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Abstract— The demand for unattended aerial systems
capable of fulfilling e.g. surveillance tasks in contaminated or
inaccessible areas without any assistance of a human pilot is the
motivation for the investigation of a 3D trajectory control.
Hence, this paper deals with the development of such a control
algorithm able to follow any kind of 3D trajectory within the
quadrocopter's capabilities. In this paper the 3D trajectory
control algorithm is described. Many simulations were done to
find the optimal trajectory course. Further, the control
algorithm was implemented on a flight demonstrator for
validation and experimental results regarding linear and circle
trajectories are provided.
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1. INTRODUCTION

It is foreseen that there will be a future market for
intelligent service and surveillance robots, capable of

discreetly penetrating confined spaces and maneuvering in
those without the assistance of a human pilot tele-operating
the vehicle. Thus, the development of small unattended
aerial vehicles (UAV) for outdoor and urban applications
which are able to perform agile flight maneuvers is of
significant importance. Such vehicles can also be used for
establishing ad-hoc networks in environments where direct
or remote human assistance is not feasible, e.g. in
contaminated areas or in urban search and rescue operations
for locating earthquake victims. Especially the abilities of
hovering above a given fixed position and maneuvering with
high agility at low speed are essential for the mentioned
applications. For this reason, it was decided to investigate
four rotor vertical takeoff and landing (VTOL) helicopters
instead of fixed-wing aircrafts.

A. Problem description

One of the main requirements of such systems is the
ability to operate without any assistance of a human pilot.
The UAV must be able to start, hover [15], navigate [16] and
land [17] fully autonomously. However, in the recent past
showed that these core capabilities are not sufficient to cover
all kind of flight requirements.

For example, it would be easier for an operator if he could
handle any kind of aerial vehicle in the same way without
distinguishing between fix-wing aircrafts and quadrocopters.
Thus, the quadrocopter described in this paper must be able
to follow the same flight schedules as a fix-wing aircraft
including flying arcs, circles or any other kind of 3D
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trajectory.

Another requirement is the capability to follow a vehicle
or to fly in front of a vehicle with a given distance and
velocity. For that task, a VTOL must also be able to follow
any kind of trajectories in x, y and z. With such a control
algorithm a VTOL would even be able to land on moving
objects, which is another capability a fully autonomous
VTOL should have.

Furthermore for observation tasks, it is often useful to fly
around the target object to gather information from any
direction. For example a camera underneath the VTOL must
always be oriented toward an object while the VTOL circles
around it. That means the VTOL must yaw while flying the
circle (geocentric circle).

II. STATE OF THE ART

There are publications regarding modeling and control of
quadrocopters such as [1], [2] and [3] but the authors mainly
provide different types of attitude controllers and primarily
not position controllers. In the recent past researchers
investigate position control of VTOL for indoor
applications. For example, in [11] a position controller based
on monocular vision has been implemented and tested
indoors. The quadrocopter was able to hover above a
position within a range of around 1m.

In [6] the ability of combining the inertial measurement
unit (IMU) with global positioning system (GPS) to enable
the acquisition of accurate position information has been
described. Additionally, the authors describe the
stabilization of VTOL systems with and without GPS.
Navigation between different waypoints is undisclosed.

[12] deals with trajectory planning of a 4 rotor helicopter
in GPS-denied environments. A belief roadmap algorithm
was used to plan trajectories in indoor environments.

In [13] a semi-autonomous “position hold” algorithm and
waypoint navigator is presented. The procedure does not
consider disturbances, e.g. that the VTOL could be pushed
away from its trajectory. In [16], a waypoint navigation
algorithm is presented, which is able to fly linear trajectories
but is not able to follow circles or arcs.

In [10], a 2D trajectory planning and control algorithm is
presented. The trajectory is divided into a sequence of n
desired waypoints. Between each waypoint the trajectory is
linear. Following 3D trajectories is not mentioned.

In [5], a direct method to generate time-optimal
trajectories using B-spline functions has been described, and
in [17], a prototype of an autonomous controller based on
the LQR method has been introduced capable of following
trajectories. The focus concentrates on the optimization of
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Fig. 1: The experimental platform: Quadrocopter equipped with radio-
transceiver and ultra sonic transmitters.

III. TARGET SYSTEM

Fig. 1 shows a photograph of the 4 rotor helicopter
presented in real flight. It was used to test and verify the
developed algorithm.

A. Sensors

The system is equipped with sensors to measure and
calculate the current pose of the VTOL. Three gyroscopes
for the angles o, 0, vy, three accelerometers for x, y, z (cf.
Fig. 2) and three magnetic field sensors are attached to the
system. These sensors are primarily used to detect the
attitude of the system. Due to their inherent inaccuracy and
drift-behavior these sensors are insufficient to calculate the
position in all three dimensions dependably over time, so
that additional sensors are necessary. Hence, a barometer is
employed to correct the calculated height and a GPS receiver
is applied to detect the position. This paper does not
concentrate on the question of how to detect and calculate a
precise geodesic position via GPS (see [6], [7]). Due to real-
time constraints, raw GPS data are considered for test
purposes.

B. Attitude and Position Controller

The attitude controller developed in [3],[4] for the angles
¢ (roll), O (pitch) and vy (yaw) was implemented on the target
system. Due to the under-actuation of the quadrocopter,
every position change leads to an adjustment of the roll and
pitch angles ¢ and 6.

IV. THEORETICAL FOUNDATIONS

An example of the mathematical modeling of
quadrocopters is shown in Fig. 2, with the initial body-fixed
frame in the geometric center. The orientation of the body
can be described by a rotation R: body-fixed f > inertial g
[4].

By means of this model, the three rotational and the three
translational differential equations of the system can be
derived.
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Fig. 2: System with force and torque Control

The following equations 1 (rotation) and 2 (translation)
are the basis for the development of the position controller.

Ly 9=1- (uZ _.CD4 ) (pZ) - (Ixx - IYJ/)HIII}
+6-1;°0 -0,

Lyy-0=1- (u3 — Cps 92) - (Iyy - Izz)lp‘p
+¢ 17 0,

Lz * Y =uy — Cps * l/JZ - (Iyy - Ixx)‘pe

M

m- X, = u, - (cos@sin @ cos + sin ¢ sin)
—Cp1- xg - (Wng - sz’g)
m- 3y, = u; - (cos@ sin 6 cosy — sin @ sin)
—Cp2* ygz - (szg - WxZg) @

m-Zg =u, - (cos @ cosf) —mg
—Cp3 - 2§ — (WyJg — WyXg)

where [ is the inertial tensor, / the distance between rotor
and center, m the mass of the system, u; the inputs and cp,
the coefficients of drag.

V. POSITION FILTERING

Due to the inaccuracy of the accelerometers and

gyroscopes, it is necessary to correct the onboard-calculated
position and velocity. For that purpose a Kalman filter is
used to correct these values by means of the GPS data. The
frequency of the onboard calculations is S00Hz and the
frequency of the GPS data is SHz.
However, due to the signal propagation delay of the GPS-
signals (t,) and the calculation time (t.), the GPS data does
not describe the actual state S, of the system but the state
St_tp in the past, with t, =t, +t. (cf. Fig. 3). In the
described system, the delay is approx. 500ms.
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Fig. 3: Signal propagation delay of GPS data during a translation.
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Thus, the GPS position p£FS and velocity v¢FS have to be
filtered onboard via the IMU-calculated position Pe-t, and

velocity Ve, of the past.

P =Pe + K+ (087 = -ty ),

where K is the Kalman gain (v, analogously). The
states of the past have to be updated in the same way.
Otherwise, the filter would begin to resonate.

VI. 3D TRAJECTORY CONTROL ALGORITHM

This section focuses on the 3D trajectory control
algorithm which is adapted from the 2D position control
described in [15] and [16]. The trajectory algorithm is
calculated with 100Hz, the attitude and altitude control with
500Hz.

A basic prerequisite of the control algorithm is the ability
to maintain a given state S; of the UAV defined by

Sa =0 YarZar Xar Yar Zar Xar Yar Za }-

For that purpose, the following position, velocity and
acceleration controllers were used. Afterwards, it is
described how the trajectories are calculated followed by an
investigation on the state transitions.

A. Position Control

Using the current state S, of the VITOL and S, the
bearing w and 2D distance d toward the target position are
calculated. These two values are directly computed from
longitudes and latitudes, cf. [14]. The distance d can be
divided into its components:

d, = cos(w) - d,d, = sin(w) - d.

Due to the fact that the current yaw angle P, must be
considered w is corrected by wy, = P, — w.

At first, the desired angles 8, and ¢, for position and the
thrust thr for the altitude are calculated by an adapted PI
controller with the parameters k,” and k% as well as k7,

k?and k7.

o' = sin(wy) - ky” - d +sin(y,) - I, — cos(,) - I,
951 = COS((Ul,D) ' k;y d+ COS(II)C) L+ Sin(lljc) : Iy
thrP! =k - e, +1,,

with e, = z5 — z.

The integral part of the controller is used to eliminate a
steady state deviation from the desired position. In contrast
to a classic I-controller, it uses two sets of parameters k;
and k;; dependent on the current movement direction. Thus,
the integral part I, is:

ifd, - %, <0

k' 'd )
L, = fg(t)dt, g = {kl:ll . d; else.

I, and I, are derived analogously. The constant k;, is
chosen bigger than k;;, so that the integral part can react
rapidly to the quadrocopter being pushed off position by
wind. Then, the lower factor k;; ensures that the correct
position is approached slowly with limited overshooting.

Furthermore, all integrals (I, I, and I,) are limited to
prevent integral windup.

B. Velocity and Acceleration Control

The velocity and acceleration control are the most
important terms to stabilize the VTOL, because a
quadrocopter is an under-actuated system with almost no
internal damping characteristics. Hence, two different kinds
of damping are added to the controller: The velocity-
damping VD and the acceleration-damping AD.

Thus @4, 85" and thr?! are adapted by:

@a = @5 + (sin(¥,) - VD, — cos(y,) - VDy)
+ (sin(¥,) - AD, — cos(y,) - AD,)
04 = 05"+ (cos(y.) - VD, + sin(y,) - VD,)
+ (cos(y,) - AD, + sin(¥,) -ADy)

thr = thr?' + VD, + AD,

with VD, = k, (x4 — x.) and AD, = k,(%4 — %.).

VD,, AD, and VD,, AD, analogously.

As soon as ¢, and 8, are unequal to zero the thrust vector
is not pointing exactly up so that thr has to be increased to
achieve the same lift. For that reason thr is adjusted in the
following way.

1
cos @¢cos O

thr™®V = thr -

Due to the quadrocopter’s physical limitations, the total
. 4 C e . . .
tilt angle a = |( 95)| is limited to a maximum tilt angle a .«

while keeping the tilt direction:

Pa = Pa- min(l, amax/a)
0y = 0 - min(1, Qmayx/a)

Furthermore, the thrust is limited to remain in the interval
[thrmin thpmax],

In case of an unwanted descending of the VTOL, e.g. due
to wind disturbances, it must be assured that the altitude
control is considered preferentially. Thus, the calculated
desired angles are updated by:

Pa™\ _ (Pa
é(rllew - gd * Zloss»

1
- e > eeTT . .
where 7,555 = {(ez—(eé”"—l)) * 727 7% | is a equation to
1, else

antagonize the height loss problem [15] with a constant
efm > 0.
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Fig. 4: Different trajectories - left: linear and right: circle.

C. Trajectory Calculation

For the described controller, it is necessary to
continuously calculate the next desired state. That means if
the UAV should fly from position A to B the controller has
to calculate all states in between step by step.

For that calculation the algorithm needs a given cruising
speed v, and a sink or climb rate Z;. Out of these velocities,
each value of the next desired state Sy is calculated by:

. : . dxq
Xq = Vg - cOS (wg), Xq = fxd dt, Xo=——
. : . . _ dyq
Ya = Ver - sin(wg), Ya = jyd dt, Ya ="

dz,

Zd=fz'ddt, Zd:E

where w, is the direction of the trajectory at the current
step.

For example for a linear trajectory (from position A to B,
same altitude), w, is always the start bearing wgsqr¢-

For a circle (with B as center of circle), wg = Wejrcre +
( - dir) with dir is the direction of the circle' and

_ vcrd di
Weircle = T + Wstare + T t-air

A key challenge is the smooth change of the cruising
speed v, to get an optimal trajectory. Optimal means that
the position error between S, and S; during the whole flight
is minimal.

Fig. 5 gives an overview of several possible velocity
courses if the cruising speed v, changes from 0% to 5.
The alteration time 44, 1S set 6s.

VII. SIMULATIONS

In this section several simulation results are provided. All
simulations were done in Matlab/Simulink with the
differential equations 1 and 2 of section IV.
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Fig. 5: Different velocity ramp functions.
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Fig. 6: 100m 1D-flight with 6s-cos(x)-ramp, V¢, = 5%

In Fig. 6, a simple 1D-trajectory of a 100m flight can be
seen. As velocity ramp, the cos(x)-function was used with an
rise time tg;4.- Of 6s and an crusing speed v, of 5?.

During this simulation, the average position error is 0.33m
and the average speed error is 0.12m/s.

Fig. 7 shows the position error during the same 100m
flight of Fig. 6 with the different ramp types of Fig. 5.

It can be seen that the different ramp functions (except the
jump function) do not cause a significantly difference
regarding the position error. But in Fig. 8 it can be seen that
the discontinuous courses of the ramp functions “jump”, “x”,
“-x?” and “x*” lead to unwanted jumps in the corresponding
desired angle 6,. Thus a continuous function should be used
such as “cos(x)” or “x3”.

deviations in m

. .
0 10 20 30 40 50 60 70
timeins

Fig. 7: Position error during linear flight with different ramps of Fig. 5

cos(x)
0.32m

jump X x? -x? x?
1.06m | 032m | 0.33m | 0.33m | 0.33m

Table 1: Average absolute deviation of the position.

theta desired in °

4
time in's

Fig. 8: Corresponding calculated angles 6, to Fig. 5.
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Fig. 9: Position error during 100m flight with different ramp times &,;¢,--
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In Fig. 9, the effect of different alternation times t,;;o, Of
a cos(x)-ramp can be seen. It is apparent that a longer
alternation time leads to a lower average error between S,
and S;. For this reason, it is desirable to choose a longer
alternation time if possible.

Fig. 10 shows the result of a altitude change using a x*-
ramp and different alternation times. The average altitude
error is 0.17m and the average velocity error is 0.04m/s.

Fig. 11 and Fig. 12 show the result of a geocentric circle
trajectory with cos(x)-ramp and a cruising speed of v,,. = 5 %
The radius is 25m.
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Fig. 11: Geocentric circle with 25m radius, 18s-cos(x)-ramp, V¢, = 5 ?
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Fig. 12: Position error during geocentric circle.

The position error is greater than the position error of a
linear trajectory. This is caused by the fact that the direction
is changing continuously and by the tangential velocity
vector, which does not point exactly to the next desired
position. If the trajectory is known a priori this misalignment
could be taken into account to improve the accuracy. In
addition, because of the geocentric circle, the continuous
adjustment of the -angle causes an additional position
deviation during the circle flight.

VIII. EXPERIMENTS

This section provides the results of outdoor flight
experiments.

In Fig. 13, the experimental result of a linear 3D trajectory
is presented. The VTOL was supposed to fly bidirectional
between two waypoints. These waypoints were approx.
150m apart with an altitude difference of 90m.

Table 2 shows the average absolute deviations during the
trajectory.
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Fig. 13: 3D linear trajectory, 6s-x*-ramp, Vs = 3 ?
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X y z
position error 1.99m 0.6m 0.63m
velocity error 0.27m/s 0.15m/s 0.47m/s

Table 2: average absolute error of the position during trajectory.
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Fig. 15: Position error during geocentric circle.

It can be seen that the experimental results are similar to
the simulations. Only in x-direction, the position error is
notably different. This is caused by the windy condition
outdoors.

At last, Fig. 14 and Fig. 15 show the experimental results
of a geocentric circle flight. The radius was 30m with an x>-
ramp and an alternation time of 6s.

Again the experimental results closely match the
simulations and show the ability of the algorithm to follow
non linear trajectories such as a circle.

IX. CONCLUSION

In this paper a control algorithm for a quadrocopter was
presented which is able to fly any kind of 3D trajectories in
X, y and z. A quadrocopter is now able to follow or fly in
front of vehicles if the position and velocity of the vehicle is
known. In addition, with this algorithm a quadrocopter can
be handled like conventional fix-wing airplanes while
planning trajectories, which brings a huge benefit for the
operators of such UAVs.

X. OUTLOOK

The experiments showed further room for improvement of
the trajectory control system.

As written in section VII, it would be benefiting to adjust
the velocity vector of the algorithm while flying non-linear
trajectories to decrease the position error.

Together with the results presented in [8], it should be
possible to land on moving objects like vehicles using this
algorithm. This is one of the next experiments we plan.
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