool of ADL tasks 
in the program and the incorporation of a laser range finder 

to obtain position information of the target and the 
environment. Implementation of the control system will be 
done in the new prototype WMRA under development. 
Clinical human testing of actual ADL tasks will follow, and 
data will be collected and presented in future publications.  
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