
  

  

Abstract—Traditional methods require large computation to 
model a contact state graph of polyhedral objects for robotic 
application, and moreover they are heuristic. In this paper, we 
propose a framework to generate the contact state graph 
automatically. All faces of the polyhedral objects are 
triangulated. A sub-contact is defined as single contact between 
two polyhedral objects and a contact state is presented with a set 
of the sub-contacts. There are two sub-contacts, a vertex- 
triangle contact and an edge-edge contact. According to 
convexity or concavity of the edges composing the triangle, the 
vertex-triangle contact and the edge-edge contact are classified 
into 10 types and 7 types, respectively. A contact state graph is 
made by evolutionary transitions of the sub-contacts. This 
procedure is accomplished only using the topology of the 
sub-contacts, which is possible in real-time. The proposed 
framework is evaluated by an example of square peg-in-hole 
assembly. 

I. INTRODUCTION 
A sequence or a path is required to automatically operate 

robots for an assembly task in workspace. In general, the 
geometric information of objects is used to make an available 
path in off-line, and the path is realized by sensing and 
controlling the position of the robot. However, in on-line 
operation, uncertainties such as tolerance, collision errors, or 
sensor noise make it difficult to follow the defined path, 
because they can cause the positioning error of the robots or 
the objects. So, tactile sensors or vision sensors are broadly 
used to overcome the uncertainties [1], [2]. The compliance 
control methods using mechanical devices or force-moment 
sensors have been proposed and succeeded in unidirectional 
peg-in-hole insertion and in polyhedral environment [3], [4]. 
However, these methods have such limitations as it should 
put the peg near the entrance of the hole and should apply 
difference control policies in accordance with the shapes of 
the holes. Hence they are inadequate to deal with the 
polyhedral objects which have complex-shaped faces. 

A few researches have proposed contact states to find 
admissible path for robotic assembly under the uncertainties. 
The contact state represents a contact condition of objects 
during assembly and the contact state graph is built up by 
giving transitional relations among the contact states. Some 
researchers developed the methods to generate the contact 
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state graph using the elements of objects such as vertex, edge, 
and face. Hirai [5] considered the contact states as 
combination of plausible primitive contacts, and verified 
those states by applying randomly sampled points to the 
contact space. Chung and Lee have proposed an automatic 
method to generate the contact state fast on level of topology 
[6].  Xiao and Xi generated the contact state graph by using 
the principal contacts and infinitesimal motion between 
polyhedral objects [7]. Staffetti et al. [8] specified the contact 
states in polyhedral objects and polyhedral environment. In 
recent, Tang and Xiao expanded it to generate contact states 
between 3D-curved objects [9]. Although they proposed an 
automatic approach for contact modeling, they require much 
computation because of exhaustive search on configuration 
space. Moreover, it is difficult to make a generalized rule for 
automatic generation of contact states, because they do not 
regard faces of a polyhedral object as polygons. Although we 
have information of vertices, edges, and faces, their methods 
are inefficient because the generation rules are case by case 
according to the shape of a face. 

In this paper, we propose a new framework to 
automatically generate a contact state graph of polyhedral 
objects. First we triangulate all faces of a polyhedral object. If 
all faces are triangles with three vertices and three edges, we 
can apply a single rule to find neighboring contact states. A 
sub-contact is newly defined as a vertex-triangle contact. 
Then a contact state is analytically represented by using two 
sub-contacts of the vertex-triangle contact and the edge-edge 
contact. This method can distinguish contact situation more 
clearly than the vertex-face contact. For example, in case of 
the vertex-face contact of Fig. 1(a), we have to investigate 
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Fig. 1. Contact states generated with (a) a vertex-face contact and (b) a 
vertex-triangle contact. 
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about all vertices, edges, and faces neighboring it to generate 
contact states. On the other hand, the search range is restricted 
to only three vertices, three edges, and three adjacent 
triangles for the vertex-triangle contact of Fig. 1(b). 
Therefore, in view of the contact state generation, the 
vertex-triangle contact can reduce the search range of contact 
states. 

This paper is structured as follows. Section II-A describes 
the definition of the sub-contacts and triangulation for the 
vertex-triangle contact is described in Section II-B. Adjacent 
sub-contacts from the current sub-contact are defined 
according to the type of adjacent triangles in Section II-C. 
Using the adjacent sub-contacts, the framework for automatic 
generation of the contact state graph is presented in Section 
III. It is evaluated with simulations on a square peg-in-hole 
assembly of Section IV. We conclude in Section V with some 
final remarks. 

II. SUB-CONTACTS FOR POLYHEDRAL OBJECT 

A. Definition of Polyhedral Object and Sub-Contacts 
The topological information is useful to describe adjacent 

relations between vertices (vs), edges (es), and faces (fs) of a 
polyhedral object. The elements of a polyhedral object are 
presented with positions of vertices, two vertices of edges, 
and edges of faces as shown in Fig. 2. For instance, the x1, y1, 
and z1 of Fig. 2 is the position of v1 in the local coordinate (L) 
of the polyhedral object. The e1 consist of two vertices of v1 
and v2, and the four edges of e1, e2, e3, and e4 are arranged in 
counter-clockwise order on the normal vector (u1) to make 
the f1. The adjacent relation between elements implies the 
connection by an edge in case of two vertices, by a vertex in 
case of two edges, and by an edge in case of two faces. The 
adjacent relations are used to generate another contact states. 

In our framework, all faces of the polyhedral objects are 
triangulated to employ the proposed sub-contacts (SCs). The 
sub-contacts are defined as a vertex-triangle (v-t or t-v) 
contact and an edge-edge (e-e) contact between two objects in 
Fig. 3. The sub-contacts are denoted as (vi, tj) or (ti, vj) for the 
vertex-triangle contact and (ei, ej) for the edge-edge contact. 
Although the contacts of v-v, v-e, e-t and t-t can be presented 
theoretically, we do not regard them as the sub-contacts. It is 
because the v-v contact and the v-e contact are impossible in 
robotic operation and the e-t contact and t-t contact are 
multi-contact situations which can be described by two v-t 
contacts and three v-t contacts, respectively. 

B. Triangulation of Faces 
We propose a hierarchical structure of vertices and edges 

to triangulate faces. In other words, all vertices and all edges 
are stacked in the hierarchical structure according to their 
adjacent relations. The structure of adjacent triangles is 
constructed using the adjacent relations in the hierarchical 
structure. This hierarchy is effective to decrease the search 
range of contact states, because it consists of elements to be 
passed from an initial contact to a target contact. 

If all faces of a polyhedral object consist of convex 
polygons in Fig. 4(a), the adjacent vertices (as) of vi are 
defined as the vertices which are linked by edges from the vi. 
If a face is a concave polygon of Fig. 4(b) or a hollow 
polygon of Fig. 4(c), the adjacent vertices are obtained after 
the face is divided into pieces of convex polygons using 
virtual edges [10]. The hierarchical structure of adjacent 
vertices and edges is constructed in Fig. 5. A source vertex is 
ranked on the top of the hierarchical structure. We select the 
source vertex among vertices of an initial contact, because a 
contact state graph is evolved from the initial contact to a 
target contact. The adjacent vertices of the source vertex are 
listed on second level and again their adjacent vertices are 
ordered on third level. New level is made until the 
hierarchical structure includes all vertices. The nv in Fig. 5 
indicates the level of vertices in the hierarchical structure and 
the ne indicates the level of edges at nv and between nv and 
nv+1. 

If a face is not a triangle itself, basically triangulation of 
faces is accomplished by drawing diagonals between vertices 
on each face. Fig. 6(a) shows diagonals drawn arbitrarily on a 
face. Let the arrows represent directions of contact transition. 
The e2 in Fig. 6(a) is more adjacent than e1 from (v1, t1) but it 
is not true. So we develop an algorithm using the hierarchical 
structure of adjacent vertices to solve this problem. Fig. 6(b) 
shows the result obtained by the following procedure. 1) An 
arbitrary line is drawn from an a of the nv to another a of the 
nv+1 in Fig. 5. 2) If the arbitrary line is not an edge and its two 
vertices belong to a same face, the line becomes a diagonal 
and is stored in the list of edges and diagonals (gs). In the 
same way, 3) if an a of nv makes two edges between nv to nv+1, 
an arbitrary line is drawn between two vertices of the two 
edges. 4) If the line also is not an edge and the two vertices 
belong to a same face, it also becomes a diagonal. This 
procedure is repeated until the last nv of the hierarchical 
structure. 
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Fig. 2. Topologies and geometries of a polyhedral object. 

 

Object A

vi

Object B

tj

ei ej

Object A

Object B

 
(a)                                                    (b)

 Fig. 3. Definition of sub-contacts: (a) the vertex-triangle contact and (b) the
edge-edge contact. 
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After diagonals are drawn on all faces, we can make 
triangles using the edges and the diagonals in the hierarchical 
structure. The triangulation is performed by the following 
procedure. 1) Two gs at a ne are chosen in order of gs. 2) It is 
investigated whether as of the two gs are a same vertex and 
the other vertices make another g. 3) If it is true, the two gs 
and another g compose a triangle. This procedure is also 
repeated until it reaches the last ne. Finally, the structure of 
adjacent triangles (ts) is constructed as shown in Fig. 7. 

C. Adjacent Sub-contacts 
Adjacent sub-contacts are defined as sub-contacts which 

can be transferred from a sub-contact while maintaining its 
contact. A triangle has three adjacent triangles. Each adjacent 
triangle can be one among three features defined according to 
its spatial relationship in Fig. 8, where two triangles of the 
feature A, the feature B, and the feature C have shares a 
convex edge, a diagonal, and a concave edge to each other, 
respectively. In this paper, we assume that the convex edges 
and the concave edges are known. 

The adjacent sub-contacts from a v-t contact or an e-e 
contact are generated differently according to the types of 
adjacent triangles. First the number of types for adjacent 
triangles of the v-t contact is determined by (1). 

 
.1011 -for   typesofnumber  The 33 =+−= Htv        (1) 

 

where 3H3 is the number of combinations with repetition of A, 
B, and C. The {B, B, B} is excluded from the types of the v-t 
contact, because it does not appear in case of convex 
polygons and a concave polygon and a hollow polygon can be 
divided into some convex polygons [10]. Since the {A, B, C} 
and {A, C, B} make different types in space, both of them are 
presented. Then the 10 types of Fig. 9(a) are obtained for the 
v-t contact. 

On the other hand, a convex relation is only meaningful for 
the e-e contact. Hence the number of types for the e-e contact 
is computed as the following equation. 

 
.71 -for   typesofnumber  The 23 =+= Hee           (2) 

 
where 3H2 is the number of combinations with repetition of 
adjacent triangles except the feature A. The {A, B, C} and 
{A, C, B} are also different shapes in space as mentioned 
above. Hence the adjacent triangles for the e-e contact have 7 
types of Fig. 9(b). 
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 Fig. 4. Adjacent vertices on (a) convex faces, (b) a concave face, and (c) a 
hollow face. 
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Fig. 5. Hierarchical structure of adjacent vertices and edges. 
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Fig. 6. Diagonals drawn (a) arbitrarily and (b) by the proposed procedure on a 
face. 
 
 

t1 t2 ti-1

...

ti tj-1

...

tk tn...

...

...

...

...

g1

g3

g2

gn  
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Fig. 8. Features of adjacent triangle. 
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Fig. 9. Types of adjacent triangles (a) for the v-t contact and (b) for the e-e
contact. 
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A v-t contact and an e-e contact can transfer to another 
sub-contact of v-t contact, t-v contact, or e-e contact, namely, 
adjacent sub-contacts. The adjacent sub-contacts can be 
indentified using adjacent vertices, edges, and triangles, 
namely, adjacent elements. The adjacent sub-contacts can be 
induced with the adjacent elements of Fig. 10(a) for v-t 
contact and those of Fig. 10(b) for e-e contact, where v, g, and 
t indicate topologies of vertices, edges or diagonals, and 
triangles. The adjacent sub-contacts of the v-t contact and the 
e-e contact are obtained with Table I and Table II. The first 
column of the tables is the types of adjacent triangles of Fig. 
9(a) and Fig. 9(b). The second column is its adjacent 
sub-contacts. Then a v-t contact and an e-e contact using the 
tables can transfer to the adjacent sub-contacts of the second 
column according to the type of adjacent triangles. 

III. CONTACT STATE GRAPH 

A. Generation of Contact State Graph 
A contact state can be represented with a set of 

sub-contacts. For example, the contact state of Fig. 11(a) is 
represented as {SC1=(v1, t1), SC2=(v2, t2)}. Also the contact 
state of Fig. 11(b) is described as {SC1=(v1, t1), SC2=(e1, e2)}. 
To develop a contact state graph, first the adjacent elements 
of sub-contacts composing the current contact state are 
selected in the structures of Fig. 5 and Fig. 7. The adjacent 
sub- contacts of each sub-contact are obtained using Table I 
and II. A new contact state is made as a set of the current 
sub-contact and the adjacent sub-contacts. However, it is not 
guaranteed that all contact states are possible in case of 
multiple-point contact situation, because the contact states are 
generated only with topologies of objects. So we propose four 
rules of (3) to guarantee feasible contact states. The DS in (3) 
is a set of distances between vertices, edges, and triangles of 
two sub-contacts representing a contact state. For example, 

DS(vi, tj), DS(ti, tj), and DS(ei, ej) indicate the set of distances 
between vi and three vertices of tj, the set of distances between 
three vertices of ti and three vertices of tj, and the set of 
distances between two vertices of ei and two vertices of ej, 
respectively. A DS has a maximum distance and a minimum 
distance. If sub-contacts of a contact state satisfy (3), we 
assume that the contact state is feasible. However, these rules 
are only necessary conditions for feasible contact states. They 
do not remove all infeasible contact states. 
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Fig. 10. Adjacent elements to generate adjacent sub-contacts (a) of a v-t
contact and (b) of an e-e contact. 
 

TABLE I 
ADJACENT SUB-CONTACTS OF ( 1

1v , 2
1t ) 

Type Adjacent sub-contacts 

1 
( 1

1v , 2
2t ), ( 1

1v , 2
4t ), ( 1

1g , 2
2g ), ( 1

2v , 2
1t ), ( 1

2v , 2
2t ), ( 1

2v , 2
4t ),  

( 1
1t , 2

2v ), ( 1
2g , 2

2g ), ( 1
3v , 2

1t ), ( 1
3v , 2

2t ), ( 1
3v , 2

4t ), ( 1
2t , 2

2v ),  
( 1

3g , 2
2g ), ( 1

4v , 2
1t ), ( 1

4v , 2
2t ), ( 1

4v , 2
4t ), ( 1

3t , 2
2v ) 

2 
( 1

1v , 2
2t ), ( 1

1v , 2
3t ), ( 1

1g , 2
3g ), ( 1

2v , 2
1t ), ( 1

2v , 2
2t ), ( 1

2v , 2
3t ),  

( 1
1t , 2

2v ), ( 1
2g , 2

3g ), ( 1
3v , 2

1t ), ( 1
3v , 2

2t ), ( 1
3v , 2

3t ), ( 1
2t , 2

2v ),  
( 1

3g , 2
3g ), ( 1

4v , 2
1t ), ( 1

4v , 2
2t ), ( 1

4v , 2
3t ), ( 1

3t , 2
2v ) 

3 
( 1

1v , 2
2t ), ( 1

1v , 2
3t ), ( 1

1v , 2
4t ), ( 1

2v , 2
1t ), ( 1

2v , 2
2t ), ( 1

2v , 2
3t ), 

( 1
2v , 2

4t ), ( 1
3v , 2

1t ), ( 1
3v , 2

2t ), ( 1
3v , 2

3t ), ( 1
3v , 2

4t ), ( 1
4v , 2

1t ), 
( 1

4v , 2
2t ), ( 1

4v , 2
3t ), ( 1

4v , 2
4t ) 

4 

( 1
1v , 2

4t ), ( 1
1g , 2

1g ), ( 1
1g , 2

2g ), ( 1
2v , 2

1t ), ( 1
2v , 2

4t ), ( 1
2g , 2

1g ), 
( 1

2g , 2
2g ), ( 1

3v , 2
1t ), ( 1

3v , 2
4t ), ( 1

1t , 2
1v ), ( 1

1t , 2
2v ), ( 1

1t , 2
3v ), 

( 1
3g , 2

1g ), ( 1
3g , 2

2g ), ( 1
4v , 2

1t ), ( 1
4v , 2

4t ), ( 1
3t , 2

1v ), ( 1
3t , 2

2v ), 
( 1

3t , 2
3v ) 

5 
( 1

1v , 2
2t ), ( 1

1v , 2
3t ), ( 1

1v , 2
4t ), ( 1

2v , 2
1t ), ( 1

2v , 2
2t ), ( 1

2v , 2
3t ), 

( 1
2v , 2

4t ), ( 1
3v , 2

1t ), ( 1
3v , 2

2t ), ( 1
3v , 2

3t ), ( 1
3v , 2

4t ), ( 1
1t , 2

3v ), 
( 1

4v , 2
1t ), ( 1

4v , 2
2t ), ( 1

4v , 2
3t ), ( 1

4v , 2
4t ), ( 1

3t , 2
3v ) 

6 

( 1
1v , 2

2t ), ( 1
1v , 2

4t ), ( 1
1g , 2

2g ), ( 1
2v , 2

1t ), ( 1
2v , 2

2t ), ( 1
2v , 2

4t ), 
( 1

1t , 2
1v ), ( 1

1t , 2
2v ), ( 1

1t , 2
3v ), ( 1

2g , 2
2g ), ( 1

3v , 2
1t ), ( 1

3v , 2
2t ), 

( 1
3v , 2

4t ), ( 1
2t , 2

1v ), ( 1
2t , 2

2v ), ( 1
2t , 2

3v ), ( 1
3g , 2

2g ), ( 1
4v , 2

1t ), 
( 1

4v , 2
2t ), ( 1

4v , 2
4t ), ( 1

3t , 2
1v ), ( 1

3t , 2
2v ), ( 1

3t , 2
3v ) 

7 
( 1

1v , 2
2t ), ( 1

1v , 2
3t ), ( 1

1v , 2
4t ), ( 1

2v , 2
1t ), ( 1

2v , 2
2t ), ( 1

2v , 2
3t ), 

( 1
2v , 2

4t ), ( 1
3v , 2

1t ), ( 1
3v , 2

2t ), ( 1
3v , 2

3t ), ( 1
3v , 2

4t ), ( 1
4v , 2

1t ), 
( 1

4v , 2
2t ), ( 1

4v , 2
3t ), ( 1

4v , 2
4t ) 

8 
( 1

1v , 2
3t ), ( 1

1v , 2
4t ), ( 1

1g , 2
1g ), ( 1

2v , 2
1t ), ( 1

2v , 2
3t ), ( 1

2v , 2
4t ),  

( 1
2g , 2

1g ), ( 1
3v , 2

1t ), ( 1
3v , 2

3t ), ( 1
3v , 2

4t ), ( 1
3g , 2

1g ), ( 1
4v , 2

1t ),  
( 1

4v , 2
3t ), ( 1

4v , 2
4t ) 

9 
( 1

1v , 2
3t ), ( 1

1g , 2
1g ), ( 1

1g , 2
3g ), ( 1

2v , 2
1t ), ( 1

2v , 2
3t ), ( 1

2g , 2
1g ), 

( 1
2g , 2

3g ), ( 1
3v , 2

1t ), ( 1
3v , 2

3t ), ( 1
1t , 2

3v ), ( 1
3g , 2

1g ), ( 1
3g , 2

3g ), 
( 1

4v , 2
1t ), ( 1

4v , 2
3t ), ( 1

3t , 2
3v ) 

10 
( 1

1g , 2
1g ), ( 1

1g , 2
2g ), ( 1

1g , 2
3g ), ( 1

2v , 2
1t ), ( 1

2g , 2
1g ), ( 1

2g , 2
2g ), 

( 1
2g , 2

3g ), ( 1
3v , 2

1t ), ( 1
1t , 2

1v ), ( 1
1t , 2

2v ), ( 1
1t , 2

3v ), ( 1
3g , 2

1g ), 
( 1

3g , 2
2g ), ( 1

3g , 2
3g ), ( 1

4v , 2
1t ), ( 1

3t , 2
1v ), ( 1

3t , 2
2v ), ( 1

3t , 2
3v ) 

 
TABLE II 

ADJACENT SUB-CONTACTS OF ( 1
1g , 2

1g ) 

Type Adjacent sub-contacts 
1 ( 1

1v , 2
1t ), ( 1

1v , 2
3t ), ( 1

2v , 2
1t ), ( 1

2v , 2
3t ) 

2 ( 1
1v , 2

1t ), ( 1
1v , 2

2t ), ( 1
2v , 2

1t ), ( 1
2v , 2

2t ) 

3 ( 1
1v , 2

1t ), ( 1
2v , 2

1t ), ( 1
1g , 2

2g ) 

4 ( 1
1v , 2

1t ), ( 1
1v , 2

2t ), ( 1
1v , 2

3t ), ( 1
2v , 2

1t ), ( 1
2v , 2

2t ), ( 1
2v , 2

3t ) 

5 ( 1
1v , 2

1t ), ( 1
1v , 2

2t ), ( 1
2v , 2

1t ), ( 1
2v , 2

2t ), ( 1
1g , 2

3g ) 

6 ( 1
1v , 2

1t ), ( 1
2v , 2

1t )  

7 ( 1
1v , 2

1t ), ( 1
2v , 2

1t ), ( 1
1g , 2

2g ), ( 1
1g , 2

3g ) 
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Whenever a feasible contact state is generated, the contact 
state and its transitions are registered into the contact state 
graph. Repetition of this procedure makes the contact state 
graph to reach the target contact state (CStarget) from initial 
contact state (CSinitial), which implies that at least an assembly 
sequence to the CStarget is guaranteed. Fig. 12 shows a contact 
state graph. Each node represents a contact state, and 
unidirectional arcs are given between contact states 
downwardly. The weight (w) of the arcs is the distance 
between the centroids of sub-contacts composing two contact 
states. For example, the v-t contact and the e-e contact in Fig. 
13 have the distance between the centroid of the t and the 
center of the e. The w is determined as the maximum among 
the distances between the sub-contacts. 
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B. Sequence Planning 
The contact state graph can have a lot of assembly 

sequences from CSinitial to CStarget. The sequence of minimum 
nodes is often regarded as an optimal assembly sequence and 
it can be obtained by shortest path algorithm [11]. However, it 
cannot be optimal if there is long distance between contact 
states. In this paper, the assembly sequence is planned by 
considering both of shortest nodes and shortest distance. The 
w of the contact state graph is a measure to estimate the 
traveling distance of a robot which grasps an object. Hence 
geometric constraints are not considered to find an optimal 
sequence. We propose a cost function (C) which considers 
both of the number of nodes and the distance of arcs in (4). 

The cost function is computed in the same ratio of the number 
of nodes and the distance of arcs. The assembly sequence 
with minimized C is optimal. 

 

.
arcsofdistance total

sequence of distance
nodesofnumber total

sequence ofnumber  +=C    (4) 

 

C. Computational Complexity 
A polyhedral object with m vertices can be triangulated in 

O(mlogm) time [10]. Let the number of sub-contacts is n, then 
the computational complexity is O(n) for one step to generate 
the contact states. The contact states generation is repeated in 
n times for the worst case until it reaches CStarget. Therefore, 
the worst-case running time of the proposed method is O(n2). 
It is the same as the methods proposed by Hirai [5] and Xiao 
[7]. For Hirai’s method, the additional computation of l times 
is required to give the transitional connections between 
contact states. So its computational complexity is actually 
O(n2l) considering the additional l times computation. Xiao 
applies infinitesimal motions to find new contact states. If it 
needs k steps to reach a new contact state, the computational 
complexity is O(n2k). Therefore, the proposed method is 
more efficient than the other methods. 

IV. CASE STUDY 
A square peg-in-hole assembly of Fig. 14(a) is studied to 

verify the proposed method. First we define the topologies 
and geometries of the objects like the table of Fig. 2. The 
hierarchical structures of adjacent vertices and edges are 
constructed for peg and hole. Then all faces of each 
polyhedral object are triangulated according to the procedure 
described in Section II-B as shown in Fig. 14(b). Fig. 15 
shows the structures of adjacent triangles. If CSinitial={(v1, 
t19)} is given, the adjacent elements of v1 are selected as {v2, 
v4, v5}, {e1, e4, e9}, and {t1, t2, t3} from Fig. 15(a). Also the 
adjacent elements of t19 are selected as {v7, v11, v15}, {d8, e15, 
e27}, and {t15, t20, t24} from Fig. 15(b). Since the type of 
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 (a)                                                         (b)

 Fig. 11. Example of contact states of (a) {v-t, v-t} and (b) {v-t, e-e}. 
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Fig. 12. Contact state graph. 
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Fig. 13. Distance (w) between elements of two sub-contacts. 
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adjacent triangles {t15, t20, t24} is {B, A, B}, we use Type-6 of 
Table I to obtain adjacent sub-contacts. Contact states are 
generated by combination of CSinitial and the adjacent 
sub-contacts. The feasibility of each contact state is checked 
by (3) before new contact states are registered on the contact 
state graph. The contact state graph is developed until a 
contact state reaches at CStarget={(v4, t7), (v1, t6)} in Fig. 16. 
Finally, the optimal sequence is obtained with {(v1, t19)}, {(v1, 
t15)}, {(e4, e11)}, {(v4, t11)}, {(v4, t7)}, and {(v4, t7), (v1, t6)} is 
obtained by applying the cost function (4). 

V. CONCLUSION 
This paper proposes a framework to generate contact states 

automatically. The vertex-triangle contact instead of the 
vertex-face contact is newly defined as a sub-contact of the 
contact state. The vertex-triangle contact can differentiate 
contact states more clearly than the vertex-face contact since 
even concave or hollow faces can be handled with triangles 
which are convex. A new hierarchy is invented and actively 
used in generation of contact states, where it consists of 
vertices, edges or diagonals, and triangles. The adjacent 
relations can be identified by using the hierarchy. The 
hierarchy is also used to effectively decrease the search range 
to find adjacent sub-contacts. The contact state graph is 

evolved from an initial contact state to a target contact state. If 
a whole contact state graph is a contact state graph consisting 
of all possible contact states and their transitions, the contact 
state graph from the proposed method is a subset of the whole 
one. However the proposed framework guarantees at least a 
realizable sequence for the assembly task. In near future, we 
expect to implement the proposed framework for practical 
assembly tasks of polyhedral objects. 
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(a)                                                    (b) 

Fig. 14. Two polyhedral objects for peg-in-hole insertion: (a) before 
triangulation and (b) after triangulation. 
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Fig. 15. Structure of adjacent triangles: (a) peg object and (b) hole object. 
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Fig. 16. The optimal sequence from CSinitial={(v1, t19)} to CStarget={(v4, t7), (v1,
t6)}.  
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