The 2009 IEEE/RSJ International Conference on
Intelligent Robots and Systems
October 11-15, 2009 St. Louis, USA

The Dynamical Servo Control Problem for the Acrobot Based on
Virtual Constraints Approach
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Abstract— This paper discusses the dynamical servo control
problem for the Acrobot - a mechanics with two links while
just one actuator applied to the second link. The dynamical
servo control aims to access generic points in the state space
not just the equilibrium points. Stabilizing of generic points
is impossible and a possible way is to stabilize some periodic
orbits passing through the desired points. Virtual constraints
are used to generate such orbits. By analyzing the integration
of the zero dynamics of the Acrobot subjected to virtual
constraints, conditions of whether there is an orbit passing
through the desired point and the orbit function are found.
A cascade control strategy is proposed to stabilize both the
virtual constraint and the orbit function which decides the
system behavior. Simulation results show the effectiveness of
the control law.

I. INTRODUCTION

Underactuated systems are systems with less actuators
than degree of freedom. It represents a large class of systems
in real world, like space crafts, mobile robots, and flexible
link robots. It is difficult to control than fully actuated
system. So control of underactuated systems is a hotspot in
control research(see [1] [2] [4]). The Acrobot as shown in
Fig. 1 is a typical underactuated system but not so complex
in structure. It is an ideal bench mark for the control research
of underactuated mechanical systems.

Former researchers have carried out a series of researches.
Spong studied the swing up control problem for the Acrobot
in [1] and divided it into two stages: swing up stage realized
by partial feedback linearization method and balance stage
realized by LQR method. Xin XIN in his paper [2] proposed
an energy based control law to swing up the Acrobot by
constructing a Lyapunov function with mechanical energy
of the system, angle and velocity of the second link. The
proposed control law can stabilizes the Acrobot to a special
orbit passing through the upward position with zero velocity,
which makes it easier to switch to the balance controller.

The paper discusses dynamical servo control problem for
the Acrobot. Different from the traditional problem of stabi-
lizing underactuated systems to a fixed equilibrium point or
a special trajectory as [1], [2], dynamical servo control aims
to drive the system to a desired generic state instantaneously.
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Fig. 1. Structure of the Acrobot system

The dynamical servo control can be used as a part of complex
tasks, such as switching from swinging up phase to balancing
phase or switching from swinging phase to flying phase as a
monkey does. Stabilizing of generic points is impossible and
a possible way is to stabilize periodic orbits passing through
the desired points.

Some related problems have been studied. Matthew D.
Berkemeier and Ronald S. Fearing studied the inverted tra-
jectory tracking problem of the Acrobot. In [5] they choose
an output function which limits the Acrobot to a special
manifold and generates groups of periodic orbits. Anton S.
Shiriaev studied characters of underactuated systems which
were imposed by virtual constrains and gave explicit formu-
las of the integrate curves and periodic orbits in [3][6] and
proposed LQR based method to stabilize the orbits. They
have applied their approach to the Acrobot system in [4][7]
and the Furuta Pendulum system in [8].

Virtual constraints are used to limit the original system to a
particular manifold. These constraints don’t exist in physical
system but are introduced by the feedback control. Anton
gives the formulas of the general integrate curves but don’t
give whether there is a limit cycle passing through a specific
point.

In order to realize dynamical servo control, the paper
first introduces a specific virtual constraint into Acrobot
system and gets the first integral of the virtual limit system.
Based on the fact that all limit cycles must contain at least
one equilibrium point. Then several theories are given to
determine whether there are limit cycles about an equilibrium
point, and further more, a method is proposed to determine
range of limit cycles about an equilibrium point.

Finally a cascade controller is designed to stabilize both
the virtual constraint and the limit cycle function. Numerical
simulation shows the effectiveness of the proposed control
strategy.
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II. PROBLEM FORMULATION
A. Dynamical model

With the structure shown in Fig. 1 and the notation and
conventions shows in TABLE I, the equations of motion of
the Acrobot are:

diugr +diga+h+¢@ =0 (D
dngr+dng+hh+@r =1 )
where:

di1 =61+ 6,+263cosq>
dip =dy1 = 6,1+ 63c089
dy =6,

¢ = B58c0s(q1 +q2)
0, = m]lcz.l —‘rmzllz +1
6, = mzlczz +b

h1 = —63¢2sing2 (241 +¢2) 03 = maliler

hy = 6347 sing> 04 = myley +myl

@1 = 6sgcosq) + Bsgcos(q1 +q2) s =mal

dy1,dy; are the self inertial acceleration item; dj,d>; are
couple inertial acceleration item; hj,h, are the Coriolis and
centrifugal force item; ¢;,¢ are the gravitational loading
force item.

TABLE I
NOTATIONS

my,mp . mass of the two links
l1,l, : length of the two links
le1,lo ¢ length from the joints to the COG of the two links

I;,, : moment of inertia of the two links
g : acceleration of gravity
T : the input torque

B. Dynamical servo control

Definition 1: For system x = f(x,u),x(ty) = xo, given a
reference trajectory y(z) and tracking error 8, suppose there
exists a control law u(r).

If 3Ty when 7 > Ty, |x(t) — y(¢)| < 8 holds, then it is called
servo control;

If 3Ty when t; > Ty,i = 1,2,3,,,, |x(t;) — ¥(t;)| < & holds,
then it is called dynamical servo control.

The difference between traditional servo control and dy-
namical servo control is that the former one forces the
system states to converge to the given trajectory continually;
while the later one forces only at some discrete moment
(periodically) the system state to fall on the given trajectory.
This makes it possible for the underactuated systems.

Simply for the Acrobot, the dynamical servo control means
that the system can arrive at the given position(i.e. x; =
[ 91a 924 Gia  Gea |)- In this paper we just consider the
situation with x; = [ qia qa 0 O ]

III. LIMIT CYCLE ANALYSIS
A. Virtual constraints

To realize dynamical servo control for the Acrobot with
the desired point is x; = [ g1a ¢q2a 0 0 ]. There are a
lot of virtual constraints but this paper just considers the
following virtual constraint:

q1 =414 3)

This virtual constraint describes an Acrobot with a fixed
first link and a swinging second link. Taking time derivative
of ¢q; and 4; along (3), one gets

G1=41=0 “4)
Substitute (3) and (4) into (1), one can get
dizgo+hi+¢1 =0 &)
Expand (5) and yield

o(q14:92)d2 + B(q1a,92)33 + Y(q14:92) =0 (6)

where:
o) = 6,+063c0sq
B(:) = —63sing:
Y(-) = 64gcosqiq+05gcos(qia+q2)

The equation (6) is the zero dynamics of the Acrobot
with virtual constraints (3). The first integral of (6) has been
invested by Anton S. Shiriaev in [6]. In fact there is a class of
equations like (6) generated by different virtual constraints
not only (3). So the followings results are not limited to (3).

Introducing ¥ = q'% then one can get

. dgy _dgpdqy _dgy . 1dgz 1dY

.o 4 _ _ldgp _1dy .
D= T dp dt AP T 2dgy  2dg
Then (6) can be rewrite as
1 dy
s0(qia:q2) 57—+ B(q1a:q2)Y +Y(q1a,92) =0 (8)
2 dq>
Assume that @(q14,92) > 0, and denote
B(q14:92)
ﬁo() = 1@ 1e)
O‘(‘](ldaQZ) )
Y\414,92
p() = —2 LT
() «(q14,92)
Then one gets
Yy, +Bo(q1a:92)Y — w(q14.92) =0 9
Denote the integral factor as:
5
Bo(q1a,x)dx
I=e’920 (10)
Multiply both sides of the equation by I, there is
a(ly
(ng)zl'}/o(QIdaCIZ) (1)
The solution of (11) is
q2
1 = [ (g x)dx+ o (12)
420
or
g2
Y=@=1I"[ In(qx)dx+ Yl ! (13)
420
By directly calculation one can get:
B+ 65c05q2 |5 (14)

"~ Y0+ 65c0820
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and )
—<8
— % _IF(q))—F(gn)+C] (15
(92+93cosq2)2[ (q2) —F(q20) +C]
where:
_ (62+65c0520)° 65

(6,64 c08q14+0.56365c08q14) g2
(6205 + 0364) cos g4 singa

6,05 sing,cosqn

0.256565 sin(q14 +2¢>)

B. Limit cycle determine condition

F(q2)

+ 4+

Suppose there exists a feedback controller which can
make (1) holds, i.e. system states are limit on the manifold
Q=Q(q2,42) |(q1=q|d7th=0)' Equation (13) describes the re-
lationship between g, and ¢, on the manifold.

If there exists a limit cycle passing though the desired
point [¢24,0] then the dynamical servo control can be realized
by stabilizing the limit cycle.

From Poincare-Bendixson theorem(see [9] for more info),
a limit cycle must contain at least one equilibrium point, so
if there is no equilibrium point in a specific area, then there
must exist no limit cycle in this area.

Theorem 1: consider the Acrobot system under virtual
constraints (3), denote A = 64/6s, then:

If A <1, for any ¢, there exists equilibrium points in Q;

If A > 1, only for g, which meets |cosgi4| < 1/A, there
exists equilibrium points in Q.

orif A > 1 and |cosqi4| > 1/A, there exists no equilibrium
points in Q.

proof: The closed loop equilibrium point is decided by:

¢ = 94gCOSq1 =+ 95gCOS(ql —|—q2) =0
For a given g4, that is:
(16)

Equation (16) has a solution only when |Acosqy| < I.
So if A <1, then |Acosqiy| <1 holds, (16) always has a
solution; if A > 1, only when |cosqi4| < 1/A, (16) may have
a solution.

Theorem 2: for equilibrium points on Q denoted as

cos(qig+g2) = —Acosqiqg

q=[q1,92,91,92] = 4" =[414,93,0,0] 7
For simplicity, denote df/dg> as f' and 9>f/ 8q2 as
f".Under the assumption & >0, if ¥ |4—¢ > 0, then ¢* is a
focus; if %) |q 4+ <0 then ¢* is a saddle point.
proof: The first integral of the zero dynamics (6) shows
as (13). Introduce a function:

q2
I (q1a,x)dx — YoI !

420
This function describes a special trajectory when U = 0.
Calculate the Hessian of U(q2,42), one gets

U=y 1" (18)

20U U
A2 9204 —% 0
H(U) = aquzj 322U6]2 = { 0%) 2 } ‘Fq*

942dqy 03 )

So if =y |q ¢ >0, from the Lagrange -Dirichlet theorem,
q* is a focus; if— ){)fq 4 <0, ¢" is a saddle point.
Since
Yo—a'y
o2
So the determine condition can be expressed by

W la=g VOV [g=g VO

For y(-) = O4gcosqiy + Os5gcos(q1qa + g2), the simplified
determine condition is:

y0:—2%<:>}{):—2

Y lg=¢ VO < sin(qia+¢5) AO (20)

ie. if sin(gig+¢5) <0, ¢* is a focus, and vice versa.
Remark 1: the same results can be achieved by another

method. The trajectory on the phase plane (g2,¢3) can be

described by (13). Considering the fact that if there is a limit

cycle about an equilibrium point, there must exist a point g,

makes Y, |q2:q2 0and ¥} |q2 —4, <0 . This means that the

trajectory in phase plane (qz, qz) is semi-closed and deflexed.
Direct calculation shows that:

Y, = —pol’! (/IYodx+Y0> +%

Y, = (Bs—Bo)
Substitute (21) into (22)
Yo(ﬁo ﬁo) Bovo —
Bo Bo

Suppose the limit cycle is closely near the equilibrium
point, so §» =~ g5, then one gets
Boro — who
Bo

C. Range of limit cycles

21

/IYOdX+Yo) Bovo+7% (22)

YO+7%)<O<:> '}/O.BO

<0E —Y|g=¢ >0

For a limit cycle, there must exist two zero crossing
points(one is the initial point [g20,0]) which makes ¥ = 0.
The two points can be written as:

qr = [q21,0] ,qr = [q2r,0]

and Y(gq2) > 0|q26 lgor.qor) - 1hE negative value of Y is
impossible because in real situation ¥ = g3 > 0.
Assume Yy =0, and denote

q2 q2
P(q2) Z/ P(x)dxz/ Iodx
90 920

Then the roots of ¥ = 0 are same with the roots of
P(g2) = 0 considering I=! > 0. Since P'(q2) = I, so
P'(g2) =0 equals 9 = 0. Noticing that points which meet
Y% = 0 are the equilibrium points, the relationship between
equilibrium points and function P(g») is that they are the
locally maximum or minimum point of P(g,). Considering
P"(q2) = Iy, the maximum points(P”(¢g2) < 0) are focus
points, and there must exist limit cycles around them.

As we seen in Fig. 2 no matter from any point in the span
[g21.,q2r], there always exists a limit cycle. To determine all
the spans on the whole phase space is complex. The paper

(23)
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Fig. 2. Relationship between the equilibrium points and limit cycles

just considers such a span [gar,q2g| in which there is one
focus and two saddle points. The relationship is:

@1 < gs1 < qr1 < g2 < gar 24)

where g1 is the focus point and g1, gy are the saddle points.

Theorem 3: for system with (1), (2), (3), (13), consider a
span as (24).

If P(gs1) > P(gs2) then the minimum range of limit cycle
is [gs1,q5]|where ¢ € [Qfl,qsz] owns the same value with
qs1;

If P(gs1) < P(gs2) then the minimum range of limit cycle
is [¢5,qs1]where ¢ € [g51,q71] owns the same value with
qs2;

proof: The results are obviously. Since gy is the maxi-
mum point in the span, so for any initial value gy in the
range, equation P(g2,g20) = 0 always has another root ¢;.
These two points form a semi-closed cycle in the phase plane
(qz,q%) , which is a closed cycle i.e. a limit cycle in the phase
planc (¢2,42).

Taking g1, = —1.2 as an example, using parameters listed
in TABLE II, the analysis process is consisted of the follow-
ing 3 steps.

1) Calculate the equilibrium points

Substitute g;; = —1.2 into (16), one can get

. { 2km —0.9454

B =9 opp—29377 KEZ

2) Determine which one of they are focus or saddle
Considering theorem 2 and (20), sin(—1.2—0.9454) =
—0.8394 < 0 proves [—1.2,—0.9454] is a
focus; sin(—1.2 — 2.9377) = 0.8394 > 0 proves
[—1.2,—2.9377]is a saddle.

3) Choose an span to calculate the range
The chosen span is

o1 = —2.9377,q1 = —0.9454, g0 = 3.3455

Substitute them into (23), one can find P(gs1) > P(gs2)
and P(qgs1) = P(—0.1863). From theorem 3, the range
is [-2.9377,—-0.1863].

Fig. 3 clearly shows that the trajectories starting from
range [—2.9377,—0.1863] form semi-closed orbits in phase

plane (g2,43)-

—_
o

Squre of time deritive of g, (rad’/s’)

{ i Z
4-20-16-12-0.8-04 00 04
g, (rad)

0 NN \
-4.0 -3.6 -3.2

Fig. 3. Limit cycles on the qz,q'% plane. The Trajectories initial from -4.0
to 0.4, while the limit cycles just exist in range from -2.9377 to -0.1863.
IV. STABILIZE CONTROL OF PERIOD ORBITS

A. Virtual constraints stabilization transformation

Introduce a function:

Y=4q1—q1d (25)
Take time derivative of y twice then there is
Vy=4a (26)
Substitute (1) into (2), one gets
—dipt—dpn(h dip(h
i = 12T —don(h + @) +dia(ha + @) @7
didy —didy
Substitute (27) into (26) and yields
. —diT—dyn(h + 1) +dia(h+
G (it o) tdiolhte) e
didy —didy
Introduce a virtual input
v = Kiy+Kpy+
—diT—dn(h+ Q1) +di2(ha + @) (29)
di1dy — di2dy)
where K; and K, are positive constants. So there is
V+Kiy+Ky=v (30)

This closed loop subsystem (30) has a transfer function
Y 1
Gls) = 21 _
v(s) sS2+Kis+Kp
The subsystem is stable with proper K;,K> and when v —

0,y — 0. Le. the virtual constraint (3) holds. Then the zero
dynamics can be written as

€Y

div+diga+h + @
J+Kiy+Ky =

|
= O

(32)
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B. Limit cycle stabilization controller design
When v — 0,y — 0, (32) describe the manifold Q, the next
task is to drive system state to the desired limit cycle.
Consider the function (18) and construct a Lyapunov
function as

1 5
V==-U 33
> (33)
Take time derivative of V
V=UU (34)
Take time derivative of U
U=4qn (26’1'2 +11[36]2/170dx—70> (35)
From (32) one can get
d h
dy = — Hv—; 1+ ¢ (36)
12
By (33)-(36), one gets
V=Uq(g(q,9)v + f(a:9)) (37
where:
. di
8(q:q) = —2—
hlzJr o
. 1 p.
fla,q9) = 72d712 +1 1/3Q2/170dx* %

Choose the control law as
v = (K3 |Ulsign(Ug2) = £(-)) /(")
where K3 is a positive constant. This will make
V = —K3U? o]

So with such a control law the Lyapunov function V will
converge to zero. The item |U| aims to make the v — 0 when
U—D0.

On the whole the feedback control law is

diady —didn <K3U|Sign(U42)f(')> +

diaday —dyda . §0)
T T an (K1y+Kay) +
dy(h1+ @1) —dia(ha + @)
di2
V. NUMERICAL SIMULATION

In this section the simulation results are given to prove
the existence of the limit cycles and the effectiveness of
the proposed control strategy. Simulations are performed by
Matlab/Simulink. Same system parameters as [1] are used
and listed in TABLE II.

TABLE II
PARAMETERS OF THE ACROBOT
m my L Ll e L h
kg kg m m m m  kgm®> kgm? m/s?
1 1 1 2 05 1 1/12 1/3 9.81

The control parameters are K; = 20,K, = 100,K3 = 30.
The initial condition is [g1,g2,41,42] = [—%,0,0,0].

Choosing the desired point g; = [—1.2,—0.8,0,0], the
range of limit cycle for q;; = —1.2 has been proved to
be [—2.9377,—0.1863], so there must exist a limit cycle
crossing the desired point. The simulation results are shown
in Fig. 4-Fig. 6.

Fig. 4 shows the angle of the two links. ¢; converges to
the desired value -1.2 rad, while g, converges to a periodic
trajectory. Fig. 5 shows the phase portrait of ¢, and ¢, along
solution of the closed loop system. The system states directly
converge to a limit cycle crossing [¢2,¢2] = [—0.8,0]. Fig. 6
shows the limit cycle function U.

0.0 | | | |
\
-0.2h q —
=) \ !
< - — —
\S,’ 0.4 \‘ - —q,
=06 -
= \
£-08F \ AN = o
g \ )/ \ /’ \ P
%90-1.0— \\‘I \\_/ \\{, —
Z 12k
1.4 —f -
16 | | | |
0 2 4 6 8 10

Time (s)

Fig. 4. Angle of the two links. The desired point is g;4 = —1.2,g24 = —0.8.

0.4

e
o

s (rad/s)

Time deritive of ¢
=)
N

g, (rad)

Fig. 5. Phase portrait of g, and ¢, along solution of the closed loop system.
The desired point is g1 = —1.2,g,4 = —0.8.

To check the possibility of dynamical servo control, the
next three desired points are given.

qdd1 = [—1.4, —0.870,0]
qaz [712, 70'870,0]
I [_125 _037070]

The existence of limit cycles passing through those points
can be determined using same method as before. The switch
time is 25s and 50s, the simulation results are shown in Fig.
7- Fig. 8.
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Function U

4 6 8 10
q, (rad)

Fig. 6. Function U. The desired point is g;g = —1.2,¢g24 = —0.8.

Angle of the links (rad)

Time (s)

Fig. 7. Angle of the two links. The desired points are q,1,¢42,943 and the
switch times are 25s and 50s.

—_ =
(o< \S I

s (rad/s)

S =
> »

!
o] ~

Time deritive of ¢

1
[§)

g, (rad)

Fig. 8. Phase portrait of g, and ¢, along solution of the closed loop system.
The desired points are qg1,942,943 and the switch times are 25s and 50s.

Fig. 7 shows the angle of the two links. ¢; follows the
desired value -1.4 rad and -1.2 rad, while g, follows the
desired value -0.8 rad and -0.3 rad but in a periodic way.
Fig. 8 shows the phase portrait of g and ¢, along solution
of the closed loop system. Three limit cycles crossing the
desired points and the transition process between them can
be seen clearly from Fig. 8.

VI. CONCLUSIONS

In this paper the dynamical servo control problem for the
Acrobot is discussed through virtual constraints approach.
The definition of dynamical servo control problem is given
by comparing with the traditional servo control problem. The
dynamical servo control aims to access generic points in the
state space not just the equilibrium points. A possible way is
to stabilize some periodic orbits passing through the desired
points. Virtual constraints are used to generate such orbits.

Then conditions of whether there are limit cycles about
an equilibrium point are given and method to determine
whether there is an orbit passing through the desired point
is proposed. Finally a cascade control strategy is proposed
to stabilize both the virtual constraint and the orbit function
which decides the system behavior. The virtual constraint
controller provides a virtual input for the external subsystem
meanwhile can guarantee the inner stability of the subsystem.
Simulation results show that the control strategy is effective.

One simple virtual constraint is considered in this paper,
in fact, there are a broad of virtual constraints can be used
to realize the dynamical servo control problem. And in this
paper the desired points are limited with no velocity, so there
are still many problems worth to study.
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