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Abstract— This paper is presenting a method to generate
real-time running and jumping trajectories that can be applied
to bipedal humanoid robots. The proposed method is based
on maintaining the overall dynamic balance by using the
ZMP stability criterion throughout support phases. To be able
to reach this goal, we utilize ZMP equations in spherical
coordinates, so that the rate change of angular momentum
terms in ZMP equations are included naturally by using
Eulerian equations of motion for unsymmetrical bodies. Thus,
undesired torso angle fluctuation is expected to be more
restrainable comparing to other methods in which angular
momentum information is ignored or zero-referenced. Applying
the aforementioned technique, we primarily simulated running
motion on a dynamic 3-D simulator. Secondarily, one-legged
jumping experiments were conducted on the actual bipedal
robot. In conclusion, we obtained repetitive and successful
running and jumping cycles which satisfactorily verify the
proposed method.

I. INTRODUCTION

Starting from 1970s, humanoid robots have evolved in
many aspects and they are still expected to be adapted within
the social human environment. Considering such dynamic
human environment, people may walk, run, jump and inter-
act with others in various cases. Therefore, a well-adapted
humanoid robot should function such human-like dexterity.
Since there are several reports about reliable dynamic bipedal
walking[5], and human-humanoid interaction[6], jumping
and running motions seem to be the current tasks for
achieving human-like dexterity goal. In addition, studying
such fast motions will force researchers to develop more
robust hardware structures to overcome the fragility problem.

In order to improve humanoid robot technology, Raib-
ert and his colleagues have developed fundamental control
laws of running motion[7]. Their robots were actuated by
hydraulic systems and they demonstrated impressive experi-
ments. Applying a similar approach in control laws and con-
sidering energy efficiency, Ahmadi and Buehler succeeded
monopod running with a spring supported mechanism[11].
However these types of robots are not adequate for usual
humanoid activities. What is more, Raibert’s control laws
were efficient for robots with foot points whose mass is
cumulated around their hips[20].

Kajita et al. proposed Resolved Momentum Control
(RMC) method which is an offline pattern generation tech-
nique based on the total momenta resolution[4]. In spite of
the fact that RMC covers dominant robot dynamics; it is
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relatively difficult to manipulate the robot’s control strategy
in real-time. Nonetheless, Toyota’s research group employed
online ZMP (Zero Moment Point) resolution technique into
humanoid jumping and running using a humanoid robot with
very light leg structures[1]. In both [1] and [4], angular
momentum information about CoM (Center of Mass) is
substituted as zero.

However, forcing angular momentum around CoM to be
zero tends to create unnatural torso rotation. For example,
in [18], we simulated RMC method using a realistic robot
model. As the result, the robot’s torso angle is fluctuated to
maintain its angular momentum, varying from 2 degrees to
20 approximately 3 times a second. Hence, an experiment
using this method may harm our robot.

Recently, researchers also pointed out the importance of
angular momentum as well. In [2], angular momentum is
firstly zero referenced then included in the updated pelvis
link velocity. As a similar example, Sugihara and Nakamura
enhanced boundary relaxation method for 3-D hopping mo-
tion planning[3]. In their ZMP-based approach, rate change
of angular momentum terms are firstly ignored, then included
in the inverse kinematics stage. Dissimilarly to these two
methods, we defend that angular momentum information
could be directly included during the CoM trajectory gen-
eration stage instead of subsequent updates. In this manner,
we believe it is more appropriate to inject necessary amount
of torques about CoM for preventing undesired torso angle
fluctuations.

Considering the aforementioned facts, we composed a
method to generate real-time running and jumping trajecto-
ries, which may ensure the overall balance. In the proposed
method, we utilized ZMP equations in spherical coordinates,
so that angular momentum is naturally included in our
dynamic equations for support phases. Moreover, flight phase
trajectories are derived using projectile motion dynamics.
Since the angular momentum is included using Euler’s
equations, we name it Eulerian ZMP Resolution (EZR).

Authors group firstly proposed this method for 2-D case
to generate jumping motion on a planar robot[16]. Subse-
quently, the method is enhanced for 3-D case in order to
generate motions for bipedal robots which are assumed to be
symmetrical about three axes[15]. In this paper, we extend
our method by considering unsymmetrical robot geometry to
be able to reach more realistic and general results.

In the present paper, Eulerian ZMP Resolution is explained
in section II. Simulation and experimental results are dis-
cussed in section III and finally the paper is concluded in
section IV.
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II. EULERIAN ZMP RESOLUTION: REAL-TIME BIPEDAL

MOTION GENERATION

Our proposed method, EZR, is a trajectory generation
technique for motions, which include single support phases
and flight phases such as running, jogging and jumping.
Here, the main idea of trajectory planning is to obtain real-
time joint motions that ensure desired ZMP profiles through
the support phase and ensure predetermined projectile motion
through the flight phase, consecutively. In Fig. 2, significant
moments from a jumping sequence are illustrated.

A. Support Phase Trajectory Generation

During the support phase, we consider the robot as an
unsymmetrical body, rotating about a fixed point(foot center)
and it is in contact with the floor through a foot which has
a rectangular shape. Fig. 1 illustrates such modeling. In this
model, CoM position is defined in the spherical coordinate
frame by using the parameters CoM length, r, zenith angle,
θ and azimuth angle, φ[9]. Utilizing such model enables
us to combine rate change of angular momentum terms
with inertial forces terms in ZMP equations. Deriving the
z-axis CoM trajectory, z, by 5th order polynomials[10] and
determining proper ZMP references, we are able to obtain
θ and φ angles’ trajectories in real-time as we solve ZMP
equations iteratively. Perfoming a conversion from spherical
coordinates to Cartesian coordinates gives us x-axis and y-
axis CoM trajectory.

Firstly, let us analyze ZMP equations[1]:

Xzmp =
x(z̈ + g) − zẍ

(z̈ + g)
− L̇y

m(z̈ + g)
(1)

Yzmp =
y(z̈ + g) − zÿ

(z̈ + g)
+

L̇x

m(z̈ + g)
(2)

In (1) and (2), x, y and z stand for CoM position in
Cartesian frame while Lx and Ly symbolize roll axis and
pitch axis angular momentum about CoM. One dot and two
dots represent first and second derivatives with respect to
time. Further, m is the total mass and g is the gravitational
acceleration. In EZR method, we are going to group ZMP
equations into two parts: Inertial Forces Terms and Rate

r

Fig. 1. One Mass Model and Spherical Coordinate System on MARI-3

Fig. 2. A Complete Jumping Sequence

Change of Angular Momentum Terms which are the first and
second terms in (1) and (2) respectively. Henceforward, we
are going to express these terms in the spherical coordinate
frame, namely using the parameters r, θ and φ.

1) Inertial Forces Terms: In order to express inertial
forces terms by using spherical coordinate frame’s param-
eters, we perform necessary coordinate transformation for
CoM position. Subsequently, we differentiate position ex-
pression two times and obtain CoM acceleration.

x = rsinθ cosφ
ẍ = r̈sinθ cosφ+ ṙθ̇ cos θ cosφ
+ṙθ̇ cos θ cosφ+ rθ̈ cos θ cosφ
−rθ̇2sinθ cosφ− rθ̇φ̇ cos θ sinφ
−ṙφ̇sinθ sinφ− rφ̈sinθ sinφ

−rφ̇θ̇ cos θ sinφ− rφ̇2sinθ cosφ
−ṙφ̇sinθ cosφ

(3)

y = rsinθ sinφ
ÿ = r̈sinθ sinφ+ ṙθ̇ cos θ sinφ
+ṙθ̇ cos θ sinφ+ rθ̈ cos θ sinφ
−rθ̇2sinθ sinφ− rθ̇φ̇ cos θ cosφ
−ṙφ̇sinθ cosφ− rφ̈sinθ cosφ

−rφ̇θ̇ cos θ cosφ− rφ̇2sinθ sinφ
−ṙφ̇sinθ cosφ

(4)

z = r cos θ
z̈ = r̈ cos θ − 2ṙθ̇sinθ − rθ̈sinθ − rθ̇2 cos θ

(5)

2) Rate Change of Angular Momentum Terms: Supposing
that the friction between the floor and the foot sole is
sufficient and there is no foot rotation, we can consider the
support phase motion as a rotation of a rigid body about
a fixed point as previously stated. For this case, Euler’s
equations of motion for unsymmetrical bodies might give
us insights,

τx = L̇x = Ixxω̇x − (Iyy − Izz)ωyωz − (ω2
y − ω2

z)Iyz

−(ωxωy + ω̇z)Ixz + (ωxωz − ω̇y)Ixy

τy = L̇y = Iyyω̇y − (Izz − Ixx)ωzωx − (ω2
z − ω2

x)Ixz

−(ωyωz + ω̇x)Ixy + (ωyωx − ω̇z)Iyz

τz = L̇z = Izzω̇z − (Ixx − Iyy)ωxωy − (ω2
x − ω2

y)Ixy

−(ωzωx + ω̇y)Iyz + (ωzωy − ω̇x)Ixz

(6)

in which Ixx, Iyy and Izz are moments of inertia about
principle axes, Ixy, Ixz and Iyz are products of inertia, ωx,
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ωy and ωz are angular velocities about principle axes and τx,
τy and τz are rate change of angular momentums (torques)
about roll pitch and yaw axes.

In [8], a gyroscopic pendulum which is suspended at a
fixed point is studied. In this model, Timoshenko and Young
demonstrated the CoM angular velocity vector in terms of
given set of angles, by using the orientation that is defined
between fixed point’s coordinate frame and CoM frame.
Following a similar approach and considering the spherical
coordinate frame’s rotation set[9], we obtained CoM angular
velocity and angular acceleration vectors as below.

ωx = −θ̇sinφ , ωy = θ̇ cosφ , ωz = φ̇ (7)

ω̇x = −θ̈ sinφ− θ̇φ̇ cosφ
ω̇y = θ̈ cosφ− θ̇φ̇ sinφ

ω̇z = φ̈

(8)

If we combine (7) and (8) in (6), it is possible to obtain
rate change of angular momentum terms as shown below.

L̇y = Iyy(θ̈ cosφ− θ̇φ̇ sinφ)+(Izz−Ixx)θ̇φ̇ sinφ (9)

−(φ̇2− θ̇2 sin2 φ)Ixz + θ̈ sinφIxy−(θ̇2 sinφ cosφ+φ̈)Iyz

L̇x =−Ixx(θ̈ sinφ+ θ̇φ̇ cosφ)−(Iyy−Izz)θ̇φ̇ cosφ (10)

−(θ̇2 cos2 φ−φ̇2)Iyz− θ̈ cosφIxy−(φ̈− θ̇2 sinφ cosφ)Ixz

3) Solving ZMP Equations for θ and φ Trajectories:
Before solving ZMP equations, we define τzmpx and τzmpy

which come out from cross multiplications in (1) and (2) to
eliminate fractional expressions.

τzmpx = mXzmp(z̈ + g) = mx(z̈ + g) −mzẍ− L̇y

τzmpy = mYzmp(z̈ + g) = my(z̈ + g) −mzÿ + L̇x
(11)

Furthermore, we may eliminate some trigonometric terms
by introducing τa and τb.

τa = τzmpx cosφ+ τzmpy sinφ
τb = τzmpx sinφ− τzmpy cosφ (12)

r = z sec θ, μ2 = cos2 θ
μ1 = sin θ cos θ, μ4 = cos2 φ
μ3 = sinφ cosφ, Jg = mgr sin θ

Jp = Iyz sinφ+ Ixz cosφ, Jβ = Jαμ1 + Jm

Jm = Iyz cosφ− Ixz sinφ, μ5 = sin2 φ = 1 − μ4

ṙ = ż sec θ + zθ̇ tan θ sec θ, Jα = mr2, J̇α = 2mrṙ

(13)

In (13), we present some repeating parameters to ease our
calculations. Finally, if we insert (3), (4), (5), (9) (10), (12)
and (13) into (11), we obtain the following equations:

τa = −θ̈ (Jα + 2Ixyμ3 + Ixxμ5 + Iyyμ4)
+ φ̇2Jβ − θ̇J̇α + Jg + φ̈Jm (14)

τb = θ̈ (Ixy cos 2φ+ (Ixx − Iyy)μ3) + Jm(θ̇2 − φ̇2)
+ θ̇φ̇(2Jαμ2 + Iyy + Ixx − Izz) + φ̈Jβ + φ̇J̇αμ1 (15)

In order to solve (14) and (15) for θ and φ trajectories,
we arrange them as stated below.

Γ1 = θ̇φ̇Jm(Izz − Ixx − Iyy − 2Jαμ2) (16)

+ τbJm − τaJβ + J2
m(φ̇2 − θ̇2) + JβJg

+ φ̇2J2
β − J̇α(θ̇Jβ + φ̇μ1Jm)

Γ2 = Jm [μ3(Ixx − Iyy) + Ixy cos 2φ] (17)

+ Jβ(Jα + 2Ixyμ3 + Ixxμ5 + Iyyμ4)

Γ3 = τa + θ̈(Jα + 2Ixyμ3 + Ixxμ5 + Iyyμ4 (18)

− φ̇2Jβ + θ̇Jα − Jg)

θ̈ = Γ1
Γ2

φ̈ = Γ3
Jm

(19)

Equation (19) describes a pair of second order differential
equations. These equations can be solved by using Runge-
Kutta method[10] in an iterative fashion when following
parameters are designed.

• z-axis CoM trajectory : z
• Xzmp and Yzmp trajectories
• Initial values: θ[0], φ[0], θ̇[0] and φ̇[0]

• Support Phase Time Interval: (tstart, tstart+twidth)
• Swing Leg Parameters: Stride, Foot Height

B. Flight Phase Trajectory Planning

In the flight phase, a well-designed foot trajectory ensures
a safe landing and stable initial conditions for the next
support phase. Moreover, adjusting z-axis of foot trajectory
may extend the flight time as well. Fig. 3 illustrates a flight
phase where dashed green and blue lines indicates CoM
and foot trajectories respectively. ψy is the angle between
z and y axes when the robot is in the air. As we mentioned
previously, we cannot use ZMP here. Thus, we employ
projectile motion dynamics in this phase.

Firstly, z-axis CoM trajectory follows a parabola simply
formulated as below.

zCoM = zlo + υzlot− 1
2
gt2 (20)

where zCoM , zlo, υzlo and t indicate z-axis CoM trajectory,
z-axis lift-off position, z-axis lift-off velocity and time vari-
able respectively. Furthermore, z-axis foot trajectory can be

0=

lo td

Fig. 3. Illustration of a Flight Phase
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Fig. 4. Overall Control Frame, Support Phase

calculated by 5th order polynomials[10]. Below, we explain
the flight phase motion planning for y-z plane. An identical
approach is executed for x-z plane as well.

For y-axis CoM trajectory, we use the momentum conser-
vation as there is no forces acting on our robot through this
axis[2].

ẏCoM =
−yCoM [k−1] + yCoM [k+1]

2Δt
= υylo (21)

Here, υylo symbolizes y-axis lift-off velocity. Since (21)
appears to be in a tridiagonal form, it can be solved in a
similar fashion as performed in [2]. If the discrete event q
is set as q = FlightT ime

Δt − 1, we might define boundary
conditions, yCoM [0] and yCoM [q], as follows:

yCoM [0] = − sinψylo yCoM [q] = − sinψytd (22)

As it may clearly be seen, ψylo and ψytd angles are the
most crucial part in our trajectory planning. By setting these
initial and terminal values, we can accelerate and decelerate
the motion. Unlike the support phase, we define ψy angular
trajectory by employing 5th order polynomials[10].

Using the aforementioned parameters, foot location plan-
ning for y-axis can simply calculated by the following
formulae.

yfoot = yCoM − (zCoM − zfoot) tanψy (23)

C. Control Block

Our control strategy is based on updating calculated ref-
erence commands by feedback loops through the support
phase. During the flight phase, we only consider CoM
and foot trajectories within an open loop control strategy.
However, either the control system runs closed loop or open
loop, there are servo control blocks at the actuator level,
in order to ensure exact joint positioning. In the support
phase, ZMP reference is chosen as the command to ensure
dynamic balance. Fig. 4 displays the general control frame
through the support phase. In this frame subscripts ref ,
res and err symbolizes reference, response and error values
respectively. Firstly, ZMP reference is compared with ZMP
response and due to ZMP error reference value is updated in
the ZMP stabilizer block. ZMP is measured by 6 axis F/T
sensors by using the method proposed in [12]. Subsequently,
updated ZMP reference and previously determined z-axis
CoM trajectory are inserted to Eulerian ZMP Resolution
block and angular trajectories(θ, φ) are obtained. These cal-
culated angle trajectories are stabilized in Angular Trajectory

Stabilizer block. As next step, spherical coordinates (r, θ, φ)
are converted into Cartesian coordinates (x, y, z) and CoM
trajectory is extracted. Finally, inverse kinematics block gives
us each joint angles’ references using CoM trajectory. These
angles’ references are given as inputs to each joint’s servo
controller in which both position control, velocity control
and disturbance rejection are applied[16].

III. SIMULATION AND EXPERIMENTAL RESULTS

To be able to validate Eulerian ZMP Resolution method,
we conducted one-legged jumping experiments on our actual
bipedal robot MARI-3. Its mechanical and electrical specifi-
cations are disclosed in [14]. Furthermore, we also simulated
running motion on a 3-D dynamic simulator[13] using the
realistic model of MARI-3. In addition, we assumed that the
robot is symmetrical for simplicity.

A. Running Simulation

In order to verify Eulerian ZMP Resolution method, we
simulated running motion on ROCOS[13] by using the realis-
tic model of our bipedal robot MARI-3. In this simulation, x-
axis and y-axis ZMP references are used to generate motions
on both sagittal and lateral planes. Results may be seen from
Fig. 5 to Fig. 7.

In Fig. 5(a), GRF (Ground Reaction Force) response is
plotted for both right leg(red) and left leg(green). In this
figure, it is possible to see successful flight phases when
both of the legs’ GRF responses become zero. What is more,
touch down impact can also be observed.

Undesired roll axis torso angle is displayed in Fig. 5(b).
Since the angular momentum around CoM is included in
our dynamic ZMP equations, we obtained considerably small
torso angle fluctuations. Comparing to the case reported in
[18], certain amount of undesired torso angle is reduced. In
addition, torso angles on other axes are smaller and therefore
not included.

CoM trajectories for y-axis and z-axis are illustrated in
Fig. 6(a) and Fig. 6(b) respectively. In these figures, dot
lines indicate reference trajectories while solid lines indicate
measured trajectories. Trajectory responses follow their refer-
ences well. However considerably small differences occur at
moments of touch down. Additionally, the trajectory shown
in Fig. 6(b) is plotted with respect to the left foot sole center.
The z-axis CoM trajectory with respect to the right foot sole
center is symmetrical to this result. We both use these z-axis
trajectories since single support phases are switched between
two legs.

ZMP response and reference for x-axis is illustrated in
Fig. 7(a). In this figure, solid red, dot green, solid blue and
dot purple lines are indicating right foot’s ZMP response,
right foot’s ZMP reference, left foot’s ZMP response and
left foot’s ZMP reference respectively. In addition, support
polygon is also indicated with dark dot lines. As it may be
seen, ZMP responses are always inside the support polygon
and they are around their references. Same thing can be
observed for y-axis ZMP which is displayed with respect
right foot sole center in Fig. 7(b). Please note that, ZMP is
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undefined during flight phases and we substituted zero ZMP
value when the robot’s foots has no contact with the floor.

B. One-Legged Jumping Experiment on Bipedal MARI-3

Having completed running simulations, we applied the
same theory into our bipedal robot MARI-3 and conducted
one-legged jumping experiments. In order to perform these
experiments, firstly we defined an initial position in which
the robot balances on its right foot without any external
support. Since we aimed vertical jumping, x-axis and y-axis
ZMP references are set to zero.

In these experiments, we used a jumping trajectory, in
which the flight time, Tf , is planned as 0.12 [s] and support
time, Ts, is planned about 0.75 [s]. As the result, we obtained
successful jumping cycles within these values. However, as
we did not consider compliance effect on the foot, only Tf

is a bit longer than we planned. Since this 0.02 [s] time
difference is relatively small, it did not affect our trajectory
generation.

From Fig. 8 to Fig. 9, one legged jumping experimental
results can be seen. GRF response on the right foot sole
is displayed in Fig. 8(a) . In this figure, zero GRF period
indicates a successful flight phase. Additionally, touch down
impact may also be observed. Fig. 8(b) shows the z-axis CoM
trajectory during the experiment. Firstly, we pull the CoM
at the bottom and this action is indicated as pre-jump phase.
After that, CoM is manipulated upwards and when it reaches
the maximum value it performs a jump. Having landed on
the floor, the robot turns back to the bottom position for the
next cycle.

Measured x-axis ZMP and y-axis ZMP values can be
observed in Fig 9(a) and Fig. 9(b) respectively. We set
these values’ references around zero as we conducted vertical
jumping experiments. These values are almost well matched
with their references and they are always inside the support
polygon even under the effect of touch down impact.

We repeated this experiment several times and obtained
the same results in each trial.

C. Comparison: EZR Versus Other Jumping Trajectory Plan-
ning Methods

In this subsection, we compare EZR-based jumping tra-
jectory planning with our past experiments1.

In [19], authors experimented jumping motion on a one
legged planar robot. During this experiment, the robot is
modeled as a point mass, which is in contact with the floor
through a virtual spring. Until touch down, the robot follows
a pre-designed sinusoidal trajectory. After touch down, force
feedback is applied. Demerit of this method is the difficulty
of setting the virtual spring constant. If the virtual spring is
set to be stiff, the robot cannot maintain its balance after
touch down. If it is not, then the robot oscillates vertically.
Further, the backward jumping distance was about 7.7 [cm].

Two legged jumping experiment on MARI-3 is reported
in [17]. This experiment is aimed at regulating angular

1These experiments’ and latest experiment’s videos are available on
http://www.kawalab.dnj.ynu.ac.jp/∼barkanu/jumpcompare.wmv

momentum vector about CoM by controlling torso angle.
Even though the robot landed on the floor stably without
oscillating on the vertical axis, backward jumping distance
was measured about 15.8 [cm]. As our bipedal robot MARI-
3 has larger mass and inertia properties comparing to the
one legged planar robot, backward jumping distance is
dramatically increased.

Applying Eulerian ZMP Resolution, we fixed the back-
ward jumping problem as it is measured only about 3.7 [cm].
Fig. 10 illustrates backward jumping distances in these 3
distinct experiments.

IV. CONCLUSION

In conclusion, we obtain a systematic way of generating
ZMP-based CoM trajectories for bipedal motion generation,
without ignoring or referencing angular momentum infor-
mation. Unlike other methods in which angular momentum
around CoM is forced to be zero, certain amount of undesired
torso angle fluctuation is reduced. This certainly helps us to
obtain more stable jumping and running motions.

Moreover, Eulerian ZMP Resolution method is verified by
running simulations and one legged jumping experiments on
MARI-3. We also compared our method’s jumping perfor-
mance with other available methods. In this comparison, we
can see that undesired backward jumping problem is fixed.

In Eulerian ZMP Resolution, it may be observed that we
could manipulate the robot by using ZMP input command.
Since the input command is ZMP, this method could be
used in any humanoid motion planning which includes single
support phases and/or flight phases. Furthermore, we believe
that Eulerian way of resolution could be applied to other
methods which represent robot dynamics by considering rate
change of angular momentum vector.

Having obtained successful running simulation and one
legged jumping experimental results, our next work is to
employ EZR method to succeed high speed running motions
on the bipedal robot MARI-3.
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