The 2010 IEEE/RSJ International Conference on
Intelligent Robots and Systems
October 18-22, 2010, Taipei, Taiwan
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Abstract— Dynamic analysis of parallel manipulators plays a vital
role in the design and control of such manipulators. Closed—chain
kinematic structure affects the dynamics formulations by several
constraints. Therefore, especially for higher degrees of freedom ma-
nipulators, manipulation of implicit and bulky dynamics formulation
looses the tractability of the analysis. In this paper, a methodology and
some simplification tools are introduced to achieve explicit dynamics
formulation for parallel manipulators. This methodology is applied
for the dynamics analysis of the most celebrated parallel manip-
ulator, namely Stewart-Gough platform. By avoiding any recursive
or component—wise derivations, the resulting dynamics formulation
provides more insight for designers, and can be much easier used
in any model-based control of such manipulators. In order to verify
the resulting dynamics equations, Lagrange method is used to derive
and compare the manipulator mass matrix. This methodology can
be further used to formulate the explicit dynamics of other parallel
manipulators.

[. INTRODUCTION

In recent decades, numerous research results has been reported
on the kinematics of parallel manipulators, and relatively fewer
results on the dynamics of parallel manipulators. Several ap-
proaches have been proposed for the dynamic analysis of parallel
manipulators. The traditional Newton—Euler formulation is used
for the dynamic analysis of general parallel manipulators [1]
and also for the Stewart-Gough platform (SGP), which is the
most celebrated parallel manipulator [2]. In this formulation the
equations of motion for each limb and the moving platform must be
derived, which inevitably leads to a large number of equations and
less computational efficiency. On the other hand, all the reaction
forces can be computed, which is very useful in the design of
a parallel manipulator. The Lagrangian formulation eliminates all
the unwanted reaction forces at the outset, and it is usually more
efficient [3]. However, because of the constraints imposed by the
closed loop kinematic chains of a parallel manipulator, deriving
explicit equations of motion in terms of a set of independent
generalized coordinates is a prohibitive task [4]. Other approaches
have also been suggested in the literature to tackle the dynamics
formulation of parallel manipulators, representatives of such re-
search can be given as [5], [6]. In most of the reported researches,
partly straightforward routines were proposed in order to derive
the dynamic equation using NE formulation [7], Lagrange [4], or
Kane methods [6]. However, the final dynamics formulations are
usually very bulky and untractable especially for a six degrees of
freedom parallel manipulator like SGP. This is because of several
parameter substitutions in NE and several differential component—
wise operations in Lagrange and Kane methods. Therefore, dy-
namic analysis of such equations are usually untractable and can
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only be visualized by numerical methods [3] or by giving a generic
physical verification for the system.
Although, writing the formulation in the following explicit form

M(X)X +C(X, X)X +G(X)=F 1)

is reported in many papers [8], the elements of M ,C, and G
are rarely given clearly in these formulations. It is important to
have a complete and clear representation of these elements, in
order to use model-based control topologies on the manipulators
[9]. In this paper the full details of such explicit formulation is
given in details. Two main categories can be distinguished in the
literature on the analysis of explicit of dynamic equations. First
set of researches, in a generic view, proves that it is possible
to derive an explicit representation of dynamic equations [10].
[11] proves that all natural mechanisms can be written in explicit
form but closed—chain constraints will change them into implicit
form. Representative of the second category can be cited as [3]
and [4] using Lagrange formulation or [8] using NE formulation,
propose useful methods to extract explicit form of equations from
implicit formulations by means of term by term differentiation
algorithms in the Lagrange formulation. Thanks to the advances
in mathematical solvers, component-wise equations are derived
and the total dynamic equations of the SGP are given. In [4] it
is claimed that

”Although it is not difficult to obtain an explicit expression
for the moving platform’s M,V , and G, it is impossible
to obtain explicitly M,V , and G for legs. Even with a
symbolic package like Mathematica, the expressions are
too complicated to obtain! In this case, a step-by-step
formulation must be used.”

In [12] it is reported that the NE method can result into the
same equations as the Lagrange formulation for a general parallel
manipulator, and as a case study it is applied on a four-bar linkage.
The resulting dynamics equation is however, very bulky although
the manipulator degrees of freedom is much less than that of the
SGP.

In this paper, dynamics formulation of a SGP with spherical
joints is studied in detail. A vector based Newton-Euler notation is
proposed, which preserves the inherent kinematic structure compo-
nents of the manipulator in the final resulting equations. Therefore,
extraction of properties through the dynamic equations becomes
more tractable and insightful. Furthermore, an intermediate vari-
able from joint space is introduced and some matrix algebraic
simplifications tools are given in order to significantly simplify
the formulations. It is noticeable that using the proposed method
the dynamic relation of the limbs and that of the end-effector are
kept separated, and therefore, can be analyzed more tractable. The
resulting dynamics equations for the whole manipulator, including
the limbs and the end-effector dynamics are significantly simplified
into a set of equations, which to the best knowledge of the authors,
are not given elsewhere in the literature in this compact form. The
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Fig. 1. A kinematic structure of SGP

proposed methodology, and the simplification tools can be used to
formulate other manipulator dynamics in the same manner.

II. KINEMATICS
A. Mechanism Description

Figure 1 shows a schematics of a Stewart-Gough Platform (SGP)
under study. In this manipulator the spatial motion of the moving
platform is generated by six piston—cylinder actuators. While these
limbs are generally considered identical, in this analysis they can
differ in both geometry and mass properties. Each piston—cylinder
actuator consists of two part connected with a prismatic joint. The
actuators connected the fixed base to the moving platform by spher-
ical joints at points A; and B;, i = 1,2,...,6 respectively. Fixed
attachment points A;’s are connected to the base, while moving
attachment points B;’s are connected to the moving platform. Note
that in a geometrically general Stewart Gough platform which is
considered here, the attachment points are not necessarily lie in the
same plane. Further more the following assumptions are considered
for the manipulator. The cylinder and piston centers of masses lie
on the limb’s axis (A;B;); Each limb is symmetric with respect to
its axis, and therefore, its inertia matrix is diagonal with respect to
the moving frame attached to the limb with [, = I,.

B. Position Analysis

A fixed base frame A and a moving frame B connected to the
base and the moving platform respectively are considered here.
The rotation matrix ARB relates these two frames by means of
the three Euler angels «, 3, that forms the Euler angle vector
¢ = [ B ~]". Apart from these frames, another set of moving
frames A;’s are attached to each limbs and the rotation matrixes
AR, relate these frames to the base frame A. Also a is the
position vector of the origin of the frame B with respect to frame
A. The vector loop closure from A to B for each limb can be
written as:

a; +1;3;, =z + *Rp”b; 2)

in which, a; is the position vector from the origin of the frame A
to the fixed attachment points A;, [; is a scalar representing the
length of each limb and 8; is a unit vector along A; B;. The vector
Loop closure 2 can be used to derive [; and 8;:

li

Si

|z + b; — ail|2 3)
1
T (x +b; — a;) 4

in which,
b, = “Rp"b; Q)

Define an intermediate variable @x; as the position vector of the
moving attachment points B;. Note that this intermediate variable
has a significant role in the simplification of the dynamic equation.
Thus,

a; +1;8; @)

ZT; =
ZT; =
Furthermore, the position vector of the center of mass (COM) of

the cylinder and the piston of each limb denoted by c;, and c¢;,,
respectively, can be written as:

ci, = a;+c,s; ®)
a;+ (li — ciy)3: )

Ci, =

in which, ¢;; andec;, are considered at the half length of the
cylinder and the piston, respectively.

C. Velocity and Acceleration Analysis

Velocity and acceleration analysis of the limbs and the moving
platform is performed in this section. For the moving platform,a
and & are the linear velocity and acceleration of the moving frame
B, respectively. While the angular velocity w and acceleration w
of the moving platform can be defined as:

w:E('b
w = E¢+Ed

(10)

in which, E is the transformation matrix that relates the rate of
the Euler angle vector ¢ to the angular velocity w. For each limb,
differentiate equation 2 with respect to time and use intermediate
vector «; defined in equations 6 and 7:

an

xT; = lléz + lijw; X 8; (12)

in which, I; is the limb length rate and w; is the angular velocity
of each limb. Dot multiply the above equations to §;:

li=2i.8; =[x +wx bi]Téi (13)

Since there is no actuation torque about §;, the limb angular
velocity and acceleration vectors are normal to §; provided that
the following conditions holds.

« Both ending joints of the limb are spherical (none of them
should be universal joint otherwise angular velocity and
acceleration vectors have a component along S;).

o The limbs are symmetric with respect to their axis.

o The effects of friction in spherical joints can be neglected.

Considering these assumptions, we can conclude:

wlézzo, andwi-éi:O (14)

in which, w; is the angular acceleration of each limb. Next, cross
multiply 11 and 12 to 8;, and use 14 by means of vector triple
product (VTP) expansion rule. Hence, w; can be derived as:

1 . 1. .
W; = —8; X XT; = —8; X ($+w><bi)
The velocity of the piston and cylinder center of mass can be
written as:

(15)

Ve,, = Ciy ((.dl X 31) (16)

21
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Fig. 2. Free Body diagram of different parts of SGP

Ve, = (ll — Ci2) (wl X él) + llél 17)

Time derivative of 11 and 12 yields to the acceleration loop closure
for each limb.

;}f;i:i+w><bi+w><(w><bi) (18)

Similarly, dot and cross multiply 18 and 19 by 8;, respectively. By
some simplification based on VTP and equations 14, I; and w;,
can be derived as:

i = 93231-1—11\0-’1\3
= [B+wxb+wx(wxb)| 5 +1|lwll (20)

@ = %(éixii—Qiiwi)
= %(§i><[§:+d)><bi+w><(w><bi)]_Ziiwi) 2n

Also by differentiation of 16 and 17 the acceleration vectors of the
piston and the cylinder center of mass can be derived as:

Qc;, = (lz — Ci2) (wz X 8; — |w1|2 .§l) + Qii (wz X él) + lzél
(23)

III. IMPLICIT DYNAMICS EQUATIONS

In this section the equations of motion for the limbs and the
moving platform is derived based on Newton—Euler formulation.
This yields to a set of implicit dynamic equations for SGP as:

flz,a,3,¢,¢,6,7)=0 (24)

where, 7 is an array of six actuator forces.

A. Implicit Dynamics of the Moving Platform

Figure 2 shows the free body diagram of the moving platform.
Let m be the mass and ®Ip be the Inertia tensor of the moving
platform with respect to moving frame B. Furthermore, let f,.
denotes the force acting from ith limb at the B; point on the moving
platform. Newton-Euler equations for the dynamics of the moving
platform can be written as:

6
> fer=> fp +mg+Fa=mai (25)

=1

6
D mei=mna+Y bix fp,="Tpd+wxIpw (26)
i=1

in which, T p must be considered in the fixed frame {A} by:

AIp = RpPIp*RE (7

B. Implicit Dynamics of the Limbs

Figure 2 shows also the free body diagram for the cylinder and
the piston. Let m;, and m;, be the mass and “* I, and Ai I,
be the inertia tensor of the cylinder and the piston, respectively.
Newton-Euler equations for the dynamics of the cylinder can be
written as:

> fewi=Fa, = Foi +mig=miac, (28)

Zcil Negt = Ciy (*32‘ X quy) +di; (31 X*fci) - M.,

= AIcil w; + w; X AICil w;
(29)
in which,
Al ="Ra 1., "Ry, (30)
and,
dil = li — Ciy — 2(31'2 (31)

Note that f 4, 18 the internal force acting on the cylinder at point
A, f c; are the internal forces and M., are the constraint mo-
mentum between piston and the cylinder at point c¢;, respectively.
Similar to the dynamics of the cylinder, equations of motion for
the piston is derived as:

> few=Fe — Fu, +mig =miac, (32)

D Crmen =ciy (—8i % fo,) i (80 X —Fp,) + M,

A . A
= Ici2w¢+wi X Ic@wi

(33)
in which,

AI., ="Ra,"I., “Ra, (34)

Ciz Ci2
Note that the moving frame A; is attached to the limb 4. In order
to simplify the formulation of ARAi , it is better to use 8; and two
other unit vectors which have been defined as follows to find the

principal axes of frame A:

éixai

i = 1 (35)
q ‘Si X a,-|2
Therefore, the rotation matrix ARAi is represented by:
Si-x g,k T
“Ra,=| 89 a9 79 (37)

In which, &, ¢ and 2 are unit vectors along principle axes of
the fixed frame A. Moreover, as described before the limbs are
considered to be symmetric. Hence, “¢T e, and Aq% (and
generally chi) is in the form of,

I. 0 0
Al =1 0 L 0 (38)
0 0 IL.

In order to simplify and eliminate internal forces in equations
28-34, we may start using 28 to derive f 4 as a function of f_ :

.fA,; = My Aey,y + fci —mi g (39)
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Substitute f,, from 39 in 29. Through some manipulation M,
results in:

M., =—ci,8; X (milaci1 +f., — mng)

(40)
+d;, (éz X —fCi) — AICildJi —w; X Ar

cilwi

Moreover, in order to separate actuator force 7;8;, from the internal
force between the cylinder and the piston, f,. can be rewritten as:

fci:f?i+fzi:fgi+7i.§i

in which, fi. denotes the component of the force in a direction
normal to §;. Substitute f e from 41, a., from 22, and d;, from
31, into equation 40. This results in M, as a function of f7, and
the actuator forces 7;. Using VTP and considering the fact that
8; x f., = fe, ,simplifies M, to:

(41

2 . A . A
Mci = — milcilwi -1 w; —w; X ICil

— (ll — 20»;2) (.%L X le) +mi, ¢, 8i X g

Ciy W

(42)

The simplified form of 8; x M, is also derived here for later use.
8ix Mo, = —mi 2 (8; x @) — & x (AIcilwi)

_ (3 (AIcilwi)) wi + (I — 2c,) F7. 43
+ My, iy 8i X (8 X g)
Because of the nature of the prismatic joints of the limbs, and in

order to derive f b in a vector form and not componentwise, we
have also separated f, into two parts:

fbi:fgi‘f‘f;i

in which, fy and f; are the contributions of f, in the direction
of &; and a direction normal to §;, respectively. This separation
results into a better elimination of internal forces and thus simpli-
fication of dynamic equations for each limb. Note that while f7,
and j"Z are normal to 8;, they are not generally parallel to each
other. By substitution of fe;s Io,» and ac,, from 41, 44 and 23
into 32, and through some manipulation the NE equation for the
piston results in:

Fo, — Fo + fp, =mi8i —
+21; (wi x 8) + lz§z) + mi,g

(44)

M, ((lz — 01‘2) (wz X él — |w1|§ 31)

(45)

Equation 45 shows that separating f, as described before is very
useful since by dot multiplying 45 by 8;, f; can be derived as a
function of the actuator force and the kinematic parameters of the
limb:

f;l =7;8; + M, (ll — Ciz) |wl|§ 8; — mmlzéz + My (ézg) 3;
(46)
Finding f7 is a little more involved. Cross multiply 45 by 8; twice
results into:
éi X (él X fgl) — él X (él X f?l) = —Mijy (ll — Ci2) (él X wl)
— Qmigii (.§1 X wi) + m,-2.§i X (31 X g)
47)

Now using VTP rule, f7 can be found as a function of f7,:

fo =, - M (Ali —Ciy) (8i ¥ wz) ) 48)

— 27’)’11211 (Si X wz) + M, 8i X (Si X g)
Similarly, substitute f. and f, from equations 41 and 44, into
equation 33, rearrange the equation and then cross multiply by ;.

This yields to:

_ciQ-fl?i = — .§l X (AICQQZ') — (31 (AIcizwi)) (0373 (49)
+ei, fr, + 3 x M,

Now in order to derive fy, as a function of the kinematic
parameters, substitute 3; X M., from equation 43 and f7, from
48 into 49. By some manipulations the resulting f; can be written
as:

no_ 1. :
I, :ESi X ((AICi1 +AI%> wz-)

1 R .
+ o (milc?l + my (I — Ci2)2) (85 X w;)

o (Phey 1))

2 P
+ lf_mb (ll — 67;2) ll (Si X wl)

1 N R
= 7 (mayciy +mag (li = cip)) 8: X (3i X g)
Equations 46 and 50 together, describes f, as a function of
kinematic parameters of each limbs. These equations together with
25 and 26 completely define the equations of motion of the Stewart-
Gough platform in an implicit form given by equation 24.

(50)

IV. EXPLICIT DYNAMICS

While dynamics formulation in the form of equation 24 can be
used to simulate inverse dynamics of the SGP, its implicit nature
makes it unpleasant for dynamics analysis and control. Hence in
this section we introduce a method to reformulate the dynamics
equation into explicit form, comparable to that usually obtained
from Lagrange formulation.

A. Explicit Dynamics of Limbs

In order to derive explicit equations for the dynamics of Stewart-
Gough platform as indicated in equation 1, first we consider
intermediate vector a;, which is introduced in 6 and 7 as an
intermediate generalized coordinate, and manipulate the dynamic
equations for each limb to convert them to the following form.

M;z;+Cizi + G; = F; (51)

We first introduce some relations to substitute kinematic parameters
like w;, w;, I;, and ... with intermediate vector @; and its time
derivatives. In order to do that, vector multiplications such as dot
and cross products should be transformed into their corresponding
matrix multiplication. For any three arbitrary vectors a, b andc we

have:
(a-b)e= (aTb) c=c (aTb) = (caT) b=ca’b (52)
And for cross multiplication @ X b we have:

axb=axb=—-bxa (53)

in which, ax and by denotes skew-symmetric matrices derived
from elements of vectors a and b, respectively. In order to relate
x; and its derivatives to joint variables, vector multiplications in
equations 11, 12, 18 and 19 is transformed to their corresponding
matrix multiplications using equations 52 and 53:

~ N ~ AT .
li =8;; ; 1,8 =8;8; ;
-1, 7.2 . (54)
wi = —8ix®i ; |wil; 8 2 31 Sixi
7 T
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I~ Liwiw: = 878, ; 3 r
i — Wi Wi = 8; i 5 i8S — i i Si

Relations 54 and 55 are the main framework in order to derive
explicit dynamic equations from implicit formulations. By substi-
tution of the kinematic parameters into dynamic equations 46 and
50 and using equations 54 and 55, and performing some simple
mathematical simplifications, f; and f;’ can be converted to the
following form:

s R . AT MiyCiy o . T2 . .
fi, —Tidi = fmizsis?mi + 122 230 82, @i + m¢2.sisiTg
' (56)
n 1 ~ A A A~
fbl :ﬁ [ Six ( Ici1 + Ici2) Six
2 2\ A2 7 -
+ (mi1 Ciy + My (li — ciy) ) Six] x;
1 . .
+1 Z—QwisiT (AIC,;1 + AI%) Six

21; .
e ((mi1 C?l + mi, (I — 012)2 —miayls (I — Ciz)) EE

+38ix (AIcil + AIciz) ézx)] T;

1 .
- [miyciy + miy (li — ciy)] 8ix g
57

Note that in deriving dynamic equations for the piston it is assumed
that —f, is acting upon the piston, and therefore, first negate 56
and 57 and then add them together. Then factor &; and «; to
yield to a single equation for the dynamics of the limb 7, based
on intermediate generalized coordinate ax;. Factor this equation
according to 51 leads to:

-1
M, =" (80 (Mo, + Ly, ) 8ix

z (58)
+ (’1774'1612'1 + My (ll — Ci2)2) .§$X) —+ muélgzﬂ
—MiyCig . . T4 1 . .
C; :fsiw?sfx - EwisiT (AICi1 + AIciz) Six
Qll 2 2 A2
T ((miyciy +miy (L = cin)” = magli (li = ¢iy)) 8ix
t8ix (Mo, + Moy, ) Six)
(59)

. 1 R
G, = (_mizsiszT +r (Mg ciy +miy (I — ¢iy)) 322><> g (60)

F; = *-qu; + Ti8; (61)
Equation 51 with its terms defined in 58-61 gives the explicit
equation for each limb based on kinematic parameters. In this

equation the generalized coordinates is the position of the moving
attachment point B;.

B. Explicit Dynamics of the Moving Platform

In this section, the moving platform equations of motion given
in 25 and 26, are transformed into an explicit form as:

Mmpk + Cmp.j( + Gm,p = Fmp (62)

in which, X denotes a set of generalized coordinates for the
position and orientation of the moving platform:

T T

X:[m (,‘b]:[myzaﬁfy} (63)

and X and X are its time derivatives. Substituting w and w
from 10 into equation 26 and transform cross products into matrix
products will yield to:

E"1,,Ed+ E" (Im,,q'b T (E¢) ) ImpE) b=
E"Y b fp,

Note that ET has been multiplied to both side of equation 64 to
harmonize these equations to that derived from Lagrange approach.
Equation 64 together with 25 can be rewritten in a complete explicit
form given in 62, whose terms are given as follows,

(64)

[ mmpIsxs Osx3
M, = P 65
P 03><3 ETImpE :|6X6 ( )
[ 0343 O3x3
Cov =1 0405 ETInpE+E" (E¢>) Iy E (66)
L x 6x6
Gp=| —'m?d ] 67)
03X1 6x1
> £, }
F.., = i 68
¥ I ETZbinbi 1 ( )

in which, Isx3 is a 3 X 3 Identity matrix.

C. Explicit Dynamics for the Manipulator

In order to derive the explicit equations of motion for the whole,
first a transformation similar to what has been discussed in [13]
is used. This map will transform the intermediate generalized
coordinates x;, used for equations of motion of each limb, into
principal generalized coordinates X. Then it is shown that by
adding the resulting equations together with equation (64), one can
eliminates the remaining internal forces f, . Hence, the equations
of motion of the whole manipulator can be easily derived in an
explicit form. Substitute w from 10 into 11 and once more use 53.
This results in:

@= J,X (69)

in which,

Ji=[ Isxs —bixE |. (70)
Furthermore, time derivative of J; can be derived as:

Ji= [ 033 _((wxbi)XE+bixE) }

, (71)
= [ 035 —wibixE+bixwiE +bix B
Now substitute @; from 69 into 51, then:
Mz + Crzi + Gy = Fy; (72)
in which,
M, =J M,J; (73)
Gi=J;G; (75)
Fi=JF; (76)
Substitution of F'; from 61 into 76, results in:
I3 R
Fy = [ ETb,,, } [—F», + 78]
(77)
— _.fbi + f
—ETb;« S, i
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in which,

Add equation 72 for all limbs together and add them to 62 to
eliminate f, from these equations. By this means the explicit
dynamic formulation for the whole manipulator is derived as in
equation 1:
i=6
M(X)=> M+ My,
i=1
i=6
c (x, x) =3 Cii+Cump
i=1
i=6
G((X)= ZGH + Gup

i=1

1=6
F(x)=3% f.
i=1

(719)

(80)

81

(82)

These equations completely define the detail terms of the equa-
tions of motion of SGP given in 1 in an explicit form. Moreover,
these terms consists of kinematic structures of the limbs and the
moving platform in a matrix form, and therefore, they are very
compact and tractable. It is worth mentioning that these equations
can be systematically derived without use of any symbolic manip-
ulation software.

V. VERIFICATION

In order to verify the obtained equations of motions for SGP,
M ; is derived by means of Lagrange method, and the results are
compared. Let &; denote a generalized coordinate and T'; denote
the kinetic energy of the limb, M ; can be found from,

1. .
T, = iszz () x4 (83)
Furthermore, the kinetic energy of the limb is:
1 1
T; :Evilmilv% + iw;'r (AL:{,1 + AI%) wi
(84)
1 7
+ §vci2 migvciz

By means of relations given in 54, w, Ve, and Ve, can be
transformed to:

1. . —Ciy .2 .
Wi = 7—8ixL; ; ’I)Ci1 = SixX;

Ve,, = (,(11;7012).@& + §1§LT> &

i

(85)

Moreover, it can be easily shown that for any arbitrary vector a,

4 .2 A AT .2

Sixa=—8iva ; 88 a=(Is+8jy)a

W2 o T " T2 (86)
8ix8:i8;a=0; 88;8;xa=0

Now, substitute w, v, i and Ve, from 85 into 84 and use equations

86, to simplify:

1. -1 /. .
T; 253/’? (12 (Six (AIci1 + AIc,-2> Six
' (87)

+ (milcfl + mi, (I — Ci2)2) gfx) +m¢2.§iéiT> xT;

comparing equation 87 together with 82 to equation 58 verifies
identical derivation of M ; throughout two methods. Note that the

other terms in the dynamics equations can be verified in a similar
manner. Although for those terms Lagrange formulation will lead
to an extensive manipulation which is not given here due to the
limited space.

VI. CONCLUSIONS

Closed—chain kinematic structure of parallel manipulators causes
the dynamic equation of such manipulators to be very bulky
and intractable. On the other hand having an explicit formulation
for the dynamic equations of such manipulator is essentially
needed for model-based control routines. In this paper, A vector
based Newton-Euler formulation is proposed, which preserves
the inherent kinematic structure components of the manipulator
in the final resulting equations. This method is applied to the
most celebrated parallel manipulator, namely the Stewart-Gough
platform. Key elements to derive the explicit dynamic equation
in a tractable form are to define an intermediate variable from
joint space and some matrix algebraic manipulation tools. In the
proposed method the equations are not derived componentwise,
and therefore, the resulting equations are reduced into a concise
vector based representations. Furthermore, M, C, G matrices are
extracted and fully given for both limbs and the end-effector in a
concise form. The proposed methodology, and the simplification
rules can be used to derive other manipulator dynamics.

REFERENCES

[1] C.Gosselin, “Parallel computational algorithms for the kinematics and
dynamics of planar and spatial parallel manipulators,” Trans. ASME
Journal of Dynamic Systems, Measurement and Control, pp. 22-28,
1996.

[2] N. Dasgupta and T. Mruthyunjaya, “A newton-euler formulation for
the inverse dynamics of the stewart platform manipulator,” Mechanism
and Machine Theory, 1998.

[3] C. NGUYEN and F. POORAN, “Dynamic analysis of a 6 dof CKCM
robot end-effector for dual-arm telerobot systems,” Robotics and
Autonomous Systems, vol. 5, pp. 377-394, 1989.

[4] G. Lebret, K. Liu, and F. Lewis, “Dynamic analysis and control of
a stewart platform manipulator,” Journal of Robotic Systems, vol. 10,
no. 5, pp. 629-655, 1993.

[5] J. Wang and C. Gosselin, “A new approach for the dynamic analysis
of parallel manipulators,” Multibody System Dynamics, vol. 2, no. 3,
pp. 317-334, 1998.

[6] M. Liu, C. Li, and C. Li, “Dynamics analysis of the Gough-Stewart
platform manipulator,” IEEE Transactions on Robotics and Automa-
tion, vol. 16, no. 1, pp. 94-98, 2000.

[7] B. Dasgupta and T. S. Mruthyunjaya, “a newton-euler formulation for
the inverse dynamics of the stewart platform manipulator,” Mechanism
and Machine Theory, vol. 33, no. 8, pp. 1135-1152, 1998.

[8] W. Khalil and S. Guegan, “Inverse and direct dynamic modeling of
Gough-Stewart robots,” IEEE Transactions on Robotics, vol. 20, no. 4,
pp. 754-761, 2004.

[9] J. He, H. Jiang, D. Cong, Z. Ye, and J. Han, “A Survey on Control of
Parallel Manipulator,” Key Engineering Materials, vol. 339, pp. 307—
313, 2007.

[10] S. Ploen, “A skew-symmetric form of the recursive Newton-Euler
algorithm forthe control of multibody systems,” in American Control
Conference, 1999. Proceedings of the 1999, vol. 6, 1999.

[11] F. Ghorbel, O. Chetelat, R. Gunawardana, and R. Longchamp, “Mod-
eling and set point control of closed-chain mechanisms: Theory and
experiment,” IEEE Transactions on Control Syst. Technol., vol. 8,
p- 801815, September 2000.

[12] Y. Yiu, H. Cheng, Z. Xiong, G. Liu, and Z. Li, “On the dynamics of
parallel manipulators,” in IEEE International Conference on Robotics
and Automation, vol. 4, pp. 3766-3771, Citeseer, 2001.

[13] T.-C. L. Hong-Chin Lin and K. H. Yae, “On The Skew-Symmetric
Property Of The Newton-Euler Fo Mulation For Openchain Robot
Manipulators,” in American Control Conference, pp. 2322-2326,
1995.

2777





