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Momentum Conserving Path Tracking Through Dynamic Singularities
With a Flexible-Base Redundant Manipulator

Naoyuki Hara', Dragomir Nenchev?, Qiao Sun? and Daisuke Sato?

Abstract— High-speed path tracking with a kinematically
redundant manipulator mounted on a flexible base is addressed.
Thereby, possible vibrations of the base are to be suppressed. In
general, the presence of kinematic redundancy allows these two
subtasks to be performed simultaneously. In practice, however,
this can be done only within very limited areas of workspace,
separated by singularity loci that change dynamically while
the end-effector tracks the desired path. To avoid controller
performance degradation in the neighborhood of such dynamic
singularities, and to allow transitions between the distinct
workspace areas through singularity boundaries, we propose
here a new method for reactionless motion generation within
a specified neighborhood of the singularity. In contrast to
previous works, this method makes use of a nonzero coupling
momentum which is conserved upon entering the neighborhood.

I. INTRODUCTION

Flexible-base robots have been studied widely in the past
addressing such application fields as nuclear waste cleanup
[1], [2] and space robotics [3], [4]. In the former application,
a manipulator is mounted on a long beam to ensure access
to a remote site. In the latter application, the manipulator
is mounted at the end of a large arm that allows reloca-
tion of the manipulator base. Such systems are known as
“macro-micro” manipulators. Examples include the Canadian
SSRMS/Dextre and the Japanese JEMRMS/SFA manipulator
systems on the International Space Station. It is worth noting
that flexible-base robot control methods are being studied
also within the fields of industrial robotics [5] and humanoid
robotics [6], [7].

Flexible-base robots represent a challenge from the control
point of view. The reason is the dynamic coupling between
the motion of the manipulator(s) and that of the flexible
base. Vibrations can be induced into the base by a distur-
bance wrench imposed via manipulator link motion. These
vibrations deteriorate performance and even may destabilize
the system. Numerous studies on the problem exist al-
ready. Some deal with pure vibration suppression via inertial
damping [8]-[12], others propose command generation for
minimizing base disturbance [13] or tackle the problem of
end-link control in the presence of vibrations [14], [15].

In this work we consider a subclass of flexible-base robots
that are required to track a desired path with their end-
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effectors. One possible approach to avoid base disturbance
thereby is reactionless motion generation and control. As
shown in [16], this can be achieved by employing the Reac-
tion Null-Space method developed initially for free-floating
space robots [17]. It turned out, however, that the constraint
imposed via the Reaction Null-Space leads to a restricted
workspace [18], [19]. To alleviate the problem, in [18] we
examined trajectory tracking performance under vibration
suppression control only. Though the method allows the
base to deflect, consequent base vibrations are successfully
suppressed.

Note on the other hand, that the imposed vibration sup-
pression constraint leads to the appearance of dynamic
singularities, first noticed in a study on free-floating space
robots [20]. Under conventional control, stability cannot be
guaranteed anymore upon entering a specified neighborhood
of such singularities. Various methods, notably singularity
avoidance path planning strategies, have been developed
so far to deal with singularities, but most frequently the
better understood kinematic singularities were addressed.
Singularity avoidance, however, is not applicable in the case
of dynamic singularities located within the workspace. In
contrast to kinematic singularities, the loci of dynamic sin-
gularities change with the variation of the arm configuration
thus rendering path planning for singularity avoidance a very
difficult problem. This is the reason why we preferred a
motion-through-singularity strategy in [21]. To avoid desta-
bilization, the vibration suppression capability was simply
switched off upon entering a specified vicinity of the dy-
namic singularity. In this way, we could ensure stability, but
nevertheless, the lack of vibration suppression control in the
neighborhood lead to undesirable base deflection and non-
smooth trajectories, especially for higher tracking speeds.

The aim of the present work is to improve path tracking
performance along paths that cross dynamic singularities
with a relatively high tracking speed. Thereby, the flexible
base should not be significantly disturbed and stability should
not be compromised as well. We will show that this problem
can be tackled via coupling momentum conservation while
crossing the dynamic singularity. This means reactionless
motion generation under nonzero initial conditions.

The paper is organized as follows. In Section II, we present
background and notations. In Section III, we introduce a path
tracking control method with momentum conservation under
nonzero initial condition. In Section IV, we discuss path
tracking and control with a planar 3R flexible-base redundant
manipulator as a case study. The conclusions are given in
Section V.
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II. BACKGROUND AND NOTATIONS

In this paper, we employ a model-based approach to
design a suitable controller under the idealized assumption
of perfect model match. Issues related to model uncertainty
and robustness are out of the scope of the present work.

A. Equation of motion

The equation of motion of a flexible-base manipulator can
be written in the following form [16]:

H, Hp,| [V, cp DV,
st ] (o) e (o
KyAX,] [0

AR o

where subscripts (o), and (o), stand for manipulator and
base, respectively. Caligraphic characters denote spatial vec-
tor quantities, e.g. the spatial (position/orientation) deflection
of the base from its equilibrium AX, € R* and the
twist (spatial velocity) V, € R*. ¢ € R" stands for the
generalized coordinates of the manipulator, H}, Dj, and
K, € Rk denote base inertia, viscous damping and
stiffness, respectively. H,,(g) € R"*" is the inertia matrix
of the manipulator, D,, stands for joint viscous damping.
Matrix Hy,,(AX,, q) € R¥*™ denotes the so-called inertia
coupling matrix. ¢,(AXp, q, Ve, q) and ¢, (AXs, g, Vs, q)
are velocity-dependent nonlinear terms, and 7 € R” is joint
torque. No external forces are acting neither on the base nor
on the manipulator.

B. Dual task formulation and dynamic singularities

We aim to simultaneously control both end-effector motion
and base reaction. Consider first the motion of the flexible
base. The base dynamics, derived from the equation of
motion (1), can be written as:

HY, + DV, + KyAX, = W, 2)

where the quantity on the r.h.s. is the base reaction wrench
that appears in response to the wrench imposed on the base
by manipulator motion:

Wi = Wy = Hym§ + Hypmgq. 3)

W,. will be henceforth referred to as the imposed wrench.
Hereby, it was assumed that the base deflection is small,
and also that ¢, ~ H »mg. The imposed wrench can be also
represented as the time derivative of the coupling momenta:

MitotTc
n

Te X MiotTe + Z(ij7 +7r; X mji“j) ,
Jj=1

Ly = 4)

where 7. stands for the position of the total CoM of the ma-
nipulator, I;, w;, m;, r; stand for the inertia matrix, angular
velocity, mass and CoM position for link j, respectively, and
Myt 18 the total mass of the manipulator.

Next, denote by V. = [v] weT]T € R™ the end-effector
twist. Its rate can be written as:

Ve =Jeq+Jeq+ Vi, )

where J.(q) € R™*"™ is the end-effector Jacobian. Combin-
ing the imposed base motion constraint (3) with the above
end-effector acceleration constraint, we obtain:
Vol e
[Wm}—Aq—i-Aq—i-[O}, (6)

T
where A = [JT H[.,]" € R"H>n Assume m + k <
n. The joint acceleration can be then written as:

R

where (o)* denotes a pseudoinverse. 24 denotes a vector
from the kernel of A, which is null when there are no
redundant DOFs (m + k = n).

It should be clear that if a control law is based on the
above joint acceleration, in the neighborhood of singularities
of A, where det(AA”) = 0, performance will inevitably
degrade and the system may destabilize. These singularities
include the subset of kinematic singularities defined by the
condition det(J.J?) = 0. Other singularity subsets are of
dynamic nature and are located within the workspace. The
loci of these singularities change continuously as a function
of the manipulator configuration. We will refer to these latter
singularities as dynamic singularities.

In an attempt to tackle path tracking control in the pres-
ence of dynamic singularities, we resolved (6) as [21]:

q=JF (ve—Jeq—vb) g, (W), ®)

where mj,(W,,) is the subset of vectors in the kernel of
the manipulator Jacobian that dependent upon the imposed
wrench. We used this notation for vibration suppression,
injecting thereby additional (inertial) damping into the base
dynamics via the relation W, = -W,, = -GV, G
denoting a positive definite matrix for spatial damping. Of
course, the dynamic singularities did not disappear, but it
became possible to devise a computed torque control law
for avoiding destabilization during path tracking, by simply
removing the null space component in the last equation while
crossing the singularity.

III. MOMENTUM CONSERVATION BASED PATH
TRACKING CONTROL

While we succeeded in avoiding destabilization while
crossing a dynamic singularity, it became apparent that the
base will be disturbed by the induced reaction [21]. The
magnitude of base disturbance depends on the rate of the
momenta L,,. Hence, to avoid such disturbance, the rate
should be minimized. This suggests a momentum conser-
vation strategy. Such a strategy can be easily achieved by
inserting a zero base wrench in (7) and (8). Thus, upon en-
tering a suitably defined neighborhood of the singularity, the
secondary task in (8) is switched from vibration suppression
Wi = GVy) to momentum conservation (W,,, = %Em =
0 = L,, = const). When leaving the neighborhood after
crossing the singularity, the secondary task is switched back
from momentum conservation to vibration suppression.
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Fig. 1. Model of a planar three-link manipulator on a flexible base.

Based on these relations, a computed torque dynamic con-
troller can be designed with the reference joint acceleration:

i =JF (V= Jea-V)+n. %), ©
where
Vi=VIH KoV = Vo) + Kp(X = X)), (10)
o Km(zgn_ﬁm) if tin <t < tout
Wi, = { GV, otherwise. an

X, denotes spatial position of the end-link, (o)” and (o)?
are reference and desired values, respectively, K,,, K, and
K, are positive definite diagonal feedback gain matrices.
tin and t,,; denote time instances for entering and leaving
the neighborhood of a singularity, respectively. The former
is determined as the time instant at which a component of
interest of spatial base acceleration exceeds a given thresh-
old: |V1n| > Gmas; the latter is the time instant when the
determinant exceeds another given threshold: | det(AA™)| >
dmazs Omaz and dp,q, denoting the two thresholds. It should
be apparent that the reference WV, is switched from vibration
suppression to momentum conservation mode and vice versa.
Thereby, the desired constant momentum L% = L, (t;y,) is
determined in a “sample-and-hold” manner!.

Note that in the case m-+k = n, the conserved momentum
path tracking strategy thus described might not be achievable
for any path tracking speed, due to the loss of DOF at the
singularity. A possible way to alleviate this problem will be
described below with the following case study.

IV. CASE STUDY: 3R PLANAR MANIPULATOR ON
A TRANSLATING FLEXIBLE BASE

Let us consider a 3R planar manipulator on a flexible
base deflecting in the x direction while the end-tip tracks
a specified path (Fig. 1). Since the manipulator has three
DOFs (n = 3), it should be clear that outside the singularity
neighborhood both the end-tip trajectory tracking (m = 2)

'Henceforth, a constant value will be denoted via an overbar.

End-tip motion End-tip motion

End-tip motion

(b)

Fig. 2. Subtask performance capability: (a) simultaneous trajectory
tracking and vibration suppression is possible away from a singularity;
(b) in the neighborhood of a dynamic singularity, vibration suppression
is impossible due to an unilateral constraint on the CoM motion; (c) in
the neighborhood of a dynamic singularity, simultaneous path tracking and
momentum conservation is possible.

and the vibration suppression (k = 1) subtasks can be per-
formed simultaneously (Fig. 2 (a)). Upon entering the neigh-
borhood, the motion of the manipulator CoM is restricted
unilaterally as shown in Fig. 2 (b), and the vibration suppres-
sion capability deteriorates. Assuming that base deflection
is negligible before entering the neighborhood, momentum
can be conserved (the CoM moves with a constant-speed
component v., as shown in Fig. 2 (¢)) to ensure minimum
base disturbance while crossing the singularity.

The driving torque needed to realize such a motion strat-
egy is obtained from (1) as:

T = H,,q" + hi, e + D+ cm, (12)

where hy,, € R*3 stands for the coupling inertia row-
vector. Since the system is planar, we will change henceforth
the notation: X — x, V — v, L -1, W — w.

A. Motion outside the singularity neighborhood

The reference joint acceleration can be derived via (9) as:

=3 (00— Jea—w)+pn, (13
where v, = [Vez Vey]? and vy, = [vp, 0] denote the end-tip
and base velocity vectors, respectively, (g, wy,) is a vector
from the kernel of the manipulator Jacobian. (3 is an arbitrary
scalar. For best vibration suppression performance (outside
the singularity neighborhood) it should be determined as
B=1/det A, where A= [JI h[ ] 21, Upon entering
the neighborhood, vibration suppression is switched off by
setting 3 = 0. The reference end-tip velocity is:

(14)

K = diag[kar ka2] and K, = diag[kp1 ky2] are feed-
back gain matrices. ¢ = xZ(s) denotes desired end-tip
position, whereby s = s(t) stands for a suitably chosen
path parameter. T, = [Tey Tey]? is the end-tip position
determined via direct kinematics relations from joint angle
data. With this notation, we can ensure trajectory reparame-
terization upon entering the singularity neighborhood, as will

be explained in the next subsection.

g = ¢ + Ka(vl —ve) + Kp(xf — ).
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The reference force w;, = gyup, that restricts the null
vector n, imposes the vibration suppression constraint on
the flexible base, g;, denoting the desired additional damping.
The base speed vy, is measured by a suitable sensor (e.g.
derived from a strain gauge signal).

B. Motion within the singularity neighborhood

Upon entering the neighborhood of a dynamic singularity,
the vibration suppression capability deteriorates. The reason
is, as already explained, that the CoM motion is unilaterally
constrained due to the specific manipulator configuration
(Fig. 2 (b)). Momentum conservation can be achieved in
the unconstrained direction, when the CoM moves with a
constant-speed component v, (Fig. 2 (c)). We should note
that the CoM motion in the x direction and the imposed base
force are related as follows:

Wi /Mot = Vew = J exd + T eadl, (15)

where J ., = R /Mo stands for the CoM Jacobian along
the x-axis. Hence, a constant momentum can be represented
as

(16)

lb = MiotVcs -

It should be apparent, though, that end-tip trajectory track-
ing and momentum conservation can not be both achieved
simultaneously within the neighborhood because at the sin-
gularity one system DOF will be lost. To alleviate this prob-
lem, we propose a trajectory reparameterization approach.
Thereby, it will be ensured that the end-tip tracks the desired
path; the tracking speed, however, will be determined via the
momentum conservation subtask. Taking into account (15),
the accelerations of interest can be grouped as:

a7

cxT

Vey| 74 | 7
[1.) }—Jq—i—Jq,

T . . .

where J = [J ey J cm} € R2*3 is a Jacobian matrix with
partial derivatives for the end-tip and the CoM velocities.
Then, the reference joint acceleration can be determined as:

= (] 4) o

cT

(18)

ny denoting a vector from the kernel of matrix J. This
vector is not used, though, since it will disappear at the
singularity.

The reference CoM acceleration for momentum conserva-
tion can be written with the help of (11) and (16) as:

Ugm = Km(@lcim - v01)7

where 9%, = v.;(t;,), and the current CoM speed v, is

determined via direct kinematics relations from joint angle
data. The reference value for the end-tip motion, on the other
hand, can be written as:

. - d d d
’Ugy = Vey + Kd(vey - Uey) + KP(Iey - xey)-

Note, however, that this control law is subjected to reparam-
eterization via the relation s = s(Z.,(¢)).

TABLE I
THE MODEL PARAMETERS.

my 0.4 kg 17 0l1m

m1  0.025 kg lo 0.1m

m2 0.285 kg l3 0.1 m

m3  0.025 kg lg1 0.05m

mg  0.285 kg lgz  0.05m

ms 0.025 kg lg3 0.05 m

me  0.095 kg I, 0.0135 kgm?
ky, 191 N/m I>  0.0135 kgm?
dy  0.33 Ns/m I3 0.00307 kgm?

Note: I1, I2 and I3 are given w.r.t. the joint centers.

C. Simulation results

The model parameters of the 3R planar flexible-base
manipulator are given in Table I. The initial configura-
tion is ¢ = [0.0 20.0 20.0]" deg. The desired path
is a straight-line parallel to the x axis, heading in the
negative direction. Initially, the desired end-tip trajectory
(x4, v¢,9?) is determined by selecting s(t) as a fifth-
order spline function with zero initial and final conditions
and with final time to be decided in each simulation. The
feedback gains are set as: K4 = diag [2.0 2.0] x 10% s71,
K, =diag[2.0 2.0] x 10? s72 and ky, = 2.0 x 10% s
The joint viscous damping coefficients are set as D,, =
diag [0.05 0.05 0.05}T Nms/rad, while the injected ad-
ditional base viscous damping is g, = 10 Ns/m. The
dynamic singularity neighborhood is determined via a4, =
0.2 m/s? and d,,q, = 1.5x 10® kg~ 'm~3. It should be noted
that especially the entering of the neighborhood should be
designed with some care. We found out that the determinant
curve does not provide sufficient information to distinguish
the neighborhood. On the contrary, the base acceleration
threshold can be chosen in such a way that base acceleration
due to the singularity can be clearly distinguished from base
acceleration due to motion initialization/termination and/or
due to vibration suppression. Further on, upon entering the
dynamic singularity neighborhood, the trajectory is reparam-
eterized as explained above. When leaving the neighborhood,
the trajectory is once more reparameterized for smoothness
with the respective nonzero state at t,,; and the stationary
final state.

We performed four simulations. In the first two simula-
tions, the final time for the spline was set to 9 s, resulting in
path tracking with a relatively low-speed. The results from
these two simulations are shown in Figs. 3 and 4. In these
figures, (a) displays the CoM speed along the x axis (upper
plot) and the base deflection (lower plot); (b) shows the de-
terminant det A (upper plot) and 5 (lower plot). From Fig. 3
it is seen that initially, there was almost no base deflection.
This is because the desired acceleration is relatively small,
and also, because of the vibration suppression capability.
Later, the base started to vibrate, though, which is obviously
due to the dynamic singularity. Note that we did not switch
off vibration suppression in the singularity neighborhood,
hence § = 1/ det A became quite large. Note also that the
singularity was not crossed because the determinant didn’t
change sign. After leaving the neighborhood, the vibrations
were effectively suppressed.
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Fig. 3. Low-speed path tracking without switching off vibration suppres-

sion around the singularity. Significant base vibrations are induced. The
singularity could not be crossed.

2.0 CoM x speed [m/s] 10 x10° det A [kgms]
0.0 0.0
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Fig. 4. Low-speed path tracking without vibration suppression around

the singularity. The base deflects insignificantly. The singularity could be
crossed.
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Fig. 5. Snapshots showing the variation of the dynamic singularities loci during path tracking with a relatively low speed. The curves are parameterized

by the first joint angle and are centered, therefore, at the second joint. The green line is the desired path. The second snapshot (¢t = 4.68 s) shows the

state just before entering the singularity neighborhood.

The results in Fig. 4, on the other hand, show that it is
possible to move through the same singularity without any
base disturbance. In this simulation, we simply switched off
vibration suppression by setting 3 = 0 within the singularity
neighborhood. The base was not disturbed significantly while
crossing the singularity because the CoM didn’t accelerate
too much [21]. Fig. 5 shows the variation of the dynamic
singularity curves (displayed in workspace) during straight-
line path tracking. These curves are parameterized by the
first joint angle, therefore they are centered at the second
joint. It is seen that with the exception of the third snapshot
(t = 5.52 s), the end-tip is always quite close to a singularity
curve.

In the next two simulations, both the tracking speed and
the acceleration were increased by shortening the final time
for the spline function to 3.5 s. The respective results are
shown in Figs. 6 and 7. The (a) and (b) data plots have
the same meaning as those in the previous simulations.
Additional data plots are included as follows: (c¢) and (d)
are plots of the joint speeds and torques, respectively; (e)
displays the end-tip tracking error in the y direction (upper
plot) and the end-tip speed along = (lower plot). We should
note that, in the third and fourth simulations, the vibration
suppression control is switched off (3 = 0) around the
specified dynamic singularity.

Figure 6 shows results from a simulation without mo-
mentum conservation around the singularity. When com-
pared to the last simulation (in Fig. 4), it is seen that the
base deflected significantly upon entering the singularity
neighborhood. There is no vibration, though, as in Fig. 3,
because vibration suppression was switched off. The reason
for base deflection is the disturbance due to a significant

CoM acceleration, as can be seen from the upper plot in
Fig. 6 (a). This disturbance, in combination with vibration
suppression switching, is the reason why the joint speeds and
torques are non-smooth, as seen from the (c) and (d) plots.
In the final simulation, we invoked momentum conserva-
tion upon entering the neighborhood, instead of only switch-
ing off vibration suppression. From the data plots in Fig. 7 (a)
it is seen that the base deflection is considerably less than
in the previous simulation. The reason is minimized base
disturbance due to the almost constant CoM acceleration.
Comparing the (c) and (d) plots in Figs. 6 and 7, we can
conclude that motion in joint space is smoother in the latter
simulation. The plot in Fig. 7 (e) shows that the end-tip speed
profile was modified by the trajectory reparemeterization to
accommodate the momentum conservation constraint.

V. CONCLUSIONS

We have shown that with a flexible-base manipulator,
relatively high-speed path tracking through dynamic singu-
larities is feasible, without inducing thereby significant base
disturbance. This was made possible by conserving momen-
tum upon entering the neighborhood of the singularity. We
think that clarifying the above possibility is an important
contribution to path planning and motion control of the
subclass of flexible-base robots under consideration. It should
be noted, though, that the method is path-dependent. Path
reparameterization was proposed here to alleviate a problem
related to loss of a DOF within the neighborhood of the
singularity. But this approach may not succeed for any path,
therefore, necessary conditions should be devised in a future
work. Other issues, such as model uncertainty and robustness
have to be considered as well. This we plan to do in a
forthcoming study.
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6. High-speed path tracking without vibration suppression and mo-
mentum conservation around the singularity. The base deflects significantly

due to the large acceleration of the CoM.
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