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Abstract— This paper presents initial results in the novel in-
tegration of nonholonomic and stratified motion planning, fuzzy
control and tactile sensing to construct a robotic manipulation
system that is designed to be both dexterous and robust. It is
dexterous in that it is fully nonlinear, can explicitly incorporate
discontinuities in the motion planning i.e., finger gaiting, and
allows rolling finger contacts. The sensing and fuzzy controller
are intended to provide robustness that is necessary for real-
world manipulation tasks that are characterized by modeling
errors and are subjected to unmodeled external disturbances.
The method is demonstrated experimentally using a set of four
robots with end-effectors equipped with force sensors to provide
feedback to the fuzzy supervisory control system.

I. INTRODUCTION

The ultimate goal of this work is to effectively combine

aspects of nonlinear stratified motion planning with fuzzy

logic and tactile sensing to provide operational flexibility and

robustness to a set of cooperating robot manipulators acting

as fingers to dexterously manipulate objects. While nonlinear

nonholonomic motion planning methods are very general,

the cost of such breadth is reduced robustness because a

nearly exactly parametrized model is necessary. Furthermore,

most manipulation systems are modeled as purely kinematic,

which, if force closure is maintained, eliminates the effect of

gravity in the model. However, no system is truly kinematic,

and in this paper, the main external disturbance affecting the

manipulation is due to gravity.

The addition of a fuzzy logic supervisory controller inter-

faced with a tactile sensing is intended to provide a layer of

robustness with respect to manipulation requirements. Fig. 1

shows the experimental platform that will be fully explained

subsequently. The main contributions of this paper are pre-

liminary results from a investigation of the combination of

these methods as well as an experimental demonstration. The

most closely related work is from HKUST [10], [12]–[14],

etc., as well as [8]. The distinguishing feature of the work in

this paper is using fuzzy control as a supplement to enhance

the effectiveness of the manipulation system. Fuzzy logic

has been used previously in manipulation systems [2], but

not specifically coupled with the methods used herein and is

not focused on finger repositioning.
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Fig. 1. Robotic manipulation test bed.

The abilities humans possess in using tactile sensing in

dealing with unstructured environments provides motivation

for our approach. A block diagram of the control system we

use is illustrated in Fig. 2. Early work in motion planning

was done with continuous, holonomic systems [7], [16],

[24]. Such approaches would be applicable to static grasps;

however, for present purposes, it is desired to accommodate

fingers rolling on the surface of the manipulated object and

to also allow for discontinuous contact. Much of the previous

work of one of the authors was based on extending the the

nonholonomic motion planning method from [9] (and related

work [1], [7], [18]) to the stratified case to apply it to robotic

manipulation and locomotion [3]–[5], [27].

Many researchers use tactile sensing and types of po-

sition/force control which uses information about contact

force. For example, [19], [34] use force feedback, but on

the wrist, away from the contact interface, [29] assumes

contact forces can be measured and [25] provides a method

to calculate force at the end-effector. This paper presents

a new approach which combines a fuzzy supervisor using

configuration and contact force feedback with the open loop

motion planning algorithm designed to help maintain force

closure and to allow periodic trajectory recalculations.

Fuzzy logic has a long history in control, specifically

applied to robotics. In typical applications, a supervisor

monitors system performance and effects switching between

various plant models [11], for example, in [23] for trajec-

tory planning of a hovercraft and to stabilize a small-scale

helicopter after rotor failure [15]. Spong [22] has suggested

that human ambulation is too complicated to achieve with

a single controller and robust grasping likely offers similar
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Fig. 2. Control architecture for the manipulation task.

complexity. Some suggest fuzzy logic is an excellent repre-

sentation for biological systems due to their shared empirical

properties, [30]. In addition, evidence suggests that the brain

uses a set of quantitative rules to determine activation levels

in muscle synergy [28]. In our implementation in Fig. 2,

the fuzzy supervisor block uses a fuzzy inference system to

adjust the trajectories of the fingertips at certain key junctures

during the manipulation task.

II. CONTROL FRAMEWORK

This section provides a brief overview of each of the

topics that are combined in this research.

A. Nonlinear and Stratified Motion Planning

In the usual application of nonholonomic motion planning

to grasping, a trajectory is manifested in moving a finger

from one position to another on an object while maintaining

contact. In the case of stratified manipulation [3], exploiting

the discontinuities in the system that arise from intermittent

contact are also considered. In either case, the motion plan-

ning method is a means to determine control inputs for

ẋ = g1(x)u1 + g2(x)u2 + · · · + gm(x)um, (1)

where the gi(x) are vector fields and ui are control inputs,

that will steer the system from a starting point to a desired

final point. As is always the case in grasping, since the

object itself is not actuated, the system is underactuated

because the number of inputs is less than the dimension

of the configuration space. The adopted, [9], method works

exactly for nilpotent systems and locally for nonnilpotent

systems (see [17]), and approximately otherwise. The general

approach to solving Eq. 1 for the inputs to generate a desired

trajectory is:

1) determine the Philip Hall basis for the system which

eliminates the linear dependence of some vector fields

due to the Jacobi identity;

2) construct the extended system

ẋ = g1(x)u1 + g2(x)u2 + · · · + gm(x)um

+ gm+1(x)um+1 + · · · + gs(x)us,

where g1, . . . , gm are from Eq. 1 and gm+1, . . . , gs
are Lie brackets such that the distribution ∆ =
span {g1, . . . , gs} is full rank;

3) if stratified planning will be used, repeat the previous

step for each combination of fingers that may be in

contact with the object, i.e., for each stratum;
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Fig. 3. Zero configuration of PUMA 560 showing frame orientations and
twists.

4) determine the inputs for the extended system, where

the first m of these inputs corresponds to the original

system and the remaining s−m inputs are “fictitious”

inputs that correspond to Lie bracket motions; and,

5) convert the fictitious inputs to those produced through

Lie bracket motions using a sequence of piece-wise

constant inputs.

The extension to the stratified case is in [5], [6].

B. Kinematics of Robotic Manipulation and Grasping

We will make use of the usual product of exponentials

formulation as developed in [17] where the configuration of

a tool frame T relative to a base frame S is given by

gst(θ) = eξ̂1θ1eξ̂2θ2 · · · eξ̂nθngst(0), (2)

where n is the number of joints on the robot. Our exper-

imental platform uses PUMA 560 manipulators, the basic

kinematics of which are schematically illustrated in Fig. 3.

We also make use of the grasp map, as developed in [17].

Generally, a wrench Wi that a finger can apply to an object

at contact i has the form Wi = Bifi, where Bi is the wrench

basis indicating directions in which wrenches can be applied

based on the finger model and fi is the vector of magnitudes

of the applied force components that must be consistent with

the limits allowed by friction. In this work, because of the

nature of the fingertips (described subsequently), a soft finger

contact model is used. Therefore,

Wi =

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0
0 0 0 0
0 0 0 1

























fx
fy
fz
τ









.

Ultimately we need an expression for the constraint be-

tween the finger joint velocities and the object velocity. We

use the usual notation for grasping problems:
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• co(uo, vo) and cf (uf , vf ) are the orthogonal surface pa-

rameterizations for the object and fingers, respectively;

• O is a reference frame affixed to the object, Fi is a

reference frame affixed to finger i and P is a common

palm frame; and,

• Gauss frames are defined at each point on the surface

of the fingers and object and also two additional local

frames are defined on the object Lo, and finger, Lf for

all time the two objects are in contact which are fixed

with respect to O and Fi, respectively and coincide with

the Gauss frames at the point of contact.

These are schematically illustrated in Fig. 4.

A fundamental grasp constraint can be developed relating

directions in which relative motion between a finger and an

object is precluded. In general for the contact between the

ith finger and the object, this is given by

BTV blolf = 0, (3)

where V blolf is the body velocity of a frame Lo attached to

the object at the contact point relative to the Lf frame at the

same point but attached to the finger, and B is the wrench

basis for the model of finger i. Hence, if we denote V blolf =
[

vx vy vz ωx ωy ωz
]T

then Eq. 3 gives

V blolf =
[

0 0 0 ωx ωy 0
]T

(4)

which represents the fact that, for a soft finger contact, the

only relative velocity between the finger and object that is

allowed is relative rolling between the surfaces.

Based on [16], the contact point between each finger

rolling on the surface of an object evolves according to

α̇f = M−1

f

(

Kf + K̃o

)

−1
([

−ωy
ωx

]

− K̃o

[

vx
vy

])

α̇o = M−1
o Rψ

(

Kf + K̃o

)

−1
([

−ωy
ωx

]

+Kf

[

vx
vy

])

ψ̇ = ωz + TfMf α̇f + ToMoα̇o

vz = 0,

(5)

where α represents the local point (u, v) and the subscripts

f and o are for the finger and object, respectively. The

geometric parameters, M , K, and T , are the metric tensor,

curvature tensor and torsion tensors, respectively. For a soft

UNCLASSIFIED

finger contact, the sliding velocity components, vx and vy
are zero. However, as will be be outlined subsequently, these

sliding velocities will correspond to Lie bracket directions,

and hence are retained in the above equations. The modified

curvature tensor, K̃o, is given by K̃o = RψKoRψ with

Rψ =

[

cosψ − sinψ
− sinψ − cosψ

]

,

where ψ is the contact angle between the x-axes of Gauss

frames affixed to the object and finger at the point of contact.

C. Rolling-Manipulation Constraint Equation

The implementation utilized requires that the equations

of motion be formulated in a specific manner to allow for

appropriate construction of the extended system. The con-

straints for the moving contact-location grasp, i.e., rolling,

can be written by traversing frame origins from the local

frame on the object at the point of contact Lo, through the

kinematics of the system to the finger at the point of contact

Lf . The configuration of the local finger frame relative to

the local object frame for a single finger can be written

as glolf = gloogopgpsgsfgflf and the body velocity of the

relative frames is then V̂ blolf = g−1

lolf
ġlolf , where

g−1

lolf
= g−1

flf
g−1

sf g
−1
ps g

−1
op g

−1

loo

and

ġlolf = gloogopgpsgsf ġflf + gloogopgpsġsfgflf
+ gloogopġpsgsfgflf + glooġopgpsgsfgflf
+ ġloogopgpsgsfgflf .

Hence

V̂ bab = g−1

lolf
ġlolf = g−1

flf
ġflf + g−1

flf

(

g−1

sf ġsf

)

gflf

+ g−1

flf
g−1

sf

(

g−1
ps ġps

)

gsfgflf + · · · .

Switching from matrix to vector form then gives

V blolf = V bflf + Ad−1

gflf
V bsf + Ad−1

gflf
Ad−1

gsf
V bps

+ Ad−1

gflf
Ad−1

gsf
Ad−1

gps
V bop

+ Ad−1

gflf
Ad−1

gsf
Ad−1

gps
Ad−1

gop
V bloo. (6)

Noting that

• V bflf = V bps = V bloo = 0;

• V bsf = Ad−1

gsf
Jssf θ̇f , where Jssf is the spatial Jacobian

of the finger frame with respect to the station frame;

• Ad−1

gflf
Ad−1

gsf
Ad−1

gps
= Ad−1

gplf
;

• Ad−1

gflf
Ad−1

gsf
= Ad−1

gslf
; and,

• V bop = −V spo,

the velocity can be written as

V blolf = Ad−1

gslf
Jssf θ̇f − Ad−1

gplf
V spo. (7)

Substituting Eq. 4 into Eq. 7 and solving for θ̇ gives the

joint velocities for each finger

θ̇fi =
(

Jssifi
)

−1
[

Ad−1

gpsi
V spo + Adgsilfi

ξi

]

(8)

1204



where

ξi =
[

0 0 0 ωxi ωyi 0
]T
.

Eq. 8 is the rolling-contact constraint equation, and there will

be one for each point of contact. It describes manipulator

joint velocities necessary to achieve some time-dependent,

rigid-body velocity of the object while maintaining rolling

contact. Note that Eq. 8 is not general in that the number

of actuated joints is exactly what is necessary to invert

the adjoint transformation and directly solve for the joint

velocities. If the actuator has additional joints, then a pseudo-

inverse could be used. If it has fewer joints, then methods

from stratified manipulation need to be used.

D. Fuzzy Logic and Control

The tool used for feedback correction for the manipula-

tion algorithm is fuzzy logic and control. The mainstream

engineering introduction of fuzzy logic is generally from

the work of Zadeh [31]–[33]. Fuzzy control is particularly

appealing as a supplement to nonlinear motion planning in

grasping because it is not model-based so the difficulties

of determining nearly exact models in nonlinear control is

alleviated and it provides a relatively straight-forward means

to translate heuristics into effective control algorithms. The

basic component of fuzzy logic is the membership function.

The traditional notion of a set requires that something is

either an element of the set or it is not. In contrast, a fuzzy set

allows partial degrees of membership, and the membership

functions used in this work are illustrated in Fig. 9.

Much of the structure of classical logic can be generalized

based upon the notion of fuzzy sets. What this allows, then,

is for a linguistic description of a control algorithm to be

translated into a system that is easily implementable. It

is straightforward to combine multiple rules with multiple

inputs to achieve relatively complicated control algorithms

based upon effective control approaches that are based upon

heuristics. An overview can be found in [21], and the

approach is fleshed out more in Section III which describes

our implementation, which is based to some degree on [20].

III. IMPLEMENTATION

The experimental platform consists of four, six-degree-of-

freedom Unimate PUMA 560 robots illustrated in Fig. 1.

The robots are fixed on a 94” by 94” raised platform

equidistant from the platform’s center. Pliable balls which are

2.75” in diameter are used for fingertips. Six force sensors,

purchased from Tekscan, and sold under the product name

of FlexiForcer, are affixed to the surface of each finger for.

A picture of a sensor suite on a finger is shown in Fig. 5.

Each robot has the following nominal parameters: lo =
26.45”, l1 = 9.2”, l2 = 17.0”, l3 = 3.7”, and l4 = 17.05”,

where the lengths are as shown in Fig. 3. In addition, the

finger has length l5 = 6.0”. This length is the distance from

the common intersection of axes 4, 5 and 6 to the centroid

UNCLASSIFIED

Fig. 5. Fingertip sensors.

of the ball that is the finger tip. The initial configuration for

each robot with respect to a global palm frame is

gps1 =









0 −1 0 47
1 0 0 14
0 0 1 0
0 0 0 1









gps2 =









0 1 0 47
−1 0 0 80
0 0 1 0
0 0 0 1









,

where gpsi , i = 1, 2, 3, 4 represents the transformation from

the palm to the station frame of robot i and robots three and

four are configured symmetrically with respect to robots one

and two. The object’s frame initially has the same orientation

as the palm frame and is located at the center of the platform.

Its height is dependent on the object. The entire layout is

depicted in Fig. 6 where the station frames are represented

with their relative configurations.

Here, the new vector fields, composed of Lie brackets,

which replace the sliding velocities vx, vy , and the twisting

velocity ωz under rolling constraints are presented as well

as the vector fields for a sphere rolling on a sphere for

manipulation of a rubber ball. For the case of a sphere rolling

on a sphere, the extended system is

2

6

6

6

6

4

u̇f
v̇f
u̇o
v̇o
ψ̇

3

7

7

7

7

5

=
1

ro + rf

2

6

6

6

6

6

4

0
−rosecuf
rf sinψ
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7

7

7
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1
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6

6
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7
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1
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2

6

6

6

6

6

6

4

0

r2osecuf tanuf
−r2
f

sinψ tanuf
−rf ro cosψsecuo tanuf

−r2osec2uf + rf (rf + ro cosψ tanuf tanuo)

3

7

7

7

7

7

7

5

v1

+
1

(ro + rf )2

2

6

6

6

6

4

0
0

rf (ro − rf ) cosψ

rf (rf − ro)secuo sinψ

−rf (rf − ro) sinψ tanuo

3

7

7

7

7

5

v2

+
1

(ro + rf )3

2

6

6

6

6

6

6

6

4

0

r3osecuf

“

sec2uf + tan2 uf

”

rf

“

r2
f

− 2r2osec2uf

”

sinψ

rf cosψ
“

r2
f

− 2r2osec2uf

”

secuo
“

r2
f

− 2r2osec2uf

” “

ro tanuf − rf cosψ tanuo

”

3

7

7

7

7

7

7

7

5

v3,

(9)

where v1, v2 and v3 are the fictitious inputs that are ap-

proximated by piecewise constant inputs resulting in new

displacements along their associated vector fields.

1205



S1

S4

S2

S3

x1

y1

y4

x4

x2

y2

x3

y3

P

XZ
Y

Fig. 6. Schematic of robotic manipulation test bed with reference frames.

The robots are controlled via a Pentium III, 500 MHz com-

puter running Linux Redhat release 7.2 containing three Galil

1880 motion control boards with 100-pin cable connectors.

Each board has 8 analog input channels. The sensor readings

are converted to a computer signal via a 16-bit analog-to-

digital converter with a range of ±10 V. Physically, the

robots and sensors are connected to the boards through Galil

ICM-1900 interconnect modules. Communication between

the computer and the control boards is enabled by in-house

device drivers [26].

The prototypical closed-loop manipulation process de-

scribed in this paper is to acquire and lift the object,

rotate the object, reposition the fingers based upon the open

loop motion plan (including Lie bracket motions), and then

to use the fuzzy inference system to adjust the grasp to

account for modeling errors and external disturbances. The

final three steps are repeated if the overall manipulation

reconfiguration goal has not been met. Before the last three

steps are repeated, however, the contact coordinate inputs

to the motion planning algorithm are updated with current

coordinates as measured by the sensors. Experimental data

illustrating the trajectory the origin of the tool frame for one

finger during manipulation step which illustrates this entire

process is depicted in Fig. 7.

To acquire the object, the robots are commanded to a

position outside the region of the object. Next, the fingers

move based on output from the fuzzy controller to acquire

the object. It is assumed contact occurs at a point and that

this point is located at the geometric center of a sensor.

If several sensors are in contact with the object, then the

contact coordinate is taken as the centroid of the centers of

the sensors measuring contact. Fig. 8 shows the locations of

the sensors on a finger.
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The fuzzy controller contains two inputs, the current

maximum contact force and the current x-position (in the

station frame) of the fingertip, and one output, the change

in the desired position of the fingertip. The membership

functions for the input and output variables associated with

manipulating the ball are shown in Fig. 9. This output is

given by the first column of the fingertip’s configuration with

respect to the station frame gsfi . Therefore, the new desired

position vector is

pi = ∆ [R11 R12 R13]
T
,

where ∆ is the fuzzy controller’s output, and R is the rotation

matrix associated with the configuration gsf . Closed form

inverse kinematics are used to calculate the joint angles

required to reposition the finger while maintaining a fixed

orientation. This process is continued until |∆| < 0.05”. The

rules are represented by the rule table shown in Fig. 10 and

represent a simple balance between the maximum measured

contact force and the position of the finger computed by

the forward kinematics for the system. For example, if the

finger is farther “in” than needed and the contact force is

high, then it will move “out” a lot; however, if it is “in”

more than expected but with a low contact force, then it

will not move. In concert with the other four contact points,

this would likely produce a more stable grasp, as indicated

by the initial experimental results. It is anticipated that such
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a logic structure would be of general applicability, but the

focus of this paper is purely on manipulation by the described

platform and more general applicability is not claimed.

Once the robots have grasped and lifted the ball, the con-

figuration between each robot’s station frame and the object

is known since the fingertip and object share a common

contact point. The configuration of the contact frame with

respect to the object’s frame for robot i is

gol = g−1
sio
gsifg

−1

tf gtl. (10)

The tool frame, T is assumed to be at the fingertip, located

on the surface of the finger along the extension of the x-axis

of the F frame, with the same orientation as F . The latter

is determined from the forward kinematics using the robot’s

current joint angles.

Once the contact location is determined from Eq. 10, it

must be rotated back by an amount equal to the current

total rotation of the object to determine the correct contact

coordinates since gsio is fixed in Eq. 10. The amount of

UNCLASSIFIED
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Fig. 11. Path followed by (a) fingers during manipulation experiment, and
(b) exploded view of finger three’s path in (a) showing correction by fuzzy
controller, rotation, and Lie bracketing.

rotation is based on the desired value of the fixed-point

rotation and assumption that the ball’s configuration does

not change during finger Lie bracketing. After each rotation

the contact coordinates remain unchanged because the object

rotates as well and the contact coordinates are determined

relative to the object’s frame. Since the finger has changed

position relative to its station frame, however, the contact

point must be calculated as if the ball remained fixed and

the fingers repositioned. Then the point of contact must be

rotated back so that the proper contact location is pol =
RTω (θ)p̃ol, where RTω (θ) is the rotation matrix about the

general twist axis ω by an amount θ equal to the current

total rotation of the object and p̃ol is the location of the

contact point on the object as determined from Eq. 10.

The object’s contact coordinates are then given by

u = asin(zo/ro) and v = atan2(yo, xo),

where xo, yo, and zo are the x-, y-, and z-components of

pol, respectively. Finally, the contact angle is

ψ = atan2 (−Gxo ·G
y
t , G

x
o ·G

x
t ) ,

where Gxo and Gxt are the x-axes of the Gauss frames on

the object and finger at the point of contact, respectively,

and Gyt is the y-axis of the Gauss frame on the finger. This

represents the local contact coordinates for an end-effector

to roll or slide on the surface of the object.

IV. EXPERIMENTAL DEMONSTRATION

To demonstrate the feasibility of the proposed method,

some initial experiments involving both open and closed loop

experiments were performed. For open loop experiments, the

entire trajectory for each robot was computed offline. For the

closed loop cases, the force sensors provided information to

the fuzzy controller which adjusted the grasp after each set of

Lie bracket motions. Experiments were conducted on several

objects and the results in this paper are limited to those

involving a spherical playground ball. Several open loop

experiments were run to develop a baseline for comparing

the closed loop results.

The trajectory of the robots during a manipulation is

shown in Fig. 11. As a typical example, for a rotation about

an axis through (−1, 1, 1), the closed loop system was able

to rotate the ball through 60◦ while the open loop system
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was unable to achieve a rotation past 30◦, where for five

experiments for rotation about the axis (−1, 1, 1), the average

rotation for the open loop system was 17 ± 8◦, with a

maximum of 30◦.

It was typically the case that the closed-loop system

demonstrated greater repeatability than the open-loop system,

thus the control approach and experimental implementation

seem to indicate the approach will be effective and robust.

Current efforts are directed toward further experimentation

and developing a simulation platform for the system, which

will allow for thousands of simulations to be run which

will provide the opportunity to collect a meaningful amount

of statistical data regarding the efficacy of the presented

method.

V. CONCLUSIONS AND FUTURE WORK

This work presented the theoretical framework for and the

experimental demonstration of adding a fuzzy supervisory

controller to a manipulation system. The main theoretical

components that are put together to achieve this system

are presented here as well as initial experimental results

demonstrating that the system works and adding the fuzzy su-

pervisory controller makes the system more robust resulting

in more repeatable manipulation experiments. Current efforts

are directed toward completely quantifying the extent of the

improvement through systematic experimentation, including

numerical simulation.
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