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Abstract— One of the main limitations of systems for Mini-
mally Invasive Robotic Surgery is the lack of haptic feedback.
In this paper, a teleoperated system for robotic surgery is
introduced, able to guide the surgeon towards a target anatomy
by providing her with force feedback based on Virtual Fixtures
(VF). The teleoperated system has a redundant slave robot. A
closed-form inverse kinematics is proposed to solve redundancy
that is based on an optimization approach in one variable.
Four different cost objective functions are proposed in the
paper and one is implemented and validated, i.e. the cost
function aimed at minimizing the amount of space of the
robot in the operative theater during the surgical procedure.
The proposed teleoperated architecture has been tested on a
teleoperated system composed of a 3-DoFs haptic joystick and a
7-DoFs anthropomorphic manipulator. Experimental tests on 12
volunteer subjects have been carried out. Results demonstrate
that a force feedback based on VF provides a statistically
significant enhancement of procedure accuracy.

I. INTRODUCTION

Robots for Computer Assisted Surgery (CAS) can be
distinguished in active robots, which perform the operation
autonomously on the basis of pre-operative planning, and
semi-active robots, which require the surgeon to command
the motion of the laparoscopic instrument connected to the
manipulator. Semi-active systems represent nowadays the
dominant paradigm of robots for teleoperated Minimally
Invasive Robotic Surgery (MIRS). In a teleoperated ap-
proach the surgeon interacts with a master interface; his/her
movements are mapped into the movements of another
manipulator (i.e. the slave robot), which interacts with pa-
tient’s tissues. Teleoperated robotic systems can be notably
beneficial for a number of reasons, e.g. (i) they can in-
crease surgeon’s ability to perform operations in laparoscopy
with respect to the traditional approach since the hand-eye
coordination might be restored using ergonomic consoles
and the stereo-vision can increase depth perception; (ii) the
dexterity during intervention can be improved by designing
customized articulated or flexible laparoscopic instruments
that provide additional intra-corporeal degrees of freedom
(DoFs); (iii) the pivoting effect caused by the incision point
that acts as a Remote Center of Motion (RCM) can be
automatically compensated.
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Commercial solutions extensively used in surgery, such
as Da Vinci or Zeus systems, still do not provide surgeons
with haptic feedback; the absence of kinesthetic as well as
tactile feedback is recognized as one of the major drawbacks
of these systems [1], [2]. Haptic feedback is generally
aimed at providing the user with proprioceptive and/or tactile
sensations representing the interaction with patient’s tissues,
i.e. information about the hardness of tissues and the surface
morphology and roughness. However, interaction forces have
to be measured by means of a force sensor on the tip of the
laparoscopic instrument in order to provide an affordable
measure of the interaction. Nowadays, there are no com-
mercial sensors addressing the requirements of sterilizability,
biocompatibility and miniaturization and able to provide both
forces and torques [3]. Moreover, the integration of these
force sensors in disposable or semi-disposable instruments
increases the surgical operation total cost.

The absence of force sensors compatible with MIRS
requirements represents the main bottleneck for providing
kinestetic feedback on the interaction forces with patient’s
tissues; nevertheless, users can be given haptic feedback not
representative of such interactions, but aimed at guiding them
towards a predefined target [4]–[7], or at preventing them
from penetrating in undesired regions [7]–[10]. This process
is generally referred to as Virtual Fixtures (VF).

It is worth noticing that high update rate is required
in order to provide users with effective haptic feedback
[11]. Hence, computational expensive processes should be
avoided. When considering redundant manipulators, on-line
evaluation of inverse kinematics by means of iterative ap-
proaches, such as iterative algorithms based on the pseudo-
inverse Jacobian matrix, may lead to high computational
burden and, consequently, low update rate, unless complex
and expensive solutions, such as non-linear parallel solvers,
are used. Kapoor et al. introduced an optimization-based
approach to provide the surgeon with VF, able to solve the
inverse kinematics in 5 to 50 iterations [7]. However, the
system update-rate was equal to 30 ms, still too low for
good-quality haptic feedback. This technique has been re-
cently used to control a teleoperated system during knotting,
with a maximum update rate of 10 ms [10]. Alternatively,
closed-form inverse kinematics can be formulated, although
it should be defined specifically for each manipulator.

In this paper, a novel approach of teleoperated control
based on VF is presented for a robotic system for surgery
characterized by an anthropomorphic redundant slave manip-
ulator. VF are proposed to guide surgeon’s motion towards
a target anatomy. Compared with other approaches:
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Fig. 1. Structure of the control system. Red elements are guaranteed to be processed in real-time, whereas blue elements are updated as fast as possible
with no fixed cycle times.

• Force feedback provided by means of VF is guaranteed
to be smooth and C1 continuous, thus avoiding abrupt
changes; moreover, force feedback can be limited only to
a region close enough to the target anatomy;

• In spite of slave redundancy, heavy computational pro-
cesses are avoided through a closed-form inverse kine-
matics, and optimised robot behaviours are implemented.
Inverse kinematics of slave manipulator is solved with an
optimization-based approach in only one variable, whereas
traditional inverse kinematics iterative algorithms gener-
ally present a number of variables equal to the number
of DoFs of the manipulator; moreover, computation of
pseudo-inverse of Jacobian matrix is avoided;

• Safety has been regarded as one of main requirements for
the proposed setup. Slave manipulator may present high
joints velocity and unpredictable behavior close to sin-
gular configurations; thus, strategies for avoiding singular
configurations are presented and implemented; this safety
feature is generally not explicitly considered in current
research works [7], [10];

• The overall amount of space of the slave manipulator in
the operating theater is minimized, in order to ease access
to the operating table for personnel, such as scrub nurses or
other surgeons. This objective is achieved by formulating
a cost function to optimize the inverse kinematics.
In conclusion, the proposed system introduces force feed-

back to enhance surgical performance, without measuring
the interaction forces with patient’s tissues. Expedients to
guarantee hard real-time and fast update-rate are consid-
ered, formulating a closed-form inverse kinematics for the
redundant slave manipulator and selecting a target anatomy
reconstruction technique presenting advantages over other
methods, as explained in Subsect. II-D.

The paper is structured as follows. Section II presents the
proposed control architecture for the teleoperated system.
Section III presents how singular configurations can be
avoided. Experimental setup and protocol are described in
Sect. IV, and results are reported in Sect. V. Finally, Sect.
VI presents conclusion and the next step of this research.

II. TELEOPERATED CONTROL ARCHITECTURE WITH
VIRTUAL FIXTURES

An overview of the proposed teleoperated architecture
is presented in Fig. 1. Surgeon interacts with the master

device in order to provide the reference position for the slave
manipulator, defining the position of the laparoscopic instru-
ment distal tip. However, he/she cannot define autonomously
the orientation of the surgical instrument, which is instead
constrained by the trocar position, i.e. the position of the
incision point on the patient’s skin, and it is evaluated by
block trocar constraints (Subsect. II-B).

The pose of the slave device, in terms of laparoscopic
instrument orientation and distal extremity position, is pro-
vided as input to the block named slave inverse kinematics,
which calculates the corresponding desired joints configura-
tion. Redundancy can be exploited to satisfy a number of
secondary objectives, as explained in Subsect. II-C; singular
configurations are avoided as shown in Sect. III. Desired
joint configuration represents the input for the slave position
control, which defines the appropriate control torque for the
slave device. Accurate positioning can be reached by means
of several control architectures [13]–[15].

Block slave position control provides also the effective
joints measurement to the block named slave forward kine-
matics, which evaluates the effective pose in the Cartesian
space of the slave device. A proper feedback force is then
defined by the block called virtual fixtures in order to guide
the surgeon towards the target anatomy. Knowledge about
the closest point to the instrument tip on the target surface is
required. Closest point is evaluated by the surface generator.
Eventually, feedback force is applied to the surgeon’s hand
by the master device.

Each block is in-depth described in the following Subsec-
tions.

A. Master device

User interacts with the master device to set intra-corporeal
position PE for the slave manipulator. The master device
exerts on the user hand the feedback force, which is evaluated
in Subsect. II-D. User sets also rotation angle ψ around the
laparoscopic instrument axis.

B. Trocar constraint

Trocar position constraints the orientation of the laparo-
scopic instrument, in order to ensure the instrument to
pass through the incision point. Instrument axis (axis z7
in Fig. 2) has to pass through the trocar position and the
desired laparoscopic instrument distal extremity PE . Thus,
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Fig. 2. Structure of the anthropomorphic manipulator. Redundancy
enables elbow E to move along the green circumference. Two singular
configurations are shown in the picture (red and blue configurations).

the homogeneous transformation matrix 0TPE describing the
desired pose of the laparoscopic instrument is given by

0TPE =

[
Ra(α)Rz(ψ) λpPE

0 0 0 1

]
(1)

where λp is an arbitrarily chosen scaling factor; Rz(ψ)
is the rotation matrix related to a rotation of angle ψ
around laparoscopic instrument z7 axis; Ra(α) is the
rotation matrix of angle α around axis a, being α =
atan2

(
‖z0 × z7‖ , zT0 z7

)
the angle between axis z0 and axis

z7, and a = (z0 × z7) / ‖z0 × z7‖ the axis perpendicular
to both z0 and z7.

C. Slave robot inverse kinematics

The slave robot is supposed to be an anthropomorphic
redundant manipulator, as shown in Fig. 2. For it a closed-
form inverse kinematics can be evaluated, once the elbow po-
sition E has been defined [12]. Due to the anthropomorphic
structure of the robot, for a pre-defined end-effector pose,
E can only rotate around a circumference perpendicular
to axis zc connecting the shoulder S with the wrist W .
Thus, redundancy can be analyzed by introducing a further
parameter η, which represents the angular rotation of point E
around the axis zc. Hence, the solution space E(η) ∈ [−π, π]
for the elbow position is represented by

E(η) = C + ρ [xc,yc,zc] [cos(η), sin(η), 0]
T (2)

where xc is the unit vector within the circumference plain
pointing towards the previous elbow position, yc is the
unit vector perpendicular to both xc and zc, C and ρ are,
respectively, the center and the radius of the circumference,
they are given by

C = S + kzc

ρ =
√
d23 − k2

k =
‖S−W‖2+d23−d

2
5

2‖S−W‖ (3)

where k is the distance between vertex S and foot of the
altitude C of triangle identified by points S, E and W , and
ρ is its altitude. Elbow position E can be the result of an

optimization process aimed at optimizing a target function
(as for instance in [13]).

Knowledge about position of E is required to analytically
solve the inverse kinematics; joints 1–3 are the Euler angles
equivalent to the rotation matrix RE = [(z3 × x4), z3,x4],
where x4 is directed as the vector connecting shoulder S
and elbow E, and z3 is perpendicular to both x4 and the
axis connecting elbow E and wrist W . Joint 4 is equal to

ϑ4 = acos
[(
d23 + d25 − ‖W − S‖2

)
/ (2d3d5)

]
∈ [0;π] (4)

by cosine theorem applied to triangle S, E and W ; whereas
joints 5–7 are the Euler angles equivalent to the rotation
matrix 4RPE = (0R4)

T 0RPE , where matrix 0R4 can
be calculated once joints 1–4 have been evaluated, and
matrix 0RPE is the rotation matrix corresponding to the
homogeneous transformation matrix (1).

A number of target functions w(η) can be formulated to
define the optimal value η∗ and, consequently, the optimal
elbow position E(η∗). Four possible target functions are
proposed in the following, all potentially adequate for a
surgical teleoperated scenario. They are

w(η) =

7∑
i=1

ϑ̇2
i (η)

ϑ̇2
i,M

(5)

w(η) =

7∑
i=1

(ϑi(η)− ϑ̂i)2

(ϑi,M − ϑi,m)2
(6)

w(η) = ‖E(η)− Ê‖2 (7)

w(η) =

m∑
j=1

1

‖E(η)− P̂O,j‖2
(8)

where ϑ̇i,M is the maximum velocity of joint i; ϑ̂i, ϑi,M
and ϑi,m are, respectively, the central, the maximum and
the minimum value of the variation range of joint i; Ê is
an arbitrarily chosen attractor point; P̂O,j is the Cartesian
position of obstacle j (m ≥ 1 obstacles are considered).

Cost function (5) tries to reduce joint velocity, thus en-
hancing system safety; function (6) is aimed at increasing the
distance from mechanical joint limits; function (7) attempts
to keep the elbow position close to a defined point in the
space Ê; function (8) is aimed at increasing the distance
from a number m ≥ 1 of obstacles. Observe that, for function
(7), if point Ê is chosen on z0 axis, the overall amount of
space occupied by the robot in the x0y0 plane, i.e. the floor
plane, can be minimized.

In order to increase system safety, avoiding singular con-
figurations, constraints can be applied to the optimization
approach, as explained in Sect. III.

D. Virtual Fixtures and Surface generation

Force feedback based on VF has been been implemented
to guide user’s movement towards a target anatomy. Knowl-
edge about the target anatomy has to be acquired, since VF
are evaluated on the basis of the position of the laparoscopic
instrument distal tip and this a priori knowledge. The eABOS
method has been exploited to acquire such an information
[16]. This method has been chosen for three main reasons:
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Fig. 3. Feedback force profile varying with the distance from the
reconstructed surface. It is shown for three different couples of parameters
Fm and dF .

(i) surface is reconstructed from a set of not ordered control
points taken on the target anatomy; (ii) reconstructed surface
is saved as a 2D struct; moreover, neighboring points on
the surface are neighboring elements in the 2D grid, thus
simplifying the search for the nearest point to an element
moving smoothly close to the reconstructed surface; (iii) C1

continuity of surface can be guaranteed. Moreover, points
outside from the convex hull of the control points acquired
on the target anatomy can be rejected, so that boundary of
the reconstructed surface corresponds to the boundary of the
target region, if it is convex.

Feedback force is provided to guide the user towards the
point on the reconstructed surface that is closest to the la-
paroscopic instrument distal extremity. Thus, feedback force
direction is defined by the vector connecting the effective
instrument distal extremity position to the closest point on
the surface, which has to be real-time evaluated. Search for
the closest point on a surface is generally computationally
expensive and time consuming. In order to reduce the compu-
tational burden, search can be limited to the neighbor of the
previously evaluated closest point, thus limiting the search
process to a small part of the 2D struct.

On the other hand, feedback force magnitude should vary
according to the distance from the closest point to the
surface. Observe that force feedback should be used only
if the user is quite close to the target anatomy surface. It has
to be disabled if the user is very far from the surface; in fact,
in this case it is reasonable to assume that the user is able to
move autonomously and does not need assistance towards
the surface. Hence, an attraction limit distance dF value
has to be defined. Thus, relationship between feedback force
magnitude and distance should: (i) increase approximately
linearly if the distance is lower than a threshold value dF ;
(ii) be upper-limited to a maximum feedback force value Fm;
(iii) decrease down to zero if the distance is greater than dF ;
(iv) be C1 continuous, in order to avoid abrupt changes.
To satisfy such requirements, the following relationship has
been defined

f(δ) =
4d3FFmδ

3d4F + δ4
(9)

where δ is the distance from the surface. Feedback force is
reduced at 10% of Fm for δ ≈ 3.4dF . Profiles for several
couples of values Fm and dF are shown in Fig. 3.

It is worth noticing that in the proposed setup, the user
actively controls the position of the distal extremity of the
instrument through a 3-DoFs device, whilst orientation is

automatically controlled (as explained in Subsect. II-B).
She/he receives only a 3-DoFs force feedback. Therefore,
there is correspondence between controlled DoFs and force
feedback, and sensor/actuator asymmetries (which can lead
to stability problems [17]) are avoided.

III. SAFETY MEASURES

As discussed in Subsect. II-C, joints [ϑ1;ϑ2;ϑ3] and
[ϑ5;ϑ6;ϑ7] can be regarded as two spherical wrists.

Thus, kinematic singularities are obtained for ϑ2,6 = 0, π.
For ϑ2 = π, base B, shoulder S and elbow E are aligned
(red configuration in Fig. 2); similarly, for ϑ6 = π end-
effector position PE , wrist W and elbow E are aligned
(blue configuration in Fig. 2):

E(ϑ2=π) = B + (d1 + d3)z0 (10)
E(ϑ6=π) = PE − (d5 + d7)z7 (11)

Cases ϑ2,6 = 0 are not considered since these values
are outside from robot mechanical joint limits. On the
other hand, points E(ϑ2=π) and E(ϑ6=π) lie on the green
circumference in Fig. 2 representing the possible elbow
positions compatible with the desired end-effector pose only
if following conditions are satisfied∥∥E(ϑ2=π) −W

∥∥ = d5
∥∥E(ϑ6=π) − S

∥∥ = d3 (12)

In such a case, angles η2 : E(η2) = E(ϑ2=π) and η6 :
E(η6) = E(ϑ6=π) can be evaluated and excluded from
the possible solution space of angular variable η. Thus, the
provided values η 6= η2 and η 6= η6 can be used as constraints
for the optimization problem, as explained in Subsect. II-C.

In order to avoid also configurations close to singular ones,
criteria (12) can be modified into:

|‖(d1 + d3)z0 + d7z7 +B − PE‖ − d5| ≤ εl (13)
|‖d1z0 + (d5 + d7)z7 +B − PE‖ − d3| ≤ εl (14)

being εl a threshold value, S = B + d1z0 and W = PE −
d5z7. Finally, in order to ensure |ϑ2,6 − π| > εϑ, being εϑ
a threshold value, constraints can be modified into:

η2 −
d3
ρ
εϑ < η < η2 +

d3
ρ
εϑ (15)

η6 −
d5
ρ
εϑ < η < η6 +

d5
ρ
εϑ (16)

being ρ the radius of circumference in Fig. 2.

IV. EXPERIMENTAL SETUP

In order to test the proposed system, an abdominal surgery
setup has been reproduced, as shown in Fig. 4. The teleop-
erated robotic system consists of the Novint Falcon haptic
joystick as master and the Kuka Light Weight Robot 4+
(LWR) as slave. An aluminum bar (diameter: 12.8 mm,
length: 600 mm) has been attached to the end-effector of
LWR to mimic a laparoscopic instrument. An elastic tissue
(95% polyamide, 7% elastan) has been strengthened on the
transverse plane of the abdominal cavity, approximately at
the kidney height. Cavity has been accessed by a hole in
the abdomen of a male body phantom made of hard plastic.
Scene has been recorded by a camera (640x480 pixels).
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Fig. 4. User interacts with the master device to provide a reference position for the slave device, which maneuvers the laparoscopic instrument. The
laparoscopic instrument is inserted within the abdominal cavity of a phantom. The user has to follow a target path drawn on a compliant tissue. Scene is
acquired through a camera. System provides the user with visual feedback, acquired by the camera, and VF.

User has been provided with a visual feedback from
the 2D camera and with a virtual reality scene, where the
laparoscopic instrument distal extremity position is shown
with respect to the reconstructed surface. Surface has been
reconstructed from 33 predefined control points. No 3D
vision has been involved.

System has been controlled by a 1.6 GHz PC - 4
GB DDR3 RAM. Real-time is guaranteed by a Xenomai-
patched kernel (www.xenomai.org); software modules have
been implemented in the OROCOS and ROS frameworks
(www.orocos.org, www.ros.org). Position of LWR has been
accurately controlled by the robot embedded position control
[18]. Reference joint vector has been updated at 250 Hz.

For the experimental validation, twelve healthy subjects
have been enrolled. They have been randomly divided into
two groups. First group has not been provided with force
feedback; second group has been provided with the force
feedback generated with VF, as explained in Subsect. II-D.
Parameters Fm and dF have been set equal to 4 N and 40
mm, respectively. Subjects have been given the possibility
to familiarize with the setup, trying to move the instrument
on the target anatomy and to follow the path shown in Fig.
4 for three times maximum. Then, they have been asked to
follow the path and their motion has been recorded.

For solving redundancy, the optimization of cost function
(7) has been carried out with the Nelder Mead Simplex
Method. It corresponds to minimize the amount of space
of the robot in the operating room floor.

V. RESULTS

An example of trajectory followed by a user guided by
VF is shown in Fig. 5; the feedback force varying with the

TABLE I
ENHANCEMENT IN PERFORMANCES DUE TO HAPTIC FEEDBACK

Distance from path Distance from surface
w/

feedb.
w/o

feedb.
w/

feedb.
w/o

feedb.
Mean [mm] 13.0 21.0 6.9 19.0
St.err. [mm] 5.5 3.8 1.2 3.6

p-value 0.065 0.019
Enhancement 61.1% 175.7%

distance from the target anatomy is also shown. Maximum
force exerted on the subjects has been equal to 3.15 N.

In order to evaluate performance achieved by the subjects
involved in the experiment, two indicators have been chosen:
distance from the path (i.e. average distance between the
laparoscopic instrument distal tip and the closest point on
the path during the test) and distance from the surface (i.e.
average distance between the laparoscopic instrument distal
tip and the closest point within the surface during the test).
Results are reported in Tab. I.

Performance enhancement in reducing the distance from
the surface is highly statistically significant, and distance is
reduced to almost one third when force feedback is applied
(enhancement equal to 175.5%). Considering the distance
from the path, statistically significance is borderline (p-value
= 0.065). It is worth noticing that the force feedback is
aimed to reduce the distance from the surface, and only
indirectly the distance form the path. However, it is expected
that this enhancement could become statistically significant
enrolling more subjects to validate the setup.

Task execution time is approximately equivalent for both
groups (i.e. 66 s for group not receiving feedback, 65.5 s
for group receiving VF, p-value > 0.95).

In order to evaluate whether the proposed cost function (7)
can effectively minimize the amount of space of the slave
manipulator, trajectory of one user has been recorded and
joint vector for the slave manipulator has been evaluated
three times, varying the cost function, as shown in Fig. 6.
Results are quoted in Tab. II. Area covered by the elbow E
in the x0y0 plane during the motion of the robot is highly

Fig. 5. Example of trajectory (left; blue: user trajectory, red: reference
trajectory) and force feedback provided to the subject as a function of the
distance between the instrument distal extremity and the surface (right).
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Fig. 6. Overall amount of space occupied by the slave manipulator during
the task in the operating theater. Different optimization strategies have
been compared: (top-left) minimization of the amount of space, (top-right)
minimization of joint velocity, (bottom-left) maximization of the distance
from the joint limits. Finally, (bottom-right) the case of inverse kinematics
based on the Jacobian pseudo-inverse matrix is shown.

TABLE II
AMOUNT OF SURFACE OCCUPIED BY THE SLAVE MANIPULATOR

Minimizing Reducing Avoiding Pseudo-
amount of joints joint inverse

space velocity limits

Elbow − +53.3% +175.8% +93.8%
29.4cm2 45.0cm2 80.9cm2 56.9cm2

Total − +4.4% +24.8% +9.8%
1083.5cm2 1130.8cm2 1352.3cm2 1189.7cm2

reduced with the cost function (7). Considering the total area
occupied by the robot on the operating theater floor, the area
is still reduced. However, percent variation is lower, since
position of wrist W and end-effector PE are not affected
by the chosen cost function. Results obtained are highly
dependent on the initial joint vector, which has been chosen
to be the same in all four executions.

Hard real-time has been guaranteed at 250 Hz1. Bottleneck
to faster update rates is not caused by inverse kinematics
(which can be cycled up to 2.94 kHz, whereas update rate
has been limited to 750 Hz using iterative approaches and to
111 Hz using the approach proposed by Kapoor et al. [7]),
but by the update-rate of master and slave devices.

VI. CONCLUSIONS AND FUTURE WORKS

In this paper a teleoperated system for robotic surgery
has been proposed, able to provide the surgeon with force
feedback based on VF in order to guide him/her towards a
target surface. A novel closed-form inverse kinematics for
a redundant slave manipulator has been presented, aimed

1Real-time is guaranteed for at least 99% of instances.

at reducing system computational burden. Four optimization
criteria have been presented to handle redundancy.

The proposed control architecture has been implemented
on a hard real-time architecture and tested on twelve volun-
teer subjects. Experimental tests demonstrated the efficacy
of force feedback to guide user’s movements, able to reduce
to almost one third the distance between the laparoscopic
instrument position and the target anatomy. Redundancy has
been exploited to effectively minimize the amount of space
of the robot in the operative theater while moving.

In order to complete the validation of the proposed
setup, subject tests involving surgeons experts in robotic-
aided surgery are envisaged. Moreover, automatic surface
reconstruction technique, capable of defining the target sur-
face from the endoscopic images, should be considered for
simplifying translation to clinical practice.
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