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Abstract— This paper deals with the performance improve-
ment of force feedback in bilateral teleoperation with PD
controller. In traditional PD structures, the force feedback is
simply determined by the position and velocity of the master
and the slave manipulators, which may induce large resistance
forces to the operator even in free motion. In this paper, a novel
PD bilateral controller is proposed to tackle this problem. By
incorporating a distance variable in the controller, we show
that the appropriate force feedback can be obtained which
still guarantees the system stability. To validate the proposed
algorithm, an experiment is also carried out on our single
degree of freedom teleoperation system. The results indicate
that this strategy is effective for safe teleoperation missions.

I. INTRODUCTION

TEleoperation has widespread applications in many areas
such as space mission, undersea exploration, hazardous

environment, telesurgery, etc [1-6]. The teleoperation system
is commonly composed of the operator, master manipulator,
communication channel, slave manipulator and task environ-
ment. In bilateral teleoperation, the master controls the slave
to move, and the slave feed back the contact force to the
master at the same time. The bilateral control strategy offers
the operator a good tactile interface, by which the operator
can feel the slave operation status, just like he stays in the
real task environment.

Stability plays an important role in a bilateral teleoperation
with time delay, and this problem has been studied by
many researchers. For example, Anderson and Spong [7]
presented a control law by using passivity and scattering
theory, which overcame the instability caused by time delay.
These results were then extended by Niemeyer and Slotine
in [8], where the notion of wave variables was introduced
to get a new configuration for bilateral teleoperation. The
scattering-wave variable method can guarantee the stability
of the bilateral teleoperation, but its tracking performance
was not satisfactory as introduced in [9]. Recently in [9-
15], various of PD controllers were presented to solve the
tracking problem.

In 2004, Imaida et al. [10] carried out a bilateral teleop-
eration experiment successfully in Engineering Test Satellite
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7(ETS-VII), in which the following PD controller is used;

τm = Km (xm − xs (t− T2)) + Pmẋm

τs = Ks (xs − xm (t− T1)) + Psẋs

(1)

where Km and Ks are proportional gains, and Pm and Ps

are damping gains. T1 and T2 are the time delays from the
master to the slave, and the slave to the master, respectively.

Lee et al. [11] then proposed another PD control frame-
work and proved the passivity of the system. Their controller
is

τm = Km (xm − xs (t− T2)) + Pmẋm

+ Dm (ẋm − ẋs (t− T2))
τs = Ks (xs − xm (t− T1)) + Psẋs

+ Ds (ẋs − ẋm (t− T1))

(2)

where Dm and Ds are the differential gains, and other
parameters have the same meaning with (1).

In addition, Nuño et al. [12-13] proved that the master
and slave velocities asymptotically converged to zero in free
motion for several different PD controllers including (1) and
(2).

However, there exists an inherent problem in the systems
with the PD controller (1) and (2). Note that the master
control force τm is determined by the position and velocity
differences of the master and slave manipulators, which are
commonly not zero in the process of the operation. So τm

exists not only in contact motion, but also in free motion.
In particular, if the operator moves the master manipulator
rapidly in free motion, τm will become very large. This will
affect the judgement of the operator since the force he feels
may be generated either by the collision with the object or
simply in free motion.

In order to have appropriate force feedback for the oper-
ator in the bilateral teleoperation, we make the proposition
as folllows:

Proposition 1: The control force τm should:
1) be as small as possible in free motion when the slave

manipulator is far away from the object, such that the operate
can hardly feel it.

2) become large gradually when the slave manipulator
moves close to the object, so as to let the operator operate
carefully.

3) be as large as possible when hard contact occurs.
To satisfy Proposition 1, we propose a new controller by

incorporating a distance variable into the master controller.
The main idea can be summarized as follows: by installing
a range sensor on the slave manipulator [16], the distance
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between the slave manipulator and the object can be attained.
Then by setting the proportional and differential gains small
enough, we make the distance terms as the primary factor in
τm. As such, the appropriate force feedback can be achieved,
and the operator can make proper decision in the operation
based on the force feedback. In our previous work[17],
we studied the force feedback when the slave manipulator
approached the object, to reduce the influence of the large
time delay for nonlinear systems, while in this paper we
focus on linear time-invariant(LTI) systems with different
distance function and slave control force, and study the
improvement of the force feedback in all operation stages.

This paper is organized as follows: the preliminaries
including bilateral dynamics, presumption conditions and
basis lemmas are given in Section II. The bilateral PD
controller with the slave distance is described in Section III.
The stability is analyzed in Section IV. The experiments are
shown in Section V, and a discussion is followed in Section
VI. Finally, conclusions are drawn in Section VII.

II. PROBLEM FORMULATION

A. Dynamics in bilateral teleoperation

The linear dynamics of the master and slave manipulators
are given by

Mmẍm + Bmẋm = Fh − τm

Msẍs + Bsẋs = τs − Fe

(3)

where Mm, Bm are the master inertia and damping, and Ms,
Bs are the slave inertia and damping. Fh is the operator force
and Fe is the environment force. τm and τs are the master
and slave control force. xi, ẋi, ẍi are the position, velocity,
acceleration, respectively. Where i = m for the master and
i = s for the slave.

Note that the position, velocity and acceleration of the
manipulators, and the distance signal measured by the sensor
are time dependent in this paper, and we omit the variable
t in the equations for simplicity, and only express it in the
delay case.

B. Assumptions

For a teleoperator system, we make the following assump-
tions.

Assumption 1: The position of the master and slave ma-
nipulators can be measured by the sensors.

Assumption 2: The distance between the slave manipula-
tor and the object is bounded, i.e.

d ∈ [0,∞) (4)
where d stands for the distance.

Assumption 3: The energy applied by the human operator
on the master manipulator, and exerted by the slave manip-
ulator on the environment is passive, i.e. ∃ Uh, Ue ∈ R+,
∀ t ≥ 0

∫ t

0

ẋmFhdθ ≤ Uh −
∫ t

0

ẋsFedθ ≤ Ue (5)

Assumption 4: If the variable P is bounded, The energy
applied by P on the master manipulator is passive, i.e. ∃
Ud ∈ R+, ∀ t ≥ 0

−
∫ t

0

ẋmPdθ ≤ Ud (6)

C. Lemmas

The following lemmas will be used in this paper.
Lemma 1 [12]: For any signals x, y and any T , α > 0,

the following inequality holds.

∫ t

0

xt (s)

[∫ T

0

y (s− σ) dσ

]
ds ≤ α

2
‖x‖22 +

T 2

2α
‖y‖22 (7)

where ‖·‖2 is the L2-norm of the signal.
Lemma 2 [11]: For any two positive numbers c, d and any

α > 0, the following inequality holds.

2cd ≤ αc2 +
d2

α
(8)

III. CONTROLLER DESIGN

According to Assumption 1, the position of the master
and slave manipulator can be measured. We assume that
there exists time delay T in a bilateral teleoperation, then
the position signal arriving at the slave site is

xsd = xm (t− T ) (9)

and the position signal arriving at the master site is

xmd = xs (t− T ) (10)

We design the master control force based on PD controller
as

τm = Km (xm − xmd) + Dm (ẋm − ẋmd) + KdQ (11)

where Km ∈ R+ is the master proportional gain, Dm ∈ R+

is the master differential gain, Kd ∈ R+ is the distance signal
gain, and Q is a nonnegative number which is defined as

Q =





0 φ < d
φ− d 0 < d < φ
ε d = 0

(12)

where φ ∈ [0,∞) is a threshold value, d ∈ [0,∞) is the
distance between the slave manipulator and the object, and
ε ∈ [0,∞) is a large number, so as to get a large force
feedback in contact motion.

The PD mode in [12] is adopted for the slave control force
as

τs = Ks (xsd − xs) + Ds (ẋsd − ẋs) (13)

where Ks ∈ R+ is the slave proportional gain, and Ds ∈ R+

is the slave differential gain.
The control block diagram is shown in Fig. 1. where fd→Q

is denoted by(12).
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Fig. 1. Control block diagram.

IV. STABILITY ANALYSIS

Theorem 1: Consider the bilateral teleoperation system
(3), and the control force (11) and (13), when Assumptions
1-4 are satisfied, the system is stable provided that the
following condition holds.

(
Bm +

Dm

2

)(
Bs +

Ds

2

)
> KmKsT

2 (14)

Proof: From Assumption 2 and the definition of Q, it
is clear that Q is bounded. The following inequality holds
according to assumption 4:

−
∫ t

0

ẋmQdθ ≤ Ud (15)

Define the following storage function for the system as

V =
1
2
Mmẋ2

m +
Km

2Ks
Msẋ

2
s +

Km

2
(xm − xs)

2

+
(

Uh −
∫ t

0

ẋmFhdθ

)

+
Km

Ks

(
Ue +

∫ t

0

ẋsFedθ

)

+
KmDs

2Ks

∫ t

t−T

ẋ2
mdθ +

Dm

2

∫ t

t−T

ẋ2
sdθ

+ Kd

(
Ud +

∫ t

0

ẋmQdθ

)

(16)

From Assumption 3 and (15) , it is easy to show that V
is nonnegative. The derivative of V is given by

V̇ = Mmẋmẍm − ẋmFh +
Km

Ks
Msẋsẍs

+
Km

Ks
ẋsFe + Km (xm − xs) (ẋm − ẋs)

+
KmDs

2Ks

(
ẋ2

m − ẋ2
m (t− T )

)

+
Dm

2
(
ẋ2

s − ẋ2
s (t− T )

)
+ KdQẋm

(17)

Substituting the manipulator dynamics (3) into (17), we

get

V̇ = ẋm (−Bmẋm − τm) +
Km

Ks
ẋs (−Bsẋs + τs)

+ Km (xm − xs) (ẋm − ẋs)

+
KmDs

2Ks

(
ẋ2

m − ẋ2
m (t− T )

)

+
Dm

2
(
ẋ2

s − ẋ2
s (t− T )

)
+ KdQẋm

(18)

Substituting (11), (13) into (18), the derivative reduces to

V̇ = − (Bm + Dm) ẋ2
m − Km

Ks
(Bs + Ds) ẋ2

s

+ Km (xmd − xs) ẋm + Km (xsd − xm) ẋs

+ Dmẋmdẋm +
KmDs

Ks
ẋsdẋs

+
KmDs

2Ks

(
ẋ2

m − ẋ2
m (t− T )

)

+
Dm

2
(
ẋ2

s − ẋ2
s (t− T )

)

(19)

Using the transformation
∫ T

0

ẋi (t− θ)dθ = xi (t− T )− xi i = m, s (20)

Together with (21) and (22)

ẋs (t− T ) ẋm ≤ 1
2

(
ẋ2

s (t− T ) + ẋ2
m

)
(21)

ẋm (t− T ) ẋs ≤ 1
2

(
ẋ2

m (t− T ) + ẋ2
s

)
(22)

We get

V̇ ≤ −
(

Bm +
Dm

2

)
ẋ2

m − Km

Ks

(
Bs +

Ds

2

)
ẋ2

s

+ Kmẋm

∫ T

0

ẋs (t− σ) dσ

+ Kmẋs

∫ T

0

ẋm (t− σ) dσ

(23)

Integrating (23) from 0 to t, and letting t →∞, we get
∫ t

0

V̇ ds ≤ −
[(

Bm +
Dm

2

)
−Km

(
αm

2
+

T 2

2αs

)]
‖ẋm‖22

−
[
Km

Ks

(
Bs +

Ds

2

)
−Km

(
αs

2
+

T 2

2αm

)]
‖ẋs‖22

where Lemma 1 is used in the above derivation. In addition,
from the above inequation, we can see that if

Bm +
Dm

2
> Km

(
αm

2
+

T 2

2αs

)
(24)

Km

Ks

(
Bs +

Ds

2

)
> Km

(
αs

2
+

T 2

2αm

)
(25)

the semi-definite function V is bounded, and the system is
stable. Using lemma 2, we get (14) from (24) and (25), which
have a positive solution αm, αs.

This completes the proof.
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Next, we turn to the case where the communication delays
forward and backward are different. In this case, (9) and (10)
become

xsd = xm (t− T1) (26)

xmd = xs (t− T2) (27)

where T1 and T2 denote the communication delay forward
and backward, respectively. The following theorem summa-
rizes the main result.

Theorem 2: Consider the bilateral teleoperation system
with time delay T1 and T2 described by (3), and the control
force (11) and (13), when Assumptions 1-4 are satisfied, the
system is stable provided that the following condition holds.

(
Bm +

Dm

2

)(
Bs +

Ds

2

)
>

1
4
KmKs (T1 + T2)

2 (28)

Proof: Define the following storage function for the
system

V =
1
2
Mmẋ2

m +
Km

2Ks
Msẋ

2
s +

Km

2
(xm − xs)

2

+
(

Uh −
∫ t

0

ẋmFhdθ

)

+
Km

Ks

(
Ue +

∫ t

0

ẋsFedθ

)

+
KmDs

2Ks

∫ t

t−T1

ẋ2
mdθ +

Dm

2

∫ t

t−T2

ẋ2
sdθ

+ Kd

(
Ud +

∫ t

0

ẋmQdθ

)

(29)

Following the same line with proof of theorem 1, we have

V̇ ≤ −
(

Bm +
Dm

2

)
ẋ2

m − Km

Ks

(
Bs +

Ds

2

)
ẋ2

s

+ Kmẋm

∫ T2

0

ẋs (t− σ) dσ

+ Kmẋs

∫ T1

0

ẋm (t− σ) dσ

(30)

Integrating (30) from 0 to t, and letting t → ∞, we can
see that the semi-definite function V is bounded if

Bm +
Dm

2
> Km

(
αm

2
+

T 2
1

2αs

)
(31)

Km

Ks

(
Bs +

Ds

2

)
> Km

(
αs

2
+

T 2
2

2αm

)
(32)

From (31) and (32), we can get (28).
This completes the proof.
Next, we consider the delay-free case. In this case, (11)

and (13) become

τm = Km (xm − xs) + Dm (ẋm − ẋs) + KdQ (33)

τs = Ks (xm − xs) + Ds (ẋm − ẋs) (34)

Fig. 2. Experiment system.

then the following corollary can be easily achieved and the
proof follows verbatim the steps of the proof of Theorem 1
with the same nonnegative function (16).

Corollary 1: Consider the bilateral teleoperation system
(3), and the control force (33) and (34), when Assumptions
1-4 are satisfied, the system is stable provided that the
following condition holds.

(
Bm +

Dm

2

)(
Bs +

Ds

2

)
> 0 (35)

We can get easily from the theorem 1, 2 and Corollary
1 that the parameters of the controllers can be adjusted
optionally under the condition that (14), (28) and (35) are
satisfied. Thus, the Km and Dm can be set as small as
possible, and τm is mainly determined by Q so as to satisfy
Proposition 1.

V. EXPERIMENTS

In this section, we apply our proposed algorithms on an
experiment system. The experiment was carried out on a
single degree of freedom bilateral teleoperation platform,
which is shown in Fig. 2. Its main components are USB2812
control board, 70LY53 torque motor, and ADS-50/5 actuator
produced by Maxon Co.; A 2D120X range sensor produced
by Sharp Co. is installed on the slave manipulator to measure
the distance between the slave manipulator and an object
(a wooden box is used in the experiment system), whose
detection range is from 0 to 30 centimeters. In Fig. 2, the
right motor and its link are taken as the master manipulator,
and the left motor and its link are taken as the slave
manipulator.

In the experiment, we set two cases to compare the per-
formance of the traditional PD controller and our proposed
algorithm. The traditional controller (2) is used in case one,
and the proposed control method in this paper is verified
in case two. We perform two tests in case two: test A and
test B; test A uses the same Km, Dm as case one, and
test B uses smaller Km, Dm than case one. The experiment
parameters in case 1 and case 2 are shown in Tab. I and Tab.
II, respectively. For simplicity, the forward and backward
time delays are set to be identical (T = 0.5s). Note that all
these parameters satisfy (14).
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TABLE I
EXPERIMENT PARAMETERS (CASE ONE)

Bm Km Dm Pm Bs Ks Ds Ps

0.1 2.2 4.4 5.5 0.1 2.2 4.4 5.5

TABLE II
EXPERIMENT PARAMETERS (CASE TWO)

test Bm Km Dm Kd Bs Ks Ds φ ε

A 0.1 2.2 4.4 10 0.1 2.2 4.4 10 50
B 0.1 0.22 0.88 10 0.1 2.2 4.4 10 50

At the beginning of the experiments, the slave manipulator
is far away from the wooden box, and both manipulators
have the same starting points. As the operator moves the
master manipulator, the slave manipulator is controlled to
move toward the wooden box. In this stage, the manipulators
run in free motion. As the time goes by, the slave manipulator
gradually approaches the wooden box, and eventually come
into contact with it. After approximately 2s, the manipulators
are dragged to the origin. Then, the tracking performance and
the force feedback are analyzed.

The tracking curves in case one and case two are shown
in Fig. 3, Fig. 5 and Fig. 7, respectively, where the solid line
denotes the position of the master manipulator, and the dotted
line denotes the position of the slave. We can see that the
systems are stable in two cases, and the slave can track the
master basically. Since the parameters of the controllers are
not optimal, the tracking performance is not good enough.
However, the focus here is in the improvement of the force
feedback, and the parameter optimization is not within the
sphere of this paper.

Fig. 4 shows both changes of the distance in the slave site
and the corresponding driving voltage in the master motor
in case one, and the same variables in case two are shown
in Fig. 6 and Fig. 8. Note that the driving voltage reflects
the master control force τm since the motor is controlled by
torque mode; the higher the drive voltage is, the larger the
output force is. Here, the resolution of ADS-50/5 actuator is
12 bits, and its voltage range is −10V to 10V , it means that
the input value changes from 0 to 4096 and output voltage
changes from −10V to 10V , and we obtain the control
parameters according to the input value of the actuator in
the experiment. In addition, the scale of the voltage in Fig.
4 is bigger than ones in Fig. 6 and Fig. 8, so that it is more
clear to see the voltage changes.

In Fig. 4, the traditional PD controller (2) is used. Thus,
τm has nothing to do with the distance between the slave
manipulator and the wooden box, but is only determined
by the position and velocity differences of the master and
slave manipulators. When the slave manipulator goes for-
ward, the force feedback is positive, and vice versa, thus
two peeks in different directions appear in a round trip.

Fig. 3. Tracking curves (case one).

Fig. 4. The object distance and master motor voltage(case one).

Moreover, the feedback voltage is rather low even in contact
motion. Therefore, the operator does not know when the
slave manipulator encounters the wooden box. This situation
changes in Fig. 6 and Fig. 8, in which the proposed controller
(11) and (13) are used.Comparing Fig.6 with Fig. 8, we can
see that big Km and Dm affect the feedback voltage, it is
obvious in Fig. 6 that when the slave manipulator is far
away from the object during 6.5-8s, 14-17s and 22-24s, the
feedback voltage will ripple around 0V, just like the changes
in Fig. 4. However, this is improved with small Km and
Dm, and appropriate voltages feedback is obtained. In Fig.
8, when the slave manipulator runs in free motion during
0-3s, 9-13s, 18-20s and 24.5-27.5s, τm is approximately
zero; when approaching the wooden box during 3-5.5s, 13-
14s and 20-21s, τm becomes larger and larger; then in the
contact stage at 5.5-9s, 14-16s, 21.5-24.5s, τm arrives its
peek force. It can be concluded that τm satisfies Proposition
1 and the operator can obtain the appropriate resistance force
in different operation stages. Note that the range of the sensor
is 0 to 30 centimeters, thus the value is still 30 if the distance
exceeds 30 centimeters, and the jumps in the curves are
caused by the sensor error.

VI. DISCUSSION

The distance between the slave manipulator and the object
is measured by the range sensor, and is passed through
the communication channel, therefore the signal arriving
at the master site is actually a delayed one. However, the
transmission process of the distance signal is not considered
here and we only focus on the feasibility and the effect of
this new scheme. Therefore, we assume that the distance
can be well estimated provided that the communication time
delay, the master command series, the position and veloc-
ity of the master and slave manipulators are known. This
assumption will not destroy the system stability, since the
distance information is independent of the bilateral exchange
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Fig. 5. Tracking curves (test A in case two).

Fig. 6. The object distance and master motor voltage(test A in case two).

information, namely, the force and the position. However,
the consideration of the communication delay for the slave
distance will be more precise, and this will be our future
work.

It is also worthwhile to mention that in this paper, we
convert the slave distance information to force feedback,
and the aim is to improve the force feedback in bilateral
teleoperation with PD controller. Therefore, transparency of
the bilateral control scheme is not discussed here, and more
emphasis is placed on the tracking performance. Moreover,
the optimal controller parameters, the motion in soft envi-
ronment and the stability analysis with a variable time delay
are not considered in this study. These issues will also be
studied in our future research.

VII. CONCLUSION

The operator feels the operation status in the remote site
via the force feedback in bilateral teleoperation. But the
appropriate force feedback cannot be obtained via traditional
PD methods since the force feedback is simply determined
by the position and velocity of the master and the slave
manipulators. In this paper, we use the basic frame of the
PD controller, and incorporate a distance variable in the con-
troller to improve the force feedback. By using this method,
the appropriate force feedback can be obtained. Thus, it is an
effective approach for the operator to make proper decision
in teleoperation. The proposed control method is validated
on a single degree of freedom experiment system, and the
results show that this method is feasible and effective.
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