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Abstract— We propose a singularity-based mechanism (SBM)
to exploit the singular configuration that improves the angular
acceleration instead of constraining the movement. The tradeoff
between the responsiveness and the range of motion is achieved
by varying a length of linkage in the SBM. In this paper,
we clarify the responsiveness of the SBM using the dynamics
analysis. For the demonstration, we build an experimental
SBM system with the high responsiveness, a practical range
of motion, and a size comparable to a human arm. In the
experiment, the effectiveness of the SBM is shown in a vertical
lifting task. The characteristic of the SBM that generates a
large acceleration at start is similar to the human arm moved
by a muscle. The similarity between the SBM and the human
arm is analyzed in terms of the static torque.

I. I NTRODUCTION

A wide range of robots including personal robots, wear-
able robots, and entertainment robots, require high respon-
siveness. The robots employ actuators and a high reduction
ratio gear to obtain a high torque (high acceleration); how-
ever, the high gear ratio limits the peak angular velocity
of an output link. The actuator that obtains high angular
velocity with low reduction ratio gear loses the high angular
acceleration. The relations between the angular acceleration
and the angular velocity are illustrated in Fig. 1. The ideal
mechanism realizes the high angular acceleration at the start
and the high velocity during its motion.

Generally, robot arms use electromagnetic motors with
harmonic drives or reduction gears [1]–[7], motors with wires
[8], [9], and motors with belts [10], [11]. In these mech-
anisms, the range of motion can be determined regardless
of the constraint of the mechanisms. A range of motion
wider than 180◦ is preferable for multipurpose robot arms.
For examaple, the DLR lightweight arms [2] and the WAM
(Barrette Technologies, USA) have a range of motion more
than 180◦. On the other hand, a range of motion less than
180◦ might be enough for personal robots such as HRP-2
(Kawada, Japan) [1] or PR1 (Willow Garage, USA) [10].
These ranges of motion are 135-140◦ at the elbow.

A singularity is a configuration the robot arm should
avoid to prevent a degeneration of degrees of freedom.
However, the mechanism effectively generates a high force
at low velocity at or in the neighborhood of the singular
configuration. For example, in a slider-crank mechanism
composed of a crankshaft, a connecting rod, and a slider,
when the crankshaft and connecting rod form a straight
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Fig. 1. The responsiveness of mechanisms. The characteristic of con-
ventional mechanisms is determined by gear ratio and input power. The
proposed singularity-based mechanism (SBM) can obtain high angular
acceleration at the start and high angular velocity after acceleration.

line, the configuration is singular. As the crankshaft and the
connecting rod are straightened, the linear velocity of the
slider decreases toward zero, and the thrust force of the slider
increases toward infinite. The characteristic of the singularity
is used for several products such as crimp tools and riveters.
It has been attempted for application to robotics [12]–[14],
but the dynamic performance has not been analyzed. In the
mechanism, using the singularity limits the range of motion
to less than180◦. That is, the relation between the range
of motion and the effectiveness of the singular configuration
becomes a tradeoff.

We propose a singularity-based mechanism (SBM) that
exploits the singularity and achieves high responsiveness
with a practical range of motion, realizing the desirable
velocity profile shown in Fig. 1. At the start, the SBM
generates the high angular acceleration by high torque at
low angular velocity near the singularity. After accelerating,
the SBM shifts the motion with low angular acceleration
at high angular velocity. In this paper, this responsiveness
of the SBM is analyzed by varying the linkage lengths,
which determines the range of motion. In the experiment, the
dynamics model of the SBM is verified by two experimental
SBM systems with the range of motion of 129◦ and 180◦.
The system with 180◦ is a four-bar parallel linkage, which
is a common structure of robot arms.

The characteristics of the SBM generating high torque at
the start is similar to a human arm with the muscle. The
movement of two links in the SBM behaves as the linear
actuator (slider-crank). The SBM generates high torque when
the mechanism is extended. The human muscle also produces
large passive tension when it is extended [15]. The torque
of the SBM is compared with the human muscle’s model in
the statics.
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Fig. 2. Singularity-based mechanism (SBM). When the links 1 and 2 forms
a straight line, the configuration is singularity.

II. SINGULARITY-BASED MECHANISM (SBM)

Fig. 2 shows the singularity-based mechanism (SBM),
which is closed-loop four-bar linkage. The SBM is composed
of links 0, 1, 2, and 3. Link 0 is fixed and the load is attached
at the end of link 3. An actuator attached at joint 1 moves link
1 and the rotational direction is clockwise. When a current
is applied to the actuator as an input, the motor shaft rotates
link 1. Link 2 pulls link 3, and then the torque around joint
4 is obtained from link 3 as the output.

Based on the kinematic analysis of four-bar linkages [16],
we derive the kinematics for the SBM. The angles of link
i with respect to the linki − 1 are denoted asθi for i =
1, · · · , 4, andθ1 andθ2 are expressed in a vector form asΘ =
[θ1, θ2]

T . An angleϕ between link0 and link 3 is written
asϕ = 2π − (θ1 + θ2 + θ3). Introducing a coordinate frame
(x, y) with an origin at joint 4 and denoting a position of
joint 3 aspe = [xe, ye]

T , we can express it by the following
two ways:

pe =

[
−l3 sinϕ
−l3 cosϕ

]
, f1(ϕ) , (1)

pe =

[
−l1 sin θ1 − l2 sin(θ1 + θ2)

l0 + l1 cos θ1 + l2 cos(θ1 + θ2)

]
, f2(Θ) , (2)

whereli is the length between jointi andi+1 and l0 is the
length between joints1 and4. From (1) and (2), the system
has the following constraint betweenΘ andϕ:

Ψ(Θ, ϕ) = f2(Θ)− f1(ϕ) = 0 . (3)

From (2), we can obtain the following equation:

ṗe = JΘ̇ , (4)

whereJ is the Jacobian matrix off2 and can be written as

J =

[
−l1 cos θ1 − l2 cos(θ1 + θ2) −l2 cos(θ1 + θ2)
−l1 sin θ1 − l2 sin(θ1 + θ2) −l2 sin(θ1 + θ2)

]
.

(5)

When θ2 = 0 (links 1 and 2 form a straight line), rank of
J is one from the above equation; that is, the configuration
of the SBM including links 1 and 2 is singular. Also, when
θ2 = 0, ṗe cannot be even in the column space ofJ from
(1) and (3). Therefore, the configuration whereθ2 = 0 is
the singular one of the four-bar linkage mechanism, and we
can obtain thatṗe = 0 when θ2 = 0. A higher order time
derivative ofpe can be calculated from (2) as follows:

p̈e = JΘ̈+ J̇Θ̇ , (6)

p(3)
e = JΘ(3) +R1(Θ, Θ̇, Θ̈)Θ̇ , (7)

p(4)
e = JΘ(4) + 3

(
∂J

∂θ1
θ̈1 +

∂J

∂θ2
θ̈2

)
Θ̈

+R2(Θ, Θ̇, Θ̈,Θ(3))Θ̇ , (8)

whereR1 andR2 are 2 × 2 matrices, and the description
(∗)(i) denotesith order time derivative of(∗).

We suppose that the singular-based arm is at rest and its
configuration is singular at initial timet = 0. A constant
torqueτ is supposed to be applied at joint 1 fort ≥ 0. Since
Θ̇ = 0 at the initial time, we can obtain from (1), (6) and
(7) that

ṗe = p̈e = p(3)
e = 0 at t = 0 .

However,p(4)
e ̸= 0 at t = 0 from (1) and (8), becausëθ1

and θ̈2 are generated by the torqueτ and the column space
of ∂J/∂θi is linearly independent from the one ofJ. These
results mean that the angleϕ satisfies

ϕ̇ = ϕ̈ = ϕ(3) = 0 , ϕ(4) ̸= 0 at t = 0 . (9)

From (9), the time history ofϕ would be expressed by a
quartic function of time neart = 0. The above singularity of
the SBM can also be explained in terms of the relationship
between small displacements ofΘ andpe as follows:

δpe = O(δΘ2) , (10)

where δΘ and δpe are small displacements ofΘ and pe

from the singular configuration respectively.
The above properties of the SBM at the singular config-

uration make it difficult to achieve an accurate trajectory
tracking of ϕ, but they would be useful from the view of
work done by the torqueτ . Since δΘ = O(δp

1
2
e ) from

(10), the work done byτ that is represented asτδΘ is
relatively larger for a small displacementδpe. The work can
be calculated as a function of time approximately near the
singular configuration based on the dynamics of the two-link
robot arm [17]. The displacementδΘ is independent from
the mass of link 3 and the weight attached to link 3, andτ
can supply the energy to the system most efficiently at the
singular configuration as long as the weightml is sufficiently
heavy.
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TABLE I

PARAMETERS FOR THE DYNAMIC ANALYSIS.

!

Quantity  Value 

Length of link 0 l0 0.3 m 

Length of link 1 l1 0.05 m 

Mass of link 1 m1 0.278 kg 

Moment of inertia* of link 1 J1 1.77×10-4 kgm2

Length between joints 3 and 4 l3 0.05 m 

Length between joint 3 and weight ll 0.35 m 

Mass of link 3 m3 0.517 kg 

Moment of inertia* of link 3 J3 6.19×10-3 kgm2

Mass of motor shaft mm 0.0777 kg 

Moment of inertia* of motor shaft Jm 1.38×10-6 kgm2

*) Momemt of inertia about the center of gravity of each linkage. 

"

!

l

I II. RELATION BETWEEN RESPONSIVENESS ANDRANGE

OF MOTION IN THE SBM

A. Design of the SBM system

In this section, we analyze the relation between the re-
sponsivenss and the range of motion in the SBM sytem by
varying the linkage length. The parameters of the SBM in
the analysis are shown in Table I. In order to make the SBM
design similar to a human arm, the link lengthl0 and lw
are selected to roughly correspond the length of a human’s
upper arm and forearm.

We assume that the SBM starts the motion from the
singular configuration at the initial angleϕ = ϕ0. The final
angle is the sum ofϕ0 and the range of motionΦ and is
the angle that links 2 and 3 form a straight line (the second
singular configuration). The range of motionΦ of the SBM
is defined as the usable angle range fromϕ0 to ϕ0 +Φ. The
relation between the initial angleϕ0 and the link lengthl2 is
given by the law of cosine. Therefore, the design of the SBM
is determined by taking one fromϕ0, l2, or Φ as following:

Φ = π − ϕ0 − arccos

(
l20 + (l1 + l2)

2 − l23
2l0(l1 + l2)

)
, (11)

In the analysis, we consider seven systems with initial angles
ϕ0 from 90◦ to 0◦ by 15◦ as shown in Table II and Fig. 3.
From (11), when the initial angleϕ0 is small, the length
l2 is long and the range of motionΦ is wide. The mass
and moment of inertia of link 2 increase in proportion to
its length. When lengthl2 is equalized to a lengthl0 of
link 0 (Φ = 180◦, ϕ0 = 0◦), the mechanism becomes the
parallelogram linkage and it transfers the input torque from
actuator to joint 4 with a constant acceleration. We deal with
the mechanism withΦ = 180◦ (Case 7) as the parallel-
based mechanism (PBM) to distinguish it from the other
SBM systems (Case 1 to 6) for the comparison study. In
the PBM, the structure is a common mechanism for robot
arms, and the dynamic characteristics are similar to robot
arms with belt or wires.

TABLE II

PARAMETERS FOR THE CASE STUDY. THE RANGE OF MOTIONΦ, INITIAL

ANGLE ϕ0 , AND THE LENGTH l2 OF LINK 2.

Case 1:  "= 80.5° ! 0= 90° l2= 0.25414 m 

Case 2:  "= 96.2° ! 0=75° l2= 0.26665 m 

Case 3:  "= 112° ! 0=60° l2= 0.27787 m 

Case 4:  "= 129° ! 0=45° l2= 0.28721 m 

Case 5:  "= 146° ! 0=30° l2= 0.29421m 

Case 6:  "= 163° ! 0=15° l2= 0.29854m 

Case 7:  "= 180° ! 0=0° l2= 0.300 m 

"

Case 1 Case 2 Case 3 Case 4 Case 5 Case 6 

Fig. 3. Initial configuration of the SBM (Case 1 to 6). In all SBM systems,
links 1 and 2 are forming a straight line (θ2 = 0).

B. Analysis Result

The motion of the SBM systems is illustrated with forward
dynamics when a constant input torqueτ1 of 1 Nm is given
around joint 1. In the analysis, the loadml of 5 kg is attached
at the end of link 3 and gravity is not considered to clarify
the acceleration. The motion is finished at the time that the
system reaches the second singular configuration.

Fig. 4(a) shows the angular displacement of seven cases.
The result shows a tradeoff between the responsiveness and
the range of motion. The SBM system with narrower range
of motion obtains the larger angular displacement at the end
time. For example, the SBM system withΦ = 163◦ obtains
approximately 20 % higher angular displacement compared
to the PBM system (Φ = 180◦).

The angular accelerations are shown in Fig. 4(b). At the
start, the motions behave as the fourth-order function as
seen in (9). The SBM systems then obtain the high angular
acceleration at the start period in comparison to the PBM
system. The peak of the angular acceleration of cases 1 to
6 is roughly equal. After the angular accelerations obtain
the first peak, they are converged toward the constant torque
of the PBM. The SBM systems again increase the angular
acceleration near the second singular configuration. When
the angular acceleration reaches the second singular configu-
ration, the angular acceleration becomes zero. Thus, the high
responsivenss is generated in the SBM system. The reason
for zero angular acceleration is that link 1 changes to rotate
in the reverse direction. The second singular configuration is
both the limit of the range of motion and the point where
the link 1 starts reverse rotation.
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Fig. 4. Responsiveness of link 3 in the SBM. (a) Displacement and (b)
angular acceleration. The high angular displacement is observed as the range
of motion decreases.

IV. M ODEL VERIFICATION AND EFFECTIVENESS

A. Experimental SBM System

The experimental SBM system (Φ = 129◦) and the PBM
system (Φ = 180◦) are built as shown in Fig. 5. The
actuator is an electromagnetic motor (EC40, Maxon Motors,
Switzerland) with a planetary gear (Gear ratio: 156). A rotary
encoder (HEDL5500, Avago Technologies, USA) attached to
the motor shaft measures the angular displacement. Link 1
is comprised of steel for attachment to the motor shafts, and
links 2 and 3 are aluminum. All joints employ bearings for a
smooth rotation. The motor driver (EPOS2, Maxon Motors)
provides a current to the motor and measures the actual
current. A weightml of 1.22 kg is attached to the tip of
link 3. The current is stopped when the angular displacement
reachesϕ− ϕ0 = 90◦ to prevent collision.

B. Experiment

The dynamics model is verified by the experiment and the
effectiveness is demonstrated in two ways: a horizontal mo-
tion and a vertical motion, as shown in Fig. 6. The horizontal
and vertical motions are determined by the installation of the

s

s ss

Fig. 5. Experimental setup. The SBM systems (left side) and the PBM
system (right side)

Horizontal motion 

Vertical motion 

s

s ss

Fig. 6. Horizontal and vertical motions in the experiment. The SBM might
be applied to an elbow joint of humanoid.

experimental system. Link 0 is fixed vertically in the vertical
motion. In the SBM system, the angleθ2 is 0◦ and the angle
ϕ0 is 45◦ at the initial angle. In the PBM system, the angle
θ2 andϕ0 are both45◦ and transfers a constant torque from
link 1 to link 3 regardless of the angle.

In the experiment, we choose the magnitude of the input
current to obtain the90◦ angular displacement within 1 s.
The current is constant to evaluate the dynamic characteris-
tics.

1) Effectiveness in Horizontal Motion:Fig. 7 shows the
time history response of the angular displacements in the
horizontal motion when the constant input current of 1 A
(approximately 3 Nm at the motor) is applied. The experi-
mental result of both the SBM and PBM systems are roughly
accorded to the estimated result. The delay of the angular
displacement at the start is observed in the SBM system
because of the start expressed as the forth-order function in
(8). There is no large difference of the displacements between
the two systems. The loadml = 1.2 kg was too small to
obtain the effectiveness of the singularity, compared to the
analysis in the previous section (ml = 5 kg). The SBM makes
the difference larger and is effective if the load is large. (in
which case, the total responsiveness is reduced.)

2) Effectiveness in Vertical Motion:The time history
response of the vertical motion is shown in Fig. 8 when
the constant current of 2 A (apploximately 6 Nm) is applied.
After 0.2 s, the difference of both systems is enlarged as time
passes. Finally, the angular displacement of the SBM system
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Fig. 7. Responsiveness of the SBM systems and the PBM system in the
horizontal motion.
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Fig. 8. Responsiveness of the SBM systems and the PBM system in the
vertical motion.

is approximately two times larger than that of the PBM
system. Thus, the high responsiveness of the SBM system
using the singularity is obtained in the vertical motion. The
reason for the effectiveness is that links 1 and 2 can store
much higher kinematic energies than link 3 based on the
kinematics. The SBM system can supply energy efficiently
at the singular configuration when the SBM quickly lifts a
load against gravity.

From the aspect of energy consumption, the SBM system
supplies a large mechanical energy to the load more rapidly
with the equal constant current. The back-electromotive force
increases as the angular velocity increases. The SBM system
has consumed higher electric energy for higher displacement
than the PBM.

V. STATICS ANALYSIS OF THE HUMAN ARM MODEL AND

THE SBM MODEL

In this section, we discuss the similarity of the static
characteristics of the SBM to that of a human arm. The
movement of links 1 and 2 in the SBM system behaves as the
slider-crank and linear actuator. The SBM can generate high
torque when the mechanism is extended. The human muscle
also produces a large passive tension when it is extended.

Let us build the human arm model with a muscle instead
of links 1 and 2 in the SBM as shown in Fig. 9(a). Link 0
is the upper arm and link 3 is the forearm. The muscle is

Motor

SBM Muscle 

(a) (b) (c) 

Tt fs 

 s  s  s 

Fig. 9. Models for static analysis. (a) Human arm model, (b) SBM model,
and (c) motor model.

connected from joint 1 to joint 3. Assume that the natural
length of muscle isl2, the displacement of the muscle is
lm, and the peak of the displacement islmpeak. When the
peak active tensionTa and the peak passive tensionTp are
given, the total tensionTt is the sum of the active and passive
tensions and is expressed as [15]

Tt = α

(
−Tal

2
m

l22
+ Ta

)
+

Tp

(
eklm/lmpeak − 1

)
ek − 1

, (12)

whereα is a scaling variable andk is a shape parameter.
In case the arm is fully stretched at the initial angleϕ0,
the muscle is fully extended with the displacementlm =
lmpeak. When the arm is fully flexed at the end angle
ϕ0+Φ, the muscle is fully contracted with the displacement
lm = −lmpeak. The torqueτs generated by the tensionTt is
expressed as

τs = l3Tt sin (π − θ3) , (13)

where θ3 is the angle between link 3 and the muscle. As
shown in Fig. 9(b), the static forcefs of the SBM model is
taken on the line connecting from joint 1 to joint 3. When
the input torqueτ1 is given around joint 1, the static force
fs of joint 3 that is pulled by link 2 is expressed as

fs =
τ1
l1

cos (θ1 + θ2 − π)

sin θ2
(14)

In the SBM, the displacement on the line connecting joints
1 to 3 is also denoted aslm. The SBM takes the singluar
configuration at the initial angleϕ0 when links 1 and 2 form a
straight line andlm = lmpeak. When the arm is fully flexed,
the displacement islm = −lmpeak. In order to obtain the
length-tension curve of the human arm model and the SBM
model, the parameters are chosen as:

α = 1, k = 4, Ta = 20N, Tp = 40N, τ1 = 1Nm

ϕ0 = 45◦, lmpeak = 0.05m, l2 = 0.28721m

Fig. 10 shows the length-tension curve of the human arm
model and the SBM. Especially, the SBM model is roughly
accorded to the human arm model while thelm is large (the
arm is extened).
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Fig. 11. Relation between the static torque and the angular displacement
of the human arm model, the SBM model, and the motor model.

The static torque of the human arm model and the
SBM model is derived by (13). As shown in Fig. 11, the
displacement-torque curve shows a certain similarity of the
human arm model and the SBM model in the statics. To
compare the similarity to a torque generated by a motor,
one link model with a motor (Motor model in Fig. 9(c)) is
illustrated. The motor model generates the constant output
torque by constant input energy. In order to obtain high
torque at the start period, the motor model requires a high
current and loses the input energy as heat in proportion to the
amount of the current. In other words, the SBM can reduce
the heat dissipation and obtain high responsiveness as well
as the human arm.

VI. CONCLUSION

The SBM demonstrated the high responsiveness with a
practical range of motion. It is especially effective in vertical
motions such as a lifting task. Because of the high angular
acceleration, we will obtain high dynamic torque from the
system. The high torque mechanism is expected for a wide
range of applications; as a mechanism for home robots, the
SBM should use a spring for back-drivability and safety
because the inertia of output link in the SBM becomes heavy
near the singular configuration.

The SBM as a linear actuator, such as muscle, shows
a certain similarity in static torque to the human arm. We

estimate that the SBM is appropriate as the actuator in
term of the torque for realizing an anthropomorphic arm,
compared with the robot arms that employ motors at the
joint. In order to confirm the similarity, the dynamics of the
human arm with muscles is also a future work to be clarified.
We will pursue the dynamic analysis of the singularity-based
mechanism and develop applications for it’s use.
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