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Abstract— We proposed a nonlinear reference shaping con-
troller for a manipulator which shares its workspace with
humans. In this paper, two adaptation methods to external
force; “slow adaptation” and “rapid adaptation” are proposed
for smoother reaching movements and submissive behavior to
follow the force. These make smooth endpoint speed profiles and
movements flexible to follow external force without detecting
the force. The slow adaptation moderates the manipulator’s
endpoint acceleration, and it also enables the manipulator to
handle subsequent changes of target endpoint positions. If the
endpoint position is significantly changed by excessive external
force, the rapid adaptation works to follow the force and restart
the reaching movement smoothly. The validity of the proposed
method is confirmed through computer simulations.

I. Introduction

On the control of manipulators which share their

workspace with humans, we should consider uncertainties

such as unexpected external force applied from the environ-

ment, cooperation with a human or humans, and others. From

a safety viewpoint, it is desirable that the manipulator follows

applied external force compliantly not to harm both humans

and robots. It is called “flexibility” of the movement in this

paper. Realizing such flexible movements, the movements

should be generated based on feedback control without

explicit inclusion of time, unlike conventional reference

trajectory generation approach.

Arimoto et al.[1] proposed a redundant manipulator con-

trol method based on the virtual spring-damper hypothesis,

in which a control signal operates as a parallel pair of me-

chanical damper and spring drawing its endpoint to the target

position. This control law generates reaching movements

without trajectory planning, and solves the ill-posedness of

inverse kinematics by introducing joint damping factors.

With this method, however, the endpoint acceleration is

theoretically maximized at the start of the movement. In con-

sidering the operations near humans, it is highly preferable

to realize human-like smooth reaching movements with bell-

shaped endpoint speed profiles[2], [3] to avoid scaring the

humans around the manipulator.

Many researchers formulated mathematical models of

the human’s reaching movements, including the minimum

hand jerk model[4] and the minimum joint torque-change
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model[5]. Generating bell-shaped endpoint speed profiles

on the virtual spring-damper hypothesis, Sekimoto et al.[6]

proposed the time-variable stiffness, in which spring stiffness

is changed by using the gamma distribution as a function

of time. These methods explicitly include time-dependent

terms, and it is difficult to archive flexible movements in

the existence of external force.

Based on the virtual spring-damper hypothesis, we pro-

posed a nonlinear reference shaping controller to gener-

ate smooth reaching movements[7], [8]. Without trajectory

planning and explicit inclusion of time, an intermediate

reference position is generated and inputted to the virtual

spring-damper system to moderate initial acceleration of the

manipulator’s endpoint. It also makes the movements flexible

along applied external force, and the manipulator generates

accurate reaching movements without large acceleration once

the force is removed. We also proposed an online parameter

tuning approach for generating smooth movements with bell-

shaped endpoint speed profiles[9].

Depending on the situations when external force is applied,

however, the manipulator cannot follow the force sufficiently.

If the endpoint position is changed significantly due to ex-

cessive external force, large acceleration might be generated

or the manipulator cannot continue the reaching movement.

In this paper, we propose two adaptation methods to

external force; “slow adaptation” and “rapid adaptation” to

overcome these problems. With these adaptations, apparent

initial endpoint position, which is used for the online pa-

rameter tuning, is shaped. The slow adaptation moderates

the endpoint acceleration, and it also enables the manipu-

lator to handle perturbations of target endpoint position. If

the endpoint position is significantly changed by excessive

external force, the rapid adaptation works to follow the force

and restart the reaching movement smoothly.

Kikuuwe et al.[10], [11] extended PID control approach

to proxy-based sliding mode control (PSMC), a modified

sliding mode control to realize accurate position control

during normal operation and recovering from large positional

error without overshoot and vibration. In PSMC, however,

state space must be divided, making the controller design

increasingly complex and potentially triggering frame prob-

lems. The proposed method can realize flexible movements

along external force without dividing the state space.

Tsuji et al.[12] proposed a trajectory generation method

based on an artificial potential field approach combining a

time scale transformation and a time base generator (TBG).

They also applied it to the unicycle-like vehicle and computer

simulations were done to show its robustness for temporal ex-
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Fig. 1. The schematic block diagram of the proposed controller
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ternal disturbance[13]. A trajectory generating system based

on feedback control and the minimum jerk criterion was

presented by Hoff and Arbib[14], which can manage target

position perturbations. Although these methods can generate

human-like trajectories and bell-shaped speed profiles, the

time-dependent term, the target arrival time, is needed so

that it cannot handle a long-term external disturbance which

the proposed method can deal with.

This paper is organized as follows: the reference shap-

ing controller with online parameter tuning is described in

Section II, and Section III presents the proposed adaptations;

“slow adaptation” and “rapid adaptation”. Section IV reviews

computer simulation results confirming the validity of the

proposed method, and Section V summarizes conclusions.

II. Nonlinear Reference Shaping

with Online Parameter Tuning Approach[9].

Consider an m-joint manipulator and its l-dimensional task

space. Applying the virtual spring-damper hypothesis, the

force, Fd ∈ R
l, generated at the manipulator’s endpoint and

the torque, τ ∈ Rm, applied at the joint, are calculated by

Fd =Kp (xd − x) − ξẋ, (1)

τ = −Cθ̇ + JT (θ) Fd, (2)

where xd ∈ R
l is the reference position inputted to the virtual

spring-damper system, x, ẋ ∈ Rl the position and velocity

vectors of the manipulator’s endpoint, and θ, θ̇ ∈ Rm the

joint angle and angular velocity vectors. Kp ∈ R
l×l, ξ ∈

R
l×l, and C ∈ Rm×m are the stiffness coefficient matrix, the

damping coefficient matrix of the virtual spring-damper, and

the joint damping coefficient matrix, respectively. J (θ) ∈

R
l×m denotes the Jacobian matrix for x.

Note that while the equilibrium point, given by xd, is

asymptotically stabilized in the virtual spring-damper system

xg xo
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Fig. 4. The change of parameter r in the proposed controller

proposed by Arimoto et al., endpoint acceleration is maxi-

mized at the start of each reaching movement. As shown

in the potential function of the virtual spring-damper system

drawn in dashed line in Fig. 3, the magnitude of the gradient

is maximized when x = xo, the initial endpoint position, so

that the initial acceleration is also maximized.

In this study, a pre-shaping controller of the reference

input, xd, is applied to moderate the initial acceleration. It

is shaped as a function of x, the current endpoint position,

xd =
{

rxg + (1 − r) x
}

, 0 < r ≤ 1, (3)

where xg denotes the final target endpoint position. The

schematic block diagram is shown in Fig. 1. In Eq.(3), r

is a parameter and the proposed system coincides with the

traditional virtual spring-damper system when r is set to 1.

The value of r is expressed as a function of x:

r = 1 − (1 − ǫ)
‖xg − x‖

‖xg − xo‖
, (4)

where ǫ is a constant satisfying 0 < ǫ ≪ 1.

As shown in Fig. 4, when the manipulator begins to move

(x = xo), r equals ǫ, and xd is given as a vector value,

pointing slightly shifted from the initial endpoint position

toward the target position, so that the manipulator starts to

move with the moderated acceleration. It is also shown from

the potential function in Fig. 3, in which the magnitude of

the gradient is almost zero when x = xo. As the endpoint

comes close to the target position, r is increased to improve

the convergence rate, and then, it takes the maximum value

when x is equal to xg, i.e. when the endpoint arrives at

the target position. x converges asymptotically to xg in the

proposed controller, it is proved mathematically in Appendix.
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Fig. 6. The effects of the slow adaptation on the change of r

III. Adaptation to External Force

In this section, two adaptation methods to external force;

“slow adaptation” and “rapid adaptation” are proposed to

shape xo, the apparent initial endpoint position used in

Eq.(4). As shown in Fig. 4, r is increased linearly from ǫ to

1 to generate smooth movements with bell-shaped endpoint

speed profiles in our previous study[9]. Shaping xo causes

the value of r to be changed by Eq.(4), and it is essential to

realize the flexible movements proposed in this paper.

When the target endpoint position is changed from xg to

x
′

g as shown in Fig. 5 (a) or x is moved to x
′

by applied

external force as shown in Fig. 5 (b), the smooth reaching

movements cannot be re-generated because r becomes equal

to ǫ and it is not increased linearly from the current endpoint

position to the (new) target position. During external force is

applied, on the other hand, the value of r would be better to

keep ǫ to decrease Fd that makes it easier for the movement

of the manipulator to follow the external force.

In these cases, xo is shaped for changing the value of r

appropriately because of the adaptations described in this

section, so that the manipulator can generate compliant

behavior along applied external force and restart the reaching

movement smoothly after the force is removed.

A. Slow Adaptation

The slow adaptation is defined as shaping xo according to

the first-order lag filter below:

xo =
1

T s + 1
x. (5)

T is a positive constant and the Laplace transform expression

applied component-wise is used in Eq.(5).
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Fig. 7. The rapid adaptation: its concept and the effect on the change of r

As shown in Fig. 6 (a), xo moves toward x gradually with

the first-order lag filter by Eq.(5). It moderates the change of

r, so that the manipulator generates smooth endpoint speed

profiles. It can also handle the changes of target endpoint

positions. Thanks to the slow adaptation, r becomes small

and it is increased linearly because xo places near x when the

target position is changed from xg to x
′

g as shown in Fig. 6

(b). Then the manipulator can generate a reaching movement

toward the new target position with smooth endpoint speed

profile. With conventional trajectory planning approach, on

the other hand, we have to re-generate a reference trajectory

once the target position is changed.

B. Rapid Adaptation

The rapid adaptation is defined that xo is reset to x when

xo satisfies the following condition:

xo = x if
‖xg − x‖

‖xg − xo‖
> 1. (6)

As shown in Fig. 7 (a), the circle, centered at xg with the

radius ‖xo − xg‖ is enlarged to include x when x moves

toward to the circle. In this case, xo is reset to x and it

results that r becomes equal to ǫ as shown in Fig. 7 (b).

Fd is decreased with r = ǫ, enabling compliant behavior

following external force. After the removal of the force, as

we can see in Fig. 7 (b), r is linearly increased according

to Eq.(4), so that smooth reaching movement is resumed in

spite of the change of the endpoint position.

By these two adaptations, the manipulator realizes smooth

endpoint speed profiles and flexible movements along applied

external force without detecting the force, just only using

x, xg and xo. With a back-drivable manipulator, external

sensors such as force/torque sensors are not needed when

implementing the proposed method1.

IV. Simulations

The proposed reference shaping controller with the adap-

tations is implemented in the planar 4 DOF manipulator

illustrated in Fig. 8, and computer simulations are performed

to investigate that bell-shaped smooth endpoint speed profile

is realized while handling subsequent changes of target

1When the manipulator is non back-drivable, flexible movements can be
generate by attaching a force/torque sensor on its endpoint and inputting
the measured force/torque as Fe in Fig. 1.
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Fig. 8. The simulation setup

TABLE I

The parameter list of 4-DOF manipulator

Link 1 Link 2 Link 3 Link 4

Link Length l [m] 0.280 0.280 0.095 0.090

Position of CoM lg [m] 0.140 0.140 0.0475 0.045

Link Mass m [kg] 1.4070 1.0780 0.2423 0.2552

Moment of Inertia I [kgm2] 9.758 × 10−3 7.370 × 10−3 2.004 × 10−4 1.780 × 10−5

endpoint positions. It is also investigated that the manipulator

generates flexible movements to follow external force and

restarts the reaching movement smoothly from the position in

which the force is removed. We also simulated applying the

reference shaping controller only (without the adaptations),

the virtual spring-damper hypothesis (VSD) and the time-

variant stiffness (TVS) for purpose of comparison.

Table I summarizes physical parameters of the manipula-

tor, which are selected based on anthropometry of human.

To tune the parameter r, ǫ = 0.001 is used in Eq.(4). The

time constant, T , is set to 0.33 for the slow adaptation exper-

imentally, and C = diag{0.378, 0.242, 0.058, 0.014} are used

for VSD (cf. [1]). To align convergence rate of the reaching

movements among all simulations, Kp = diag{45.0, 45.0}

is used for the proposed controller with the adaptations,

Kp = diag{30.0, 30.0} for without the adaptations and Kp =

diag{10.0, 10.0} for VSD. Instead of Kp, the following K
′

p(t)

is used for TVS:

K
′

p(t) =Kp

{

1 −

(

1 + αt +
α2

2
t2

)

e−αt

}

(7)

Sampling time is 1.0 [ms] and constant parameter α is 8.0.

All simulations used θo = [70.0 50.0 30.0 80.0]T [deg] as

the initial joint angle.

Results of simulations investigating the effect of subse-

quential target position changes are shown in Fig. 9. We

set xg1
= [−0.35 0.35]T, xg2

= [−0.35 0.484]T, xg3
=

[−0.184 0.35]T, xg4
= [−0.184 0.484]T(m), and target end-

point position of the manipulator xg is changed to xgn+1
when

current endpoint position is reached to xgn
(n = 1 · · · 3).

Fig. 9 (a) shows the endpoint paths, Fig. 9 (b) shows

the tangential endpoint speed profiles using the proposed

controller with/without the adaptations, and Fig. 9 (c) shows

the tangential endpoint speed profiles with VSD/TVS. The

endpoint can reach to xg1
and xg2

, and its paths are roughly

straight similar to hand paths in human reaching movements

in all cases. Without the adaptations, the endpoint, however,

cannot reach to xg3
and the manipulator is stopped. In this

case, large acceleration is generated when the endpoint is

moved to xg2
as plotted in Fig. 9 (b). Furthermore, the

endpoint speed becomes almost zero after reaching to xg2
.

This is because that xo is fixed to original initial endpoint

position so that r is no longer increased linearly toward the

new target endpoint position, the same as in Fig. 5 (a). With

VSD and TVS, although continuous reaching movement is

realized but the acceleration is large as plotted in Fig. 9

(c). With the adaptations, on the other hand, the manipulator

generates continuous reaching movements to each target

endpoint position and its speed profiles are smooth as plotted

in Fig. 9 (b), thanks to the slow adaptation.

To evaluate the movement flexibility along applied ex-

ternal force, we conducted simulations in which xg =

[−0.35 0.35]T(m) and external force Fe is applied to the

endpoint for 1.0 [s]. Fig. 10 shows the results of the case of

Fe = [1.0 1.0]T (N), Fig. 11 shows the results of the case

of Fe = [1.0 − 1.0]T (N) and Fig. 12 shows the results of

the case of Fe = [−1.0 − 1.0]T (N). In Figs. 10, 11 and

12, the endpoint paths are plotted in (a), the endpoint speed

profile with/without the adaptations is plotted in (b) and (c),

respectively. Fe is applied when the endpoint reaches the

point indicated by the dotted line in (a).

The manipulator continues reaching movement against

applied force with VSD and TVS in the case of Fe =

[1.0 1.0]T (N). In contrast, it generates flexible movement

following the force with the reference shaping controller,

and the flexibility is enhanced with the adaptations. With

the adaptations, it can restart the movement after the force is

removed as shown in Fig. 10 (b), while it takes a long time

to resume the movement without the adaptations as shown

in Fig. 10 (c). It is because that xo is never reset without the

rapid adaptation and r does not increase from ǫ as shown

in Fig. 5 (b). Thanks to the rapid adaptation, xo is reset to

changed x, so that r increases linearly as shown in Fig. 7

(b) when the force is removed.

In the case of Fe = [1.0 −1.0]T (N), the manipulator gener-

ates flexible movement against the force with all methods as

shown in Fig. 11 (a), however, the most flexible movement is

generated with the adaptations. From Fig. 11 (b), Although

the speed is not continuous after the removal of the force

even with the adaptations, it is shown that the acceleration

is generated to make the speed zero so that the manipulator

is never moved rapidly. Without the adaptations, the speed

is suddenly increased as shown in Fig. 11 (c), it will be

dangerous for humans around the manipulator. This behavior

is similar in the case of Fe = [−1.0 − 1.0]T (N) as shown

in Fig. 12.

From these results, it is verified that smooth endpoint

speed profile is obtained under the significant and subsequent

changes of target endpoint positions with the slow adaptation.

It is also investigated that the manipulator generates flexible

movements following applied external force and resumes

reaching movements from the position in which the external

force is removed with the rapid adaptation.

1653



−0.3 −0.2

0.4

0.5

x [m]

y
 [

m
]

Start2

1 3

4

With Adaptation

Without Adaptation

VSD

TVS

0 5 10
0

0.1

0.2

0.3

Time [s]

V
el

o
ci

ty
 [

m
/s

]

With Adaptation

Without Adaptation

0 10 20
0

0.1

0.2

0.3

Time [s]

V
el

o
ci

ty
 [

m
/s

]

VSD

TVS

(a) Endpoint paths (b) Endpoint speed profiles with/without the adaptations (c) Endpoint speed profiles with VSD & TVS

Fig. 9. Simulation results: under the subsequent changes of target endpoint positions

−0.3 −0.2 −0.1

0.4

0.5

0.6

x [m]

y
 [

m
]

Start

Goal

With Adaptation

Without Adaptation

VSD

TVS

0 2 4
−0.4

−0.2

0

0.2

Time [s]

V
el

o
ci

ty
 [

m
/s

]

External Force Applied

x axis

y axis

−0.2

0

0.2

Time [s]

V
e
lo

c
it

y
 [

m
/s

]

External Force Applied

x axis

y axis

2 47.5 49.5

(a) Endpoint paths (b) Endpoint speed profile with adaptation (c) Endpoint speed profile without adaptation

Fig. 10. Simulation results: Fe = [1.0 1.0]T (N) is applied temporally to the manipulator’s endpoint

−0.3 −0.2 −0.1

0.3

0.4

0.5

x [m]

y
 [

m
]

Start

Goal

With Adaptation

Without Adaptation

VSD

TVS

0 2 4

−0.2

0

0.2

Time [s]

V
el

o
ci

ty
 [

m
/s

]

External Force Applied x axis

y axis

0 1 2 3

−0.2

0

0.2

Time [s]

V
el

o
ci

ty
 [

m
/s

]

External Force Applied

x axis

y axis

(a) Endpoint paths (b) Endpoint speed profile with adaptation (c) Endpoint speed profile without adaptation

Fig. 11. Simulation results: Fe = [1.0 − 1.0]T (N) is applied temporally to the manipulator’s endpoint

−0.4 −0.3 −0.2

0.3

0.4

0.5

x [m]

y
 [

m
]

Start

Goal

With Adaptation

Without Adaptation

VSD

TVS

0 2 4 6

−0.2

0

Time [s]

V
el

o
ci

ty
 [

m
/s

]

External Force Applied

x axis

y axis

0 2 4

−0.2

0

Time [s]

V
el

o
ci

ty
 [

m
/s

]

External Force Applied

x axis

y axis

(a) Endpoint paths (b) Endpoint speed profile with adaptation (c) Endpoint speed profile without adaptation

Fig. 12. Simulation results: Fe = [−1.0 − 1.0]T (N) is applied temporally to the manipulator’s endpoint

1654



V. Conclusion

The nonlinear reference shaping controller was proposed

based on the virtual spring-damper hypothesis. The online

parameter tuning approach was also proposed for generating

smooth reaching movement.

In this paper, we proposed two adaptation methods; “slow

adaptation” and “rapid adaptation”, applied onto the apparent

initial endpoint position, which is used to the online param-

eter tuning. These made smooth endpoint speed profiles and

movements flexible to follow applied external force. It also

accomplished smooth restart of reaching movement in the

case that the significant change of the current endpoint po-

sition is generated by excessive external force. Furthermore,

continuous reaching movements are obtained while the target

endpoint position is changed during the movements.

Explicit inclusion of time is not needed for the proposed

method, so that it can be implemented in the existence of

external force/disturbance. It also realizes the movement flex-

ible along the external force/disturbance without detecting

them, just only using information of x, xg and xo. It is the

advantage of the proposed method over VSD/TVS and other

methods for controlling of the manipulator which shares its

workspace with humans.
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Appendix

Lagrange’s equation of motion of the manipulator is

described by

Hθ̈ +

{

1

2
Ḣ + S

}

θ̇ = τ . (8)

H ∈ Rm×m is the inertia matrix and S ∈ Rm×m the skew-

symmetric matrix. Consider the following control signal:

τ = −

(

∂U

∂θ

)T

−Dθ̇. (9)

D = C + JξJT, d = ‖xg − x‖ and U(d) is the positive

definite function which equals 0 if and only if d = 0 i.e.

x = xg. The closed-loop dynamics of Eq.(8) and Eq.(9) is

Hθ̈ +

{

1

2
Ḣ + S

}

θ̇ +Dθ̇ +

(

∂U

∂θ

)T

= 0. (10)

Let us define u by the left side of Eq.(10) and regard that

u = 0 is input to the system. We get the following equation:

θ̇Tu = Ė + θ̇TDθ̇, (11)

where E is defined as

E ≡
1

2
θ̇THθ̇ + U. (12)

Since E ≥ 0 for any θ and D is guaranteed to be positive

definite if C is positive definite and ξ is positive semi-

definite, we get
∫ t

0

θ̇Tu dt = E(t) − E(0) +

∫ t

0

θ̇TDθ̇ dt (13)

≥ −E(0), (14)

which means that the system having u as input and θ̇ as

output is passive, so that (d, θ̇) = (0, 0), the equilibrium point

of E, is asymptotically stable. Moreover, x asymptotically

converges to xg for t → ∞.

From Eq.(2) - Eq.(4), remark that the proposed controller

in this paper is equivalent to Eq.(9) by designing U(d) as

U1(d) ≡ kp

{

1

2
d2 − (1 − ǫ)

d3

3do

}

, (15)

where Kp ≡ kpI , do = ‖xg − xo‖ and 0 ≤ d ≤ do. U1(d),

obviously, is positive definite which equals 0 if and only if

d = 0. Thanks to the adaptations, d ≤ do is always satisfied

although external force is applied to the manipulator.
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