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Abstract—
This paper presents a method for determining impact forces

associated with an abrupt velocity change when a free-flying
body comes into contact with another body. Hard impact is
considered where deformation of the impacting surfaces is
negligible. The proposed approach uses a discrete algebraic
model of impact in conjunction with moment and tangential co-
efficients of restitution (CORs) to develop a general impact law
for determining post-impact velocities. This process depends
on impulse-momentum theory, complementarity conditions, a
principle of maximum dissipation, and the determination of
impact and contact forces as well as post-impact accelerations.
The proposed methodology also uses an energy-modifying COR
to directly control the system’s energy profile over time. The
approach is illustrated on a planar bicycle-like structure.

I. INTRODUCTION

This paper presents a method for determining impact

forces in simulation for systems of interconnected rigid

bodies experiencing simultaneous hard impacts and contacts

with consideration of Coulomb friction and energy con-

sistency. The proposed method combines many elements,

including: 1) discrete algebraic impact modeling, 2) impact

and contact forces, 3) contact treated as successive impacts,

4) translational and rotational, normal and tangential CORs,

5) complimentarity conditions, 6) maximum dissipation prin-

ciple, 7) impact force minimization, 8) energetic and energy

modifying CORs, and 9) event-based, adaptive numerical

integration.

In this work a distinction is made between impact forces

of short duration and contact forces of long duration, rela-

tive to the numerical integration step size. Here a discrete

model of impact is used in order to study impact situations

where surface deformation can be neglected. This approach

also avoids the high-frequency vibrations created when stiff

springs are used to model hard impacts [1]–[4].

In the next sections the overall integration scheme is

discussed first, followed by the determination of impact and

contact forces. Finally, an example of a planar bicycle-like

structure with elliptical wheels is presented.

II. BACKGROUND

Discrete models can be classified as differential or alge-

braic. Differential approaches use an additional numerical

integration in impulse space to capture phenomena occurring

during the short duration impact event [5], [6]. In order

to avoid the added computations, an algebraic approach is
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developed here. The goal is to define enough equations to

algebraically solve for the post-impact velocities. There are

many ways to do this, see [1], [7], but the method proposed

here is unique.

The classical approach towards addressing impact in dis-

crete modeling is to examine the problem in terms of

impulsive forces using impulse and momentum theory. An

impulsive force results from integrating an impact force over

a small time interval.

Impulsive forces result from integrating impact forces over

the short duration of the impact event. Although it can

be argued that impact forces appear to be infinite when

examined at the large time scale of the numerical integration

[8], they are assumed to be finite if examined at a small time

scale.

The consideration of contact as successive impacts allows

impact and contact to be modeled within the same framework

so that simultaneous contacts and impacts can be addressed.

This approach eliminates the need to remove generalized

coordinates in order to enforce contact constraints, as is

done in [9], which can be an arbitrary process [10]. It also

allows contact points to easily alternate between sticking and

slipping tangentially to the surface.

III. OVERVIEW OF NUMERICAL INTEGRATION

When considering systems of interconnected bodies, the

simulation of contacts and impacts usually involves a numer-

ical integration of the equations of motion:

A(q)q̈ + b(q, q̇) + g(q) = JT (q) F + Γ (1)

where q ∈ R
n contains the generalized/joint coordinates and

q̇ and q̈ contain their time derivatives, generalized speeds and

accelerations. Terms b ∈ R
n, g ∈ R

n, F ∈ R
m, and Γ ∈ R

n

are the velocity, gravity, impact and/or contact, and other

forces where m ≤ n. Terms JT ∈ R
n×m and A ∈ R

n×n

are the Jacobian and inertia matrices respectively.

A common approach towards simulating discrete impacts

is to stop the simulation at the start of the impact event,

resolve the post-impact velocities, and restart it at the same

time and position/orientation using the new velocities as

an initial condition. However, if it is impractical to restart

the simulation after each impact event, simply resetting the

velocities does not work.

In order to illustrate this point consider numerically inte-

grating (1) which must first be converted into two first order

differential equations using the following change of variables

q̇ = u q̈ = u̇ (2)
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such that

x =

[

q

u

]

=

∫

∆t

ẋ dt (3)

ẋ =

[

q̇

u̇

]

=

[

u

A−1
(

JT F + Γ − b − g
)

]

. (4)

Consider an Euler numerical integration of ẋ
[

q(t1)

u(t1)

]

=

[

q(t0) + ∆t u(t0)

u(t0) + ∆t u̇(t0)

]

(5)

and at time t2
[

q(t2)

u(t2)

]

=

[

q(t1) + ∆t u(t1)

u(t1) + ∆t u̇(t1)

]

. (6)

Assume that at time t0 two points impact, stick and do not

rebound such that q(ti) = q(t0) for all i > 0, implying

that q̇(t0) = u(t0) = 0. If the numerical integration is not

interrupted at the impact event, then q(t2) = q(t0) only

if u̇(t0) = 0. This is because u̇(t0) will be integrated up,

resulting in a position/orientation change, unless it is also

set equal to zero. Forcing the acceleration to equal zero

motivates a solution for the contact forces

F(t0) +
(

JJT
)−1

J (Γ(t0) − b(t0) − g(t0)) = 0 . (7)

In general, this approach is followed herein, except that

usually the post-impact generalized speeds are not zero.

The adaptive event-based numerical integrator ode45.m

in Matlab is used to solve this problem. In an event-based

scheme, the integrator simulates the system up to the precise

time that an impact occurs and stops. This allows the system

states to be changed, and the integrator restarted; avoiding

numerical problems caused by discontinuities. Detecting

impact events kinematically becomes cumbersome, because

contact is treated as a succession of impacts. However, the

calculated contact or impact forces alone can be used to trig-

ger events, allowing the integrator to proceed continuously

if the contact state remains unchanged.

IV. IMPACT AND CONTACT FORCES

Determination of contact forces has been a widely used

approach in impact and contact simulation [10]–[12]. The

proposed approach is most similar to that in [13] which

examined a Newton-Euler formulation for non-colliding con-

tact at multiple points between several unconnected rigid

bodies. The difference here is the examination of collisions

involving impact and contact for systems of interconnected

rigid bodies.

The goal is to determine the post-impact forces required

to achieve desired post-impact accelerations, as discussed in

Sec III. In order to accomplish this, it is necessary to make a

notational distinction between impact and contact forces and

accelerations. The contact and impact forces in the equations

of motion (1) are expressed as

JT F = JT P

[

Fp

Fc

]

=
[

JT
p JT

c

]

[

Fp

Fc

]

(8)

where Fp ∈ R
p and Fc ∈ R

c (m = p + c ≤ n) contain

impact and contact forces and P is a permutation matrix.

The following developments rely heavily on the dual

nature of the impact Jacobian which expresses a relationship

between forces and velocities [14]:

ϑ =







v1

ω1

...






=















vt1

vn1

ωt1

ωn1

...















= J q̇ , F =















ft1
fn1

mt1

mn1

...















(9)

ϑ̇ = ϑ̇p + ϑ̇c = J̇p q̇ + Jp q̈ + J̇ q̇ + J q̈ . (10)

The terms vi ∈ R
3 and fi ∈ R

3 are the translational

velocity of, and force acting at the ith impact point, while

ωi ∈ R
3 and mi ∈ R

3 are the rotational velocity of, and the

moment acting on the body containing the ith impact point.

The ‘t’ and ‘n’ subscripts indicate forces, velocities, and

accelerations normal and tangential to the impacting surface.

The tangential and normal components of the forces and

accelerations are defined as

Fp =
[

fT
pt1

fpn1
mT

pt1
mpn1

· · ·
]T

(11)

ϑ̇p =
[

v̇T
pt1

v̇pn1
ω̇T

pt1
ω̇pn1

· · ·
]T

(12)

likewise for other forces, velocities and accelerations.

The relations in (8), (9) and (11) define equivalent forces

used to represent the complex set of forces occurring in the

impact region. This set of forces is represented as a single

resultant force acting at a reference point within the impact

area and the sum of moments acting about the reference

point.

Here it is assumed that ϑ̇p is determined only by the

impact forces. The relationship between between ϑ̇p and

Fp is found by considering impulses and momenta. The

indefinite integration of (1) over a small time interval yields

A q̇ + constant = JT
p p (13)

where constant contains the constants of integration. Dif-

ferentiating (13) yields the impact forces

Ȧ q̇ + A q̈ = JT
p Fp . (14)

V. DETERMINATION OF IMPACT FORCES

Before determining the impact forces, the velocities should

be corrected to obtain the desired energy levels so that q̇∗

is used to minimize the impact forces. The constraints on

the minimization enforce energy consistency using the Work-

Energy Theorem [15],

T (q̇∗) − T (q̇(t)) = Wǫ =

∫ t+ǫ

t

JT
p Fp(t) · q̇(t) dt . (15)

The integration variable can be changed using dq = q̇ dt

with a change of limits

T (q̇∗) − T (q̇(t)) =

∫

q(t+ǫ)

q(t)

JT
p Fp(t) · dq . (16)
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However, over this small time interval q is considered

constant so it is not a function of t, and t is not a function

of q, therefore

T (q̇∗) − T (q̇(t)) = JT
p (Fp(t + ǫ) · q(t + ǫ) − Fp(t) · q(t))

= JT
p Fp(t + ǫ) · q(t + ǫ)

(17)

since Fp(t) = 0.

When all post-impact velocities are known the following

problem is solved to minimize the impact forces

min
ϑ̇

∗

p

obj := FT
p (t + ǫ)

(

JpA
−1JT

p

)

Fp(t + ǫ)

subject to T (q̇∗) − T (q̇(t)) = qT (t + ǫ) JT
p Fp(t + ǫ)

0 ≤ fpni
.

(18)

Knowing ϑ̇
∗

p and q̇∗ the impact forces are

Fp(t+ǫ) =
(

JpA
−1JT

p

)−1
(

ϑ̇
∗

p − J̇p q̇∗ + Jp A−1Ȧ q̇∗

)

.

(19)

These forces are substituted back into the equations of

motion, and used to calculate the post-impact accelerations.

The integrator restarts with the new states, and the simulation

proceeds to the next impact event.

VI. EXAMPLE

The bicycle system shown in Figure 1 is used here to

illustrate the method developed in the previous sections.

Gravity acts downward in the -N2 direction. Figure 1 also

shows a wedge whose surface is parallel to vector A1. A

slender rod, body ‘B’, is pin connected to the two elliptical

bodies, ‘C’ and ‘D’, at their mass centers; bodies ‘C’ and ‘D’

are identical. The mass center of the rod is located at point

‘Bo’ and the standard formulas for its moments of inertia are

used. The standard moments of inertia for elliptical bodies

are also used. The physical properties of the bicycle are given

in Table I.

TABLE I

PHYSICAL PROPERTIES AND PARAMETERS FOR BICYCLE SIMULATIONS.

Figure CPU time

2 700.34 seconds, (12 minutes)

3 580.34 seconds, (10 minutes)

4 1320.97 seconds, (22 minutes)

d1 = 0.5m d2 = 1m h = 10m L1 = 1m mB = 1kg

mC = 2kg mD = 2kg α = 20◦ µs = 0.5 µd = 0.25

Initial configuration qo = {5m, 5m, 0◦, 0◦, 0◦}T

A wedge of slope 20 degrees representing the ground is

depicted as a gray region. The coefficient of restitution of

the wedge is specified. The bicycle is drawn at the initial

and final configurations, and at impact events. The plotted

trajectory corresponds to the geometric center of the rigid

bar coupling the two masses.

α

N2

N1

A1

A2

L1
d1

d2

POBo= q1 N1 + q2 N2

Bo

O

Co Do

q5q3q4

h

Fig. 1. Bicycle-like System. The “wheels” are elliptical and are pin-
connected to the bar through their mass centers, points Co and Do. Their
rotation is measured by the generalized coordinates q4 and q5. The position
vector POBo

points from ‘O’ to ‘Bo’.
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Fig. 2. Bicycle trajectory with a coefficient of restitution of 0.75

A. Coefficient of Restitution of 0.75

The COR is set to 0.75 to approximate an elastic surface.

The parameter e∗ = 0.5 enforces that at least half of all

kinetic energy is lost at each impact.

The trajectory is plotted in Figure 2. The mechanism

bounces several times down the wedge, traveling much

further than in later tests with lower CORs.

The impact and contact forces are given in Figure 5. The

peaks from each impact are shown. The total and kinetic

energy are plotted in Figure 5. At each impact, approximately

half of the kinetic energy is lost. The energy is largely

regained during the ballistic phases as the bicycle travels

down the wedge. After several bounces, the mechanism
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Fig. 3. Bicycle trajectory with a coefficient of restitution of 0.5

transitions from rebounding impact to rolling contact. This

occurs after approximately 3.5 seconds. The forces given in

Figure 5 chatter while in rolling contact, hence the solid

regions. The chattering is caused by a combination of using

a rough approximation of the contact points between the

ground and the ellipse shaped wheels of the mechanism,

and coarse integrator tolerances set in an effort to reduce

computation time.

B. Coefficient of Restitution of 0.5

The simulation is run with a COR decreased to 0.5. The
resulting trajectory is shown in Figure 3. The mechanism

bounces fewer times than in the previous example. In addi-

tion, the transition to rolling contact occurs sooner.

The impact and contact forces are given in Figure 6. The

total and kinetic energy is plotted in Figure 6c. Chattering

in the contact forces is again present after the transition of

the mechanism from impact to rolling contact.

C. Coefficient of Restitution of 0.25
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Fig. 4. Bicycle trajectory with a coefficient of restitution of 0.25

The coefficient of restitution is lowered to 0.25, simulating

a soft or sandy surface. The resulting trajectory is given in

Figure 4a. After the initial impact, the mechanism slides and

rolls, coming to rest at a short distance down the wedge.

The impact and contact forces, and energy are plotted in

Figure 7b. The chattering during rolling contact is present,

as in the previous examples. The magnitudes of the impact

forces increase as the COR decreases, as more energy is lost

to impact.

VII. CONCLUSIONS

This paper explains the development of a multibody im-

pact and contact simulation, focusing on the determination

of impact forces considering hard contact. The proposed

methodology was illustrated on a planar bicycle-like struc-

ture, showing energy consistency and the transition from

rebounding impact to rolling continuous contact. The sim-

ulation presented here handles discontinuities in velocities

and acceleration due to impact by stopping and restarting

the integration of the equations of motion with updated state

data.

The results from the planar bicycle simulation show that

this method can handle impact, contact, slipping, and rolling

in a planar environment. Improvements can be made in

eliminating chatter in the forces and accelerations under

continuous contact. Future work includes expanding the

simulation to handle impact and contact in three dimensional

space, and simulating both passive and actuated legged

mechanisms.
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Fig. 5. Bicycle (a) tangential contact/impact forces, (b) normal con-
tact/impact forces, and (c) energy with a coefficient of restitution of 0.75
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Fig. 6. Bicycle (a) tangential contact/impact forces, (b) normal con-
tact/impact forces, and (c) energy with a coefficient of restitution of 0.5
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