
  

  
Abstract— In this paper, two torque assignment methods of 

the antagonistic stiffness for a 2-DOF planar parallel 
manipulator are presented and verified by experiments. The 
first method is equalizing the magnitude of the stiffness in all 
directions at a desired position. The second method is 
maximizing the active stiffness in one direction at a given path. 
A 2-DOF parallel mechanism with four actuators is used for 
verification tests, where the internal torque of the mechanism 
exists on the two dimensional null space. In the experiment, 
passive and active stiffness are tested when endowing the 
external force at the moving platform and compared with the 
estimated results. 

I. INTRODUCTION 
HE stiffness of a manipulator is categorized into passive 
stiffness and active (antagonistic) stiffness. Passive 
stiffness is related to joint stiffness and kinematic 

constraints, which depend on the position of the end-effector. 
For a redundantly actuated parallel mechanism that has 
excessive actuators to the degrees of freedom, a resistive 
action to external forces can be generated by controlling the 
internal torques on additional motors. This action is called as 
antagonism in static equilibrium.  

As previous works for the stiffness of the parallel 
mechanism, Gosselin[1] developed passive stiffness maps for 
the workspace of several manipulators. Kim et al.[2], 
Ceccarelli and Carbone[3] and Li and Xu[4] also presented 
stiffness analysis for several kinematic mechanisms[5-8]. 
Regarding the active stiffness, stiffness control methods are 
also showed[9-12]. Kock and Schumacher[13] presented a 
control scheme which guarantees the lower bound of an 
end-effector stiffness. Müller[14] showed that the internal 
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force can be used to eliminate the backlash of parallel 
mechanisms. Chakarov[15] showed that maximum 
compliance in certain directions can be reduced by 
controlling the distribution of linear motor torques. He 
focused on finding eigenvalues of the compliance matrix. 
Kim et al.[16] did kinematic analysis of 2-DOF manipulator 
and  validated that the internal preload can increase the 
stiffness by experiment. 

In this paper, we present two assignment methods of the 
antagonistic stiffness planning for a two degrees-of-freedom 
planar parallel manipulator and verify them by experiments. 
We design two indices for the stiffness planning. The first 
index that is the ratio of maximum stiffness to minimum 
stiffness at a given point represents the distribution of the 
active (antagonistic) stiffness at a given point when external 
forces with random direction are applied to the mechanism. 
The index is designed to ensure robustness of antagonistic 
stiffness in all directions.  

The second index represents the maximum stiffness value 
for an external force with fixed direction. The index can be 
used to increase the stiffness of the mechanisms in one 
direction when an external force with constant direction is 
applied to the end-effector. When a directional disturbance 
such as gravity is applied to the mechanism, the control 
strategy that maximizes the stiffness of the mechanism in that 
direction will be helpful to compensate the constant external 
force. 

This paper is organized as follows. In section 2, the 
theoretical formulation and simulation of the stiffness 
analysis are described. The two indices are introduced and 
stiffness estimations are presented in section 3. In section 4, 
the indices are validated by the experiment and the results are 
presented. Finally, the conclusion follows in section 5.  

II. STIFFNESS ANALYSIS AND SIMULATION 
Generally, the stiffness is defined as the ratio between the 

exerted force and the displacement of the end-effector. 
Therefore, the stiffness matrix K is related with the change of 
the external force fΔ  and the displacement of the platform 

cxΔ . The relationship is described in (1) 
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The xfΔ  and the yfΔ  are the X and Y directional forces, 
respectively. The xxΔ  is the X directional displacement and 
the yxΔ  is the Y directional one. 

The stiffness matrix K can be derived as below: 
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The r rqτ∂ ∂ , is defined as the diagonal matrix, 
1 2 3 4( , , , )rK diag k k k k=  and ik  is the torsional stiffness of 

the i-th actuating joint. 
The passive stiffness, Kpassive , of a manipulator is related 

with the configuration of the mechanism and the torsional 
stiffness of the actuating joints ik  in the static state. When r 
numbers of active actuators are assembled at the 2-DOF 
planar manipulator, the passive stiffness can be written as (4). 
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The active stiffness, Kactive, of a redundant parallel 

manipulator is a function of the internal torque at the 
equilibrium state. At the internal equilibrium state the active 
stiffness can be written as (5) 
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The internal torque can be calculated by inverse dynamic 
analysis of the mechanism given. If the mechanism is a 
non-redundant actuated manipulator, the solution of the 

inverse dynamics is unique and can be obtained from the 
dynamic modeling and the constraint of the mechanism. 
However, a redundant actuated manipulator can give 
indeterminate solution at the same motion state.  

We defined the torque applied to the independent joint as 
uτ  and the torque of the active joint as rτ , and then 

determined the relationship between these torques. By the 
virtual work theorem, the relationship between the two kinds 
of torque can be shown as follows 
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where r u u uq f q q q= ∂ ∂ = Γ . The operator, ( )+⋅ , is defined 
as the generalized inverse or pseudo inverse. The rε is an 
arbitrary vector that determines the magnitude of the internal 
torque. The independent joint torque uτ  is zero in the case of 
the static state. The relationship of internal torques among the 
active joints can be calculated as follows 
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We conduct a simulation to calculate the active stiffness at 

the point of (-100mm, 250mm). The simulation condition is 
presented in TABLE I and Fig. 2. An external force was 
assumed to be induced at the center of the platform and then 
the displacement by the force was calculated. We repeated the 
same procedure with the various forces that direction were 
assigned from 0° to 360° in 5° step. The displacement of the 
platform by each external force is depicted as a circular mark 
in Fig. 3. The position of each mark adopts the direction of the 
induced force and the magnitude of the displacement from the 
origin.  

The maximum torque capacity of the actuators should be 
considered to manipulate the active stiffness of the 
mechanism. Moreover, the actuating torque 1rτ  and 2rτ  are 
function of 3rτ  and 4rτ  in the internal torque equilibrium 
state. In Fig. 3(a), the maximum capacity limits of 1rτ  and 

2rτ  are presented in the stiffness map of 3rτ  and 4rτ , where 
limits of 1rτ  and 2rτ  is depicted as a white color at top right 
side and bottom left side.  

In Fig. 3(b)-3(d), the distribution of compliance are 
presented with respect to the internal torque 3rτ  and 4rτ . In 
the figures, the compliance shape resembles a figure of a 
snowman. The result shows that the magnitude and the shape 
of compliance are controllable. Fig. 3(b) presents the passive 
compliance when there is no internal force in the mechanism.  

 
In Fig. 3(c), the compliance is shown when 0Nm and 10.4Nm 
are imposed as the internal torque 3rτ  and 4rτ . In the figure, 
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Fig. 1.  Schematic of a 2-DOF parallel mechanism 
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the average magnitude of the compliance changed compared 
with the passive compliance case. However, the shape of the 

compliance is observed to be similar to Fig. 3(b). In contrast, 
in Fig. 3(d), the shape of the compliance is changed when the 
internal torque 3rτ  and 4rτ  are set as 10.4Nm and 0Nm, 
respectively. The Fig. 3(e) and Fig. 3(f) show that the overall 
shape of the compliance is changed. These results reflect the 
possibility of stiffness planning by changing the internal 
torque distribution.  

III. STIFFNESS PLANNING 
The stiffness planning for a redundantly actuated 

manipulator is to determine the torque distribution of the 
actuating joint to make the designed end-effector stiffness. 
Here, we used the compliance to represent the relationship 
between the distributed torques and the displacements of the 
end-effector. The inverse of the stiffness matrix is defined as 
the compliance matrix and it also shows the relationship of 
the force and displacement.  

 
( ) cf S xτΔ = Δ  (11) 
( )cx C fτΔ = Δ        (12) 

 
where the fΔ  is the external force. The cxΔ  is the 
displacement vector by the force. The compliance, ( )C τ , that 
is the inverse of the stiffness, ( )S τ , is defined as the 
displacement divided by the given directional force as 
follows  

 
1( )
( )

cx
C

S f
τ

τ
Δ

= =
Δ

 .  (13) 

A. Equalize the Stiffness in all stiffness ( RI ) 

In some cases, the displacement of the end-effector due to 
the external force should remain within predefined presets 
even though any force in random direction is applied to the 
mechanism. Thus, a method for optimizing the internal torque 
distribution is required in order to minimize the displacement 
due to any directional forces. 

The goal of the stiffness planning is related to the 
robustness and balance of the stiffness of the manipulator 
when the external force is given randomly. We define an 
index RI , as the ratio of the minimum to maximum stiffness 
as follows: 
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Δ
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x
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where d is the index of the force direction, which covers 360 
degrees. The xΔ  is directional displacement when the 
directional forces dfΔ  are imposed.  

By maximizing the index IR, the ratio between the 
minimum value and the maximum value should approach the 
unity value. The displacement due to the external force will 
be balanced by determining the optimal distribution of 

TABLE I 
SIMULATION PARAMETERS FOR ACTIVE STIFFNESS ENHANCEMENT 

Quantity Values 
Torsional stiffness, kr 10Nm/rad 
Maximum internal torque(τr,max) 10.5Nm 
Platform position, Pt (-100mm, 250mm) 
External force 2.5N 
Step of degree 5º 
Link lengths (l11 , l12 , l21 , l22 , l31) 280mm 
Length of a side of platform, t 210mm 
Base revolute joint coordinate, Bi B1(-300,0), B2(300,0),  

B3(150, 420) 
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Fig. 2. Kinematic configuration of the 2-DOF mechanism at the 
position (-100, 250) 
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(c) τ3=0, τ4=10.4Nm                     (d) τ3=10.4, τ4= 0Nm 
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(e) τ3=10.4, τ4=-10.4Nm               (f) τ3=10.4, τ4= -9.5Nm 

Fig. 3. Torque map and compliance with respect to the internal torque 
assignment caption. 
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internal torques. We can express the strategy for maximizing 
the index IR as follows: 

 
( ) ,maxmax when

r
R r rI

τ
τ τ≤  (15) 

where the rτ  is the internal torque vector that includes all 
torques in the actuating joints of the platform. The  ,maxrτ  is 
the maximum torque limit of the actuators installed. 

B. Maximize the stiffness in one direction ( DI ) 

The high stiffness in the predefined direction is often 
required in some cases such as cutting or drilling processes 
for reducing the positional error. We define the index that can 
reflect the maximum stiffness when a directional disturbance 
is continuously imposed at the center of the platform. 
Mathematically, the index can be expressed as the ratio of the 
change of the external force to that of the displacement norm 
as follows: 

 

c

c
D x

f
I

Δ
Δ

=  (16) 

 
where cfΔ is a external disturbance with a fixed direction. The 

cxΔ  is the directional displacement when the external force 
cfΔ is imposed at the center of the platform. 
The strategy for enforcing a predefined directional 

stiffness can be written as 
 

( ) ,maxmax when
r

D r rI
τ

τ τ≤ . (17) 

C.  Installation position of actuators 
Since there are two excessive actuators to the mobility of 

the mechanism in this study, we have to determine the 
installation position of the actuators. One strategy for 
selecting the actuator position is maximizing the index IR in 
the workspace of the given mechanism. By maximizing IR in 
the workspace, we can use maximum internal torque to 
enhance the active stiffness. 

For the mechanism in this study, the four actuators can be 
installed at the eight joints that include three base joints. 
Because of the easiness of the installation, three actuators are 
attached at the base joints. So, one additional actuator should 
be located among the other five joints. The simulation 
parameters are presented in TABLE II and Fig. 4. 

We selected the four points that represent the workspace to 
test the index IR  and the average of the index values at the test 
points are calculated. The result of the estimation is shown in 
TABLE III. The average of the ratio of the minimum to 
maximum stiffness is the largest when the actuator is attached 
at joint #6.  

IV. EXPERIMENTAL VERIFICATION  
This section presents the experimental verification of the 

stiffness analysis. First of all, we measured the torsional 
stiffness of each joint to calculate the passive stiffness of the 

mechanism. Then, we conducted the experiment to measure 
the passive stiffness. The active stiffness by endowing the 
internal torque also tested and measured. The difference 
between the calculated data and the experimental data is 

 
Fig. 5. Photograph of the 2-DOF parallel machine and controller. 
 

TABLE IV 
THE SPECIFICATION OF LASER SENSORS 

Keyence Sensor LB-11 LK-031 

Accuracy 0.01 mm 0.001 mm 

TABLE II 
SIMULATION PARAMETERS FOR DETERMINING INSTALLATION POSITION 

OF ACTUATORS 
Quantity Values 

 Torsional stiffness, k1, k2, k3, k4  13.2, 12.1, 19.9, 15.4 Nm/rad 
 Maximum internal torque (τr,max)  8.7 Nm 

 Platform position, Pt (mm, mm)  Pt1(50, 150), Pt2(0, 200),  
 Pt3(-100, 250), Pt4(-150, 400) 

 External force  7.8 N 
 Step of degree  5º 
 Link lengths (l11, l12, l21, l22, l31)  280 mm 
 Length of a side of platform, t  210 mm 
 Base revolute joint coordinate, Bi  B1(-300,0), B2(300,0), B3(150, 

420) 

 
TABLE III 

RESULT OF INSTALLATION POSITION OF ACTUATORS 
 THE RATIO OF MIN. TO MAX. STIFFNESS (INDEX #1) 

Joint Pt1 
(50, 150) 

Pt2 
(0, 200) 

Pt3 
(-100, 
250) 

Pt4 
(-150, 400) Avg. 

4 0.1999 0.7702 0.3740 0.2260 0.3925 
5 0.6708 0.9405 0.3904 0.1869 0.5472 
6 0.7001 0.9148 0.5043 0.2381 0.5893 
7 0.1639 0.1350 0.1055 0.1936 0.1495 
8 0.1778 0.1960 0.3360 0.4348 0.2861 

Pt4

Pt3

Pt2 Pt1

 
Fig. 4. Selected positions for estimated #1assignment caption. 
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examined. The experimental system is depicted in Fig. 5. 
In order to calculate the passive and active stiffness of the 

mechanism, the torsional stiffness of the actuating joints and 
the torque distribution should be known. 

To measure the stiffness of each joint, at first, a weight of 
50 gram is imposed as the preload to eliminate the effect of 
the backlash, and then the displacement of the end of each 
link is measured by adding 50 gram weights one by one. After 
this process is repeated three times, the same method is used 
for the opposite direction. The average stiffness of each joint 
is shown in TABLE V. 

A. Experiment of equalizing the stiffness in all directions 
(Exp. #1) 
In this section, the antagonistic stiffness planning 

experiment is conducted at specific positions within the 
workspace when the actuator is located at the joint #1, #2, #3, 
and #6. The optimal index IR that is defined in section 3, is 
used to execute the stiffness planning.  

We executed the experiment for the active stiffness using 
IR at one position, Pt2(0, 200). The directional forces are 
endowed from 0° to 360° by 30° step. After this process is 
repeated three times, the average of these data is recorded for 
the stiffness value. The experimental condition is presented in 
TABLE V and Fig. 6. With the optimal distribution of 
internal torque at Pt2(0, 200), the result of the experiments is 
depicted in Fig. 7 and Fig. 8. The experimental values of 
index IR were obtained as 0.32 for the passive stiffness case 
and 0.64 for the optimized active stiffness. The calculated 
index value of IR was 0.22 as the passive case and 0.93 as the 
active case, respectively. The difference between the 
estimated result and the experimental result is 12.3% at the 
passive case, and 10.7% at the active case.   

The difference between the simulation and the 
experimental results is inferred from the linearization error in 
calculation of the displacement by using Jacobian. When the 
displacement by the external force is relative large, the 
assumption that the displacement is supposed to be small and 
the displacement of the end-effector can not be calculated 
from linear assumption of the Jacobian analysis. The friction 
that exists on the internal parts of the mechanism is supposed 
to be another cause of the difference since the hysteresis can 
be induced by the friction. 

B. Experiment of maximizing the stiffness in one direction 
(Exp. #2) 
The optimal index ID that is defined in section 3 was used 

to accomplish the stiffness planning against a fixed 
directional force. The active stiffness is designed to be 
maximized in one direction by maximizing the index ID. 

The experiment was conducted along the representative 
pathway through the origin. The end-effector position of 11 
points from (100, 200)mm to (-100, 200)mm by 20 mm were 
selected for the stiffness optimization. The preload same as 
previous experiment is given to eliminate the backlash of the 
mechanism. The end-effector was moving along the –X 
direction while external force was endowed along the –Y 

direction. After this process was repeated three times, the 
average of the displacement was recorded as the compliance 
value. The experimental parameters are described in TABLE 
VI and Fig. 9. 

The experimental results are depicted in Fig. 10 and Fig. 11. 
While the estimated value of index ID increased from 0.85 
N/mm in the passive case to 1.03 N/mm in the active case, the 
experimental value of index ID increased from 0.83 (passive) 
to 1.09 (active). While the estimated increment ratio is 22.8%, 
the experimental increment ratio is 32.2%. This says that we 
can get better results in the experiment than in the estimation. 
The difference between the calculation and the experimental 
result is estimated as 2.9% at the passive case, and 5.7% at the 
active case. These are very similar values.  

TABLE V 
INPUT PARAMETERS AT (0, 200). 

Quantity Values 

Platform position, Pt (0, 200) 
Torsional stiffness, kr 13.2, 12.1, 19.9, 15.4 Nm/rad 
Internal Torque, τr -6.9, 7.7, 3.1, 5.1 Nm 
Maximum internal torque, τr,max 8.7 Nm 
External force 7.8 N + 0.5 N , 30º Step 
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Fig. 6. Schematic diagram and position at (0, 200) 
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Fig. 7. Estimated vs. Tested result at (0, 200) 
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Fig. 8. Passive vs. active compliance result at (0, 200) 
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In Fig. 10, the displacement of the passive stiffness and that 
of the active stiffness seem to be similar at point (-60, 200) or 
(-80, 200), since the maximum active stiffness is restricted by 
torque capacity of the actuators.  

V. CONCLUSION 
In this paper, we carried out a theoretical evaluation of the 

antagonistic stiffness analysis and applied it to a 2-DOF 
planar parallel manipulator. The Jacobian, the Hessian and 
the stiffness analysis were investigated. Two methods for the 
active stiffness planning were presented. The index IR was 
suggested to make the minimum stiffness similar to the 
maximum stiffness at a given point and to ensure robustness 
and balance of the stiffness in all directions. Another index ID 
was used to maximize the stiffness in a fixed direction along 
the pathway. The simulation and experiment are executed 
about a 2-DOF parallel mechanism to maximize the two 
indices. The experimental index IR was observed to increase 

by 100% from 0.32 (passive) to 0.64 (active) at (0, 200). The 
average experimental index ID was observed to increase by 
32.2% from 0.83 (passive) to 1.09 (active) along the 
representative pathway. 
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TABLE VI 
EXPERIMENTAL PARAMETERS FOR EXPERIMENT #2 

Quantity Values 

 Platform position, P
t
 From (100, 200) to (-100, 200), 

Step -20 
 Torsional stiffness, k

r
 13.2, 12.1, 19.9, 15.4 Nm/rad 

 Maximum internal torque, τ
r,max

 8.7 Nm 
 External force 7.8 N + 0.5 N , -Y direction 

 

(100,200)(-100,200)…

 
Fig. 9. The selected positions within the workspace 
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Fig. 10. Estimated and experimental result at the given path 
 

Passive Compliance
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Fig. 11. Passive and active compliance result at the given path 
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