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Non-rigid Formations of Nonholonomic Robots

Luca Consolini, Fabio Morbidi, Domenico Prattichizzo, Mario Tosques

Abstract— The paper deals with a general class of leader-
follower formations of unicycle robots induced by a constraint
Jfunction that depends on the position and the orientation of the
vehicles. We study the flexibility of such formations by intro-
ducing the notion of formation internal dynamics, characterize
its equilibria and give sufficient geometric conditions for their
existence. In particular, we show that the displacement and the
relative orientation of each follower with respect to the leader’s
reference frame are fixed if and only if the robots either move
along circular paths or parallel straight lines. These equilibrium
configurations always exist if the trajectory of the leader is a
circle of sufficiently small curvature or a straight line.

I. INTRODUCTION

Multiagent systems and cooperative control are nowa-
days research topics of increasing popularity, as witnessed
by several monographs and books on the subject [1]-[4].
The research in this area has been stimulated by the recent
technological advances in wireless communications and pro-
cessing units, and by the observation that a team of agents
offers numerous advantages over a single unit, such as, e.g.,
increased fault tolerance, greater area coverage, lower costs,
greater accuracy, faster goal achievement.

One of the fundamental tasks of any multiagent system is
the ability to achieve and maintain a desired formation. There
is a large body of work on formation control in the literature,
where a wide range of issues have been addressed: a list
of key references, yet far from being complete is [5]-[8].
In the past few years, the interest in formation control has
been awakened by the introduction of the original notion
of rigidity, that essentially measures how much a formation
can be deformed by a smooth motion without affecting
the distance between neighboring agents. Moving from [9],
Anderson and coworkers have started to systematically apply
the rigid graph theory to the analysis of formations of
autonomous robots and shown the relevance of the notion of
rigidity in several branches of engineering (see [10] and the
references therein). In [11], [12], graph rigidity ideas have
been used to design decentralized gradient control laws for
the stabilization of a group of kinematic points to a target
formation. Recently, in [13], a distributed algorithm that
stabilizes the shape of a relative sensing network to a desired
formation has been proposed: the algorithm overcomes the
main drawback in [11], [12], and relies on the global
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minimization of the stress majorization function (a tool from
multidimensional scaling theory) associated to the network.

As it is apparent from the previous literature review, most
of the research in the rigidity framework has focused, up to
today, on graph theoretical issues and little attention has been
devoted to the physical constraints of the agents. In this
respect, two challenging open issues include the characteri-
zation of rigidity for formations of nonholonomic robots and
the definition of general classes of such formations sharing
the same rigidity properties. This last problem appears of
special practical interest, since real-world applications gene-
rally require a specific degree of flexibility of the formation.

This paper builds upon previous contributions of the au-
thors on leader-follower formation control [14] and addresses
the previous open issues from a nonlinear control perspec-
tive. A general definition of formation for unicycles with a
single leader robot, is introduced: the formation is induced
through a constraint function F', that depends on the position
and the orientation of the vehicles. We state conditions on F’
that guarantee that the followers’ controls (i.e., their linear
and angular velocities) are uniquely defined. In this setting,
the relative position and orientation of the followers with
respect to the leader’s reference frame is not fixed (i.e., the
formation is not rigid). The original notion of formation
internal dynamics is introduced to study the flexibility of
the robotic network. The equilibrium configuration of the
internal dynamics is characterized by two main geometric
results. A first theorem states that the displacement and
the relative orientation of each follower with respect to the
leader’s reference frame are fixed if and only if the robots
either move along circular paths or parallel straight lines.
A second theorem shows that such equilibrium configura-
tions always exist if the trajectory of the leader is a circle of
sufficiently small curvature or a straight line.

The work is organized as follows: Sect. II presents the
main theoretical results of the paper. In Sect. III the theory
is applied to two specific constraint functions, and in Sect. IV
conclusions are drawn.

The following notation will be used through the paper:
S1 denotes the quotient space S' = R/27Z, where Z is
the set of the integer numbers; Vo = (xl,xg,...,wn)T,
y= (Y2, y)" €R" (n 2 1), (2, y) = 301, @iy,
llz|| = \/(z, x); VO € S, 7(0) = (cosf, sin®)T, n(6) =
(—sinf, cos®)T; Given a differential manifold M, T, M
denotes the tangent plane of M at x € M; Given two
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Fig. 1.

Variables of the unicycle robot.

II. FORMATIONS OF UNICYCLE ROBOTS

Consider the following definition of robot as a velocity
controlled unicycle model [14]:

Definition 1 (Unicycle robot): A function r = (z,y,0) €
CH([0,+0c0), R? x S1) is called a unicycle robot (or a
robot, for short) if there exists a control function (v, w) €
C9(]0, +o0) , R?) such that,

T = vcosb,
Y =wvsinf,
0 =w.

For any t € [0,400), denote by (z(t), y(t)) the position
of the robot at time ¢, 6(t) its heading, 7(6(t)) the nor-
malized velocity vector and 7n(0(t)) the normalized vector
orthogonal to 7(6(t)). Hence, {7(0(t)), n(6(t))} represents
the robot reference frame at time ¢ (see Fig. 1).

The next definition introduces an ordered set of n + 1
robots, with n > 1.

Definition 2 ((n + 1)-tuple of robots): Let

X = (R?x S ={g= (60, &n)|
& = (v,i,0;) ER* x S, Vi=0,...,n}.

A C' map R : [0,400) — X, defined by R(t) =
(ro(t),...,rn(t)), where r; = (z4,v:,6;), i = 0,1,...,n,
is a robot, is called an (n + 1)-tuple of robots. The set
X is called the configuration space, ro the leader and
71,72, ...,Tn the followers.

Definition 3 (Constraint function): Let F be the C' map
defined on X' given by F' = (Fy, Iy,..., F,), where [} :
X — R2%, Vi=1,...,n. The map F is called a constraint
function if,

O, Fi(§) =0, VEe X, i=1,....n—1, j=i+1,...,n,
(1)
i.e., every F; depends only on (&, ...,&).

Definition 4 (Constraint set):

The set F = {§ € X' | F(§) = 0} is called the constraint set:
it is the set of the configurations ¢ compatible with the
constraints Fy, Fy, ..., F,.

The constraint function F' on the ordered set of (n + 1)-
robots, or (n+ 1)-tuple of robots, imposes a structure on the
set of constraints: in fact, constraint F; depends only on the
position and the orientation of robots that have index less or
equal than <.

The following definition introduces the notion of
F-formation used through the paper.
Definition 5 (F-formation): Let F' be a constraint func-

tion. An (n + 1)-tuple of robots R is said in F-formation if,
F(R(t)) =0, ¥t>0,
e, if R(t) e F,Vt>0.

Set vy = (v1,v2,...,), Wy = (W1,ws,...,wy), where
(vi, w;) is the control function of i-th follower. In this way
the kinematic equations of the n + 1 robots can be written
in a compact form as,

é :g(g,UQ,WQ,’Uf,Wf), (2)
where (vg, wp) is the control of the leader and
g = (90,91,---,9n) is such that Vi = 0,...,n:

9i(&,v0, wo,vp,wr) = (v;c080;, v;sinb;, w;).
Proposition 1: Let F' be a constraint function and suppose
that Vi=1,...,n, V&€ F:

det(cos 0; Oy, F; (&) + sinb; 0y, F;(§), 09, Fi(E)) #0. (3)

Then the following facts hold:

1) JF is a differential manifold of dimension n + 3.

i1) For each & € F and for each (vg, wg) € R?, there exist
unique controls vy (&, vo,wo), wr(&, vo,wp) such that,

g(g,UO,(A)O,’Uf(&,UO,WQ),Wf(é—,’UQ,(A)O)) S Tf F.

Proof: Denote by F’(&) the Jacobian matrix of F. Since
rank(F’(€)) = 2n by (3), we get that 7) holds by the implicit

function theorem. To prove 1), set Vi = 1,...,n, Vj =
0,...,m, afJF(é.) = (azJFZ(€)7 8y]‘ Fz(é), 89]E(§))’ which
is a2 x 3 matrix, and Vi =1,...,n,
cosf; 0
A j(€) = 0, Fi(§)| sinb; 0
0 1

= (cos0; 0, Fi(§) +sinb; 0y, Fi(£), 0p, Fi(§))-

Then, by hypothesis (3), V(vo,wo) € R2 vy =
(v1,v2,...,0p), wy = (w1,ws,...,wy) are given by the
unique solution of the following triangular system:

i—1
Aii(6) (51) = => A9 (Z;JJ) yi=1,...,n. N
=0

Remark 1: Condition (3) in Proposition 1 guarantees that
if the vehicles are in F'-formation at time ¢ = 0, then there
exist unique controls vy, wy for the followers such that they
remain in ['-formation for all ¢ > 0, independently on the
leader’s controls vg, wo, i.e., independently on the trajectory
of the leader.

Definition 6 (Regular constraint function): Let F be a
constraint function. We say that F' is regular if condition (3)
is satisfied.

Remark 2: In Definition 3 we introduced 2n scalar con-
straints for the followers on the (n+1)-tuple of robots. This is
a necessary condition for the uniqueness of the controls
vy, wy, and it is not a loss of generality since with less
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constraints it is always possible to restate the problem by
adding a suitable number of virtual ones.
To properly study the relative position and orientation
between the robots, we introduce the following definition.
Definition 7 (Rototranslation invariance): For any pa-
rameter p = (z,9,0) € R? x S, define the map H, :
R2 x ST — R2 x S? as,

Ho8) = (70) (117, 049)

where matrix R(0) = (7(0), n(f)). For any & =

(&o0,-... &) € X, set Hy(&) = (Hp(&),- ., Hpy(&n)).
A map G € CH(X,R™), is called rototranslation invariant if

G(&) = G(Hy(€)),VEe X, Vpe R? x St

In other words, a function of the configuration space X
is rototranslation invariant when its value does not change
when any rototranslation I, is applied to its argument.

Remark 3: Let F be a rototranslation invariant constraint
function and suppose that the (n 4 1)-tuple of robots R =
(ro,...,m) is in_F-formation. Therefore for any A\ €
CH([0,+00), R), R(t) = R o A is in F-formation. Hence if
[vo(t)]| # 0, V't > 0, taking A(t) = [ vy (7) dr, it follows
that the forward velocity of the leader of R is always 1.

This justifies the following assumption:

Assumption 1: We will henceforth suppose that the for-
ward velocity vy of the leader r( is equal to 1.

As a consequence, wy(t) represents the curvature of the
path (zo(t),yo(t)) followed by the leader ry at time t.

Let us now introduce the following equivalence relation
“~” on X.

Definition 8: Given two vectors &, 9 € X, 9 ~ £ if
JIp € R? x S such that ¥ = H,,(¢).

We denote by [(] = {¥ € X | ) ~ &} and by X/ ~ =
{[€] | € € X} the quotient set.

Note that GG is a rototranslation invariant function if and
only if for any £ € X, GG is constant on the set [£].

In the case of rototranslation invariant constraint functions,
it is natural to define a reduced constraint set as follows:

Definition 9 (Reduced constraints set): The reduced con-
straints set F, is the set: F, = F/~.

In this way, each element of F,. represents a set of configu-
rations for the formation that differ only by a rototranslation.

Proposition 2: Let ' be a regular rototranslation con-
straint function and R', R? be two (n + 1)-tuples of robots
in F'-formation. Suppose that,

R'(0) ~ R*(0), )

then
RY(t) ~ R*(t), Yt > 0. 5)

Proof: By (4) there exists p € R? x S, such that
H,(R(0)) = R?(0). Proving (5) is equivalent to show that,
Hy(R () = R*(t) , ¥t > 0. (6)

In fact F(H,(R'(t))) = 0 since F is rototranslation invari-
ant: moreover H,(R'(t)) is still an (n + 1)-tuple of robots.
Then (6) holds by part i¢) of Proposition 1. [ ]

Let wg € C(]0,+0c),R) be the control for the leader.
As a consequence of Proposition 2 the following map is well
defined: @, : [0, +00) X F. — Fpr, (¢, [C]) ~ Doy (¢, [C]),

where,
Do, (L, [C]) = [€D)] (7)

being £ the only solution of the following system,

5 = g(é—, 1,LUO, ’Uf(é—a 17w0)7wf(§7 1,&]0)), 5(0) = C?

where g is given by (2).
Remark 4: Let F' be a rototranslation invariant constraint
function. Set,

I'={¢= (%,
Then the map,

&n) EX & =0, F(§) =0} (8

F. — T
[€] ~  H-_g(8),

is a bijection. Moreover an (n + 1)-tuple of robots R is in
F-formation if and only if H_, ) (R(t)) € T', V¢ > 0.

As suggested by (9), F, is the set of all configurations of
followers in the leader’s reference frame that are compatible
with the constraint function.

Definition 10 (Reduced motion): Given an (n + 1)-tuple
of robots R, the reduced motion of R is the map [R] :
[0,400) — X/~ defined by,

[RI(®) = [R®)], vt = 0.

Note that [R] describes the motion of the followers in the
leader’s reference frame.

Remark 5: Let R = (rg,...,r,) be an (n + 1)-tuple of

robots. [R] is constant if and only if there exists £ € T’
such that,

©)

Hfro(t)(R(t)) = gu Vt>0.

Since F, is the quotient set of F by the equivalence
relation ~, it has a lower dimension than F as specified
by the following proposition.

Proposition 3: If F' is a regular rototranslation invariant
constraint function, F,. is a differential manifold of dimen-
sion n, diffeomorphic to I'.

Proof: By (3) and the implicit function theorem, the
subset of F given by I' (see equation (8)) is a submanifold
of X of dimension n. Since the map (9) is a bijection, this
induces a natural structure of differential manifold on F,. B

Remark 6 (Flexibility of F-formations): A consequence
of Proposition 3 is that the F'-formations are not rigid. This
is due to the fact that we are dealing with robots described
by 3 configuration variables, but function F' introduces only
2 constraints for each robot: this results in a residual degree
of freedom for each vehicle. More precisely, a formation is
rigid if the set F, is composed by only one equivalence
class: this is not true in our case, since F, is a manifold of
dimension n.

Definition 11 (Formation internal dynamics):

Suppose F' is a regular and rototranslation invariant
constraint function such that, V¢ € T,

det(9z, F(§), 0y, F (), ..., 0u, F (&), 0y, F(§)) #0. (10)
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Set 3; = 6; — 6y. By the implicit function theorem,
there exists a C! diffeomorphism v : T" — I, 8 =
(B1,..yBn) ~ ~(B), where T™ is the n-torus. Let us
identify F,. with T and V(¢ € T, Vwy € C([0,+0), R),
let @, : [0,400) x ' — T, (¢, {) ~ Py, (¢, ), be the
map given by (7). Then for any 3 € T™, set

B(t, B,wo) =7 1 (Du, (t,7(B3))) , ¥Vt > 0,

which belongs to C*([0, +-00), R™). Then 3(t, 3,wp) is the
unique solution of the following system,

(t) = h(B(),wo),
11
{(@—5, .
where, Vt € [0,400), VB € T" h(B,wy) =

L (v Doy (1,7(8))))(0). Equation (11) is called forma-
tion internal dynamics.

System (11) represents the motion of the followers in the
reference frame of the leader. Note that the equilibria of
function h are the configurations that are constant in the
leader’s reference frame.

The following theorem states that if property (12)
(see below) holds, then the displacement and the relative
orientation of each follower with respect to the leader’s
reference frame are fixed if and only if the robots either move
along circular paths or parallel straight lines. The proof of
the theorem is omitted due to space limitations.

Theorem 1: Suppose that F' is a regular rototranslation
invariant constraint function and that:

JF does not contain any point of the set:

Zo o
{ecan(y i) mon -0
0; € {bo, 90+7T},V’L':1,...,TL}.

Suppose that an (n+ 1)-tuple of robots R is in F'-formation.
The following properties are equivalent:
i) [R] is constant.
i1) wq 1S constant, moreover:
a) if wg = 0, then O(t) = Oy, ¥t > 0, and Vi =
L...,n, 0;(t) = {0o, Op + 7}, ¥t > 0.

€ R? such that

12)

b) if woy # 0, then there exists (z, )7
Vi=0,...,n

<(§:g§)_(§>77(91‘@))):0, Vit >0. .

Fig. 2.

Forbidden configuration in the manifold F.

From a geometric viewpoint, condition (12) means that
the manifold F must not contain configurations in which all
followers are placed on the straight line passing through the
leader and orthogonal to the leader’s heading direction 7(6y ),
with the robots all oriented in the same direction (see Fig. 2).

Definition 12 (Nice constraint function): Let F be a con-
straint function. F' is called a nice constraint if it satisfies the
following properties:

1) F' is regular,
i1) F' is rototranslation invariant,
112) F verifies property (12),
1v) I verifies property (10).

The following theorem provides a sufficient condition for
the existence of the equilibrium configurations introduced in
Theorem 1, when the angular velocity wgy of the leader is

constant and sufficiently small. For any « = 1,...,n, let
II; : X — R? be the linear function defined by IT;(£) =

(%‘7 yi)T-
Theorem 2: Let F be a nice constraint function. Set,

p =sup{[ILE[VEeT, Vi=1,...,n}.  (13)
Then p > 0 and for any w such that,
~1/p<@<1/p, (14)

there exists an (n + 1)-tuple of robots R such that [R]
is constant, wy(t) = @ and |0;(t) — Op(t)] < arcsin(wp),
vt > 0.

Proof: First of all p > 0, since F' verifies property (12).
Suppose that w # 0. Since the m-torus 7™ is compact
and (10) holds, there exists a map v : 7™ — I such that
8 = (B1,...,0n) ~ ~v(B), which is a global diffeomor-
phism. Let J : [—m, 7] — T be the canonical continuous
immersion and « : I' — [—m, 7| be the map defined by
a(€) = (arg(IT1 (&) — (0, 1/@)T) +7/2, ..., arg(Tl,(€) -
(0, 1/w)T) +m/2). Note that « is a continuous well defined
map since, I1;(¢) — (0, 1/@)T #0,V¢é e, Vi=1,...,n,
because, by hypothesis (14), vector (0, 1/@)" ¢ |, IL(T).
Then define the continuous map o o~yo J : [—7, 7]" —
[~ arcsin(wp), arcsin(wp)]”, where 3 =, (the fact that the
image set is [— arcsin(wp), arcsin(wp)]™ can be obtained
from (14) by simple geometrical considerations). This map
has a fixed point, i.e., there exists 5 = (31, ..., 3,) such that,

1,1/ +7/2,Vi=1,...,n

(15)
Let 79 = (zo,Y0,00) be the leader robot which has the
constant controls vo(t) = 1, wo(t) = @, YVt > 0 and
initial condition z7(0) = 0, yo(0) = 0, 90() = 0,
and set Vi = 1,...,n, r;(t) = (x;(t),y:i(t),0;(t)), where
(1), 1a(®)T = (ea(0), 30()T + BlBo()I A6(9), e
0;(t) — 6o(t) = B;. First of all, r; are robots, Vi =1, ..

B = arg(IL(v(8))) -
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In fact, by (15) it follows that:

%(y%? ) = R(0o(1))(1,0)"+ @R(B0(H)+ 7/2)Mi(+(5))

= @R(eo(t + 7T/2) HZ(’Y(B) - (Oa 1/("_))T)

= pi@R(O(t) +/2)R(B; — /2)(1, 0)T

= pi(DR(@z(t))(l, O)Tv
where pi = [ML(y(3) — (0,1/2)7|. Then R =
(ro,m1,...,my) is an (n + 1)-tuple of robots which is in

F-formation and [R] is constant by Remarks 3 and 5, since,
H_,,t)(R(t)) = v(3) €T, by construction. |
Let us recall the following definition [15, Prop. IIL.2]:

Definition 13 (Cooperative system): System (11) is coop-
erative on B with control in W C Rif, V3 € B, Vwy € W,
8[3]. hi(ﬁ,wo) Z O, Vi #_] and &Uo hi(ﬁ,wo) Z O, Vi.

The condition of the next proposition ensures that the
formation internal dynamics (11) lies in the interior of a
box when wg is bounded: this means that the variations in
shape of the formation are limited. The symbol < is used to
denote componentwise inequality between vectors.

Proposition 4: Let 3,3, € B and w;,w, € W be such
that

h’(ﬁl;wl) = Oa h(ﬁ’uwwu) =0 )

andﬁl = ﬁu’ Wy < Wy Set § = {66 B|ﬁl = ﬁj ﬁu}
If system (11) is cooperative in S and if wy(t) € [wi,wy],
Vt >0, then S is invariant for system (11).

Proof: Ts a consequence of the definition of cooperative
controlled systems (see Sect. 3 and Proposition II1.2 of [15]).
|

III. SOME EXAMPLES

In this section, the theory presented in Sect. II is applied
to a specific constraint function, which induces the type of
hierarchical formation introduced in [14]. More precisely,
we suppose that for ¢ = 1,...,n, the robot r; follows the
(relative leader) r;,, where I; € {0,1,...,4— 1}, in such a
way that r;, is constant in the relative frame of r;, that is the
distance between 7, and 7; is equal to a constant d; and r;
sees 7, with a constant visual angle ¢; (see Fig.(3) (a)). To

this end, given dy,...,dy, > 0, ¢1,...,¢n : |¢i] < T, we
setVi=1,...,n
Xy, €Z;
F;(&.,&) = ) = —d; 7(0; i )- 16
@6 = (1) = (1) ~aroi+od. ao

F is a regular constraint function since (1) and (3) are
satisfied: in fact det(cos®; O, F; + sin®; 0y, F;, 0, F;) =
d;cos¢; and |¢p;| < m/2 by hypothesis. Clearly F is
rototranslation invariant and it verifies properties (12) and
(10). Therefore F' is a nice constraint function and we can
apply the theory developed in Sect. II. In particular, from
Proposition 1, we have that if R is an (n+ 1)-tuple of robots
which is in F'-formation at the initial time (i.e., F/(R(0)) =
0), then for any trajectory of the leader, there exist and are
unique the controls vy = (v1,...,0,), wr = (W1,...,wy)

(a) (®)

Fig. 3. (a) Sample formation with 4 robots; (b) General formation with
4 robots and \; , =1/4,1=1,2,3,k=0,...,i— L

for the followers such that R is in F'-formation for any £ > 0
(i.e., F(R(t)) =0, Vt > 0). These controls are given by:

cos(0;, — 0; — ¢;) sin(6;, — 0;)
‘ cos ¢; dicos;

In particular from Theorem 1 we have that an (n + 1)-
tuple of robots R in F'-formation has fixed configurations
in the leaders reference frame (i.e., [R] is constant) if and
only if all robots move along straight lines or circles. From
Theorem 2 we have that such a fixed relative configuration
exists when the angular velocity of the leader wg is constant
and |wo| < 1/p, where p is given by (13).

Let us define the weighted digraph G = (V, E, Q) asso-
ciated to (16), where V = {0,1,...,n} is the set of indices
of the n 4+ 1 robots, £ = {(l;,i),i = 1,...,n} and Q is
an (n + 1) x (n 4+ 1) weighted adjacency matrix with the
following properties: for k,j = 0,...,n, the entry qi; = d;
if (k, j) € E, and qi; = 0 otherwise. By definition G is a
directed tree and Q) is upper triangular.

With the previous graph theoretic notions in hand, it is
easy to prove that 5 < max{weighted distg(0,u) |u € V} =
weighted depth of the directed tree G [4, p. 20].

Let us choose 3; = 0y — 0;: the formation internal dynam-

Vi = 0,

) 4 i

ics is then given by, Vi = 1,...,n,
By = ha(B, wo) = wo + % sin(f, — 4. (17)
where, Vi=1,....,n
0(8) = v, () LU Z0) g

CoS ¢;

Let us assume that wo(t) € [a, b], where a, b are such that,
Vi=1,...,n,

—g < arcsin(ap) — ¢; < arcsin(bp) — ¢; < g ., (19

(this condition can always be satisfied by choosing |a| and
|b| sufficiently small). Let 3., O be the equilibrium values
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for the formation internal dynamics when wy = a and
wo = b, respectively (these equilibria exist by Theorem 2).
Then h(Ba,wq) = h(Bp,ws) = 0 and, since, by Theorem 2
and (19) |B; — B, — ¢i] < 5. Vi = 1,...,n, then,
by (18), v;(8) > 0, Vi = 1...,n. Therefore system (17)
is cooperative on S = {35, = [ = [y} with control wy
in [a, b] and, by Proposition 4, set S is invariant for (17).

Note that we have already addressed the problem of deter-
mining an invariant set for (17) in [14, Th. 1] using a different
method, that did not rely on the notion of cooperativity.

Let us now consider the following generalization of (16).
This time robot r; is required to follow an assigned convex
combination of the positions of the preceding ¢ — 1 robots
at a fixed distance d; > 0 and with a fixed visual angle
|¢1| < 7T/2:

i1
Fi(&o,&1,...,&) :kZ:O /\zk(z:) - (Z) —d; 7(60; + ¢5),

(20)

where for any ¢« = 1,...,n, Ajo,...,Aj;—1 > 0 and
2_:10 Aik = 1, (see Fig. 3(b)). This particular function may
be useful to describe formations occurring in nature, such as,
e.g., bird flocks, where is believed that each animal follows
an average of the position of the preceding birds. F' in (20)
inherits the same properties of (16): in fact, it is a nice con-
straint function. The unique control inputs for the followers

S i—1
are in this case: v; = ﬁ ZZ:O ik Vg cos(Or — 0; — @)

and w; = m 2;10 ik Uk sin(0 — 6;). This time we
can bound p as follows, i1
p < max [di+ kz Nk B, @)
=0

where pg = 0. Let us select 3; = 0y — 6; and set By = 0:
the formation internal dynamics is then given by,

i—1
Bi = wo — m kzzo ik vk (B) sin(Bi — Br).

In the simulation experiment shown in Fig. 4, the for-
mation of Fig. 3(b) with (d;,¢:;) = (1,7/4), i = 1,2,3,
has been considered. We have set \; , = 1/, i = 1,2,3,
k = 0,...,i— 1: in this way robot i follows exactly the
average of the positions of the preceding ¢ — 1 vehicles in
the formation. The leader o moves along a circular trajectory
with constant curvature wy(t) = 0.25 rad/s (a circle of radius
4 m). At the initial time ¢ = 0 the robots are in formation
and all aligned with the z-axis (i.e., 6;(0) = 0). The robots
asymptotically reach an equilibrium configuration in which
they all move along circles with the same center and each
follower occupies a fixed position in the leader’s reference
frame. This equilibrium condition exists as a consequence
of Theorem 2, since in this case, applying (21), we obtain
1/p = 0.546.

IV. CONCLUSIONS AND FUTURE WORK

The paper defines general formations of unicycle robots.
One of the robots plays the role of the leader and the forma-
tion is induced through a constraint function /' that depends
on the pose of the vehicles. We have studied the flexibility of

y [m]

Fig. 4. Trajectory of the robots for the general formation in Fig. 3(b).

such formations with respect to the leader’s reference frame
by introducing the notion of formation internal dynamics,
have characterized its equilibria and given sufficient geo-
metric conditions for their existence (Theorems 1 and 2).
The theory is illustrated on two constraint functions F’, one
of which induces the hierarchical formation type introduced
in [14].
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